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Abstract

We present a unified analysis of Monte Carlo algorithms
for estimating the likelihood function of a fully, or partially
observed Gibbs random field image. We show that such an
estimation reduces to estimating the partition functions of
suitably chosen Gibbs random fields. We then proceed to
study the computational complexity, with respect to image
size, of Monte Carlo partition function estimation algo-
rithms. We show that such algorithms can be classified
into two categories: Algorithms [A], which are character-
ized by an exponential complexity, and Algorithms [B],
which are characterized by a polynomial complexity, Turing
reducible to the problem of sampling from the Gibbs proba-
bility measure. We compare these algorithms, by using
both theoretical results and simulation experiments, and
we determine the most efficient Algorithm [A] and the
most efficient Algorithm [B]l. We propose a generalized
version of the most efficient Algorithm [B], suitable for sta-
tistical inference of a fully, as well as partially, observed
Gibbs random field image.

1. Introduction

Gibbs random fields (GRFs) constitute a popular class of
statistical models for images [1]. However, a number of
theoretical and computational problems are associated with
these models, the most prominent one being the exact cal-
culation of the associated partition function. Given a full
(i.e., noiseless), or partial (i.e., degraded by noise) observa-
tion of a GRF image, it is not possible to compute its likeli-
hood function without knowledge of certain partition func-
tions [2]. This clearly imposes restrictions to maximum
likelihood estimation and hypothesis testing, needed in
applications such as unsupervised image segmentation,
model order determination, and texture classification [1].

Since exact computation of the partition and likelihood
functions is impossible in general, approximate methods
have to be used in order to obtain estimates of these quan-
tities. The most widely applicable and reliable ones are sto-
chastic simulations using Monte Carlo techniques. A
respectable number of such Monte Carlo partition function
estimation methods have been recently proposed [3]-[7].
However, their properties and relative merits need investi-
gation. A first attempt towards a unified analysis of some
of these methods appears in [2], where we have studied
Monte Carlo algorithms which draw samples from a single
probability mass function. We refer to such algorithms, as
Algorithms [A]. We review these methods in Section 3, fol-
lowing Section 2, where we introduce all necessary notation
and background.

This paper is a natural continuation of our previous work
in [2]. In Section 4, we study the Monte Carlo partition
function estimation algorithms proposed in [4]-[7]. These

algorithms draw samples from multiple Gibbs probability
measures. In Section 5, we use both our theoretical
analysis and a number of simulation experiments to deter-
mine the most efficient Algorithm [A], and the most
efficient Algorithm [B]. By combining the advantages of
both algorithms, we develop a new efficient scheme for par-
tition function estimation, in Section 6. This scheme seems
very appropriate for optimal statistical inference for GRF
images. Finally, in Section 7, we summarize our results
and provide some concluding remarks.

2. Partition Function and Likelihood

Let us consider a collection of Mx N sites, associated with
the rectangular lattice (image) A = {(i,j): 1si<M, 1<j<N}.
A discrete-valued random variable H;; is assigned at each
site (i, j) OA, taking values h; from a finite state-space E,
which contains R > 2 distinct values. The resulting random
field H={H,:1<i<M, 1<j<N} can take any one of the R*V
possible realizations h={%;: 1<i<M, 1<j<N} 0OE™, with
probability mass function Pr[H=h]. We restrict H to be a
GRF, whose probability mass function is given by the
Gibbs probability measure [1], [3],

) = %A(h) >0, (1a)
for all h 0 EMN | where
A(h)=exp{—%U(h)}, and Z = 3 A(). (1b)

states h

In (1), Z is a normalizing constant known as the partition
function, T is a positive parameter known as the tempera-
ture, Ule) is the energy function, that incorporates the local
interactions among neighboring sites, whereas the summa-
tion in (1b) is carried over all R™¥ states.! Calculating Z is,
therefore, prohibitive, even for moderate lattice sizes.

Without loss of generality, we assume second-order GRF's
[3]. In this case,

-LUM M N
At) = e = [ 0y Gij hia, o hia, j-1hi i) (2a)
i=1j=1
and (see also (1))
M N
Z = 3% M oi(hij,hiaj,hia 1,k j4) = 2 Ach), (2b)

states h i=1 j=1 states h

where o,(x,y,2z,w), (x,y,2z,0 0E% (i,j)OAN, is the local
transfer function (LTF) of the GRF H. The LTF depends on
the temperature 7T, and is positive and finite for 0 < 7 < +w.
We assume a bounded LTF, i.e.,

(3a)

Oie = Inf oy and oy, = sup o
inf MN e min > sup uN P+m max »

1 Generally speaking, most of the quantities used in this paper
depend on the sizes M and N of lattice A, as well as on temperature T .
This dependence is often suppressed in order to simplify notation.



exist, are positive, and finite, for all 0 < T < +», where
(3b)

Omin = Min{ g;(x,y,z,w): x,y,2,00E ; (i, j)OA},
and
(3c)

In practice, we usually assume homogeneous LTFs, i.e.,
o,(x,y,2,0) = o(x,y,2,w, for all (i,j)O0A, with necessary
modifications at the boundary sites [1], [3].

A fully observed GRF image is a realization h, of a GRF
H, drawn with Pr[H=h,]=n(h,). Its likelihood function is
given by (see (1) and (2))

Omax = Max{o;(x,y,z,w): x,y,z,00E; (i, j)OA}.

1 M N v (x,y,2,0)
Lt,) = =[] MMos&,y,z,0 > , 4)
Z i=1j=1
(x,y,z,m)uE4

where Vi, U(x,y,z,m), (x,y,2z,0) OE% (i,j) 0N, are the suffi-
cient statistics of the Gibbs probability measure (2) [8].
Each such statistic can be calculated from the observation
h,, and equals to one, whenever (&;,h;.1;,hi-1-1,hi 1) =
(x,y,2z,w), or to zero, otherwise. Equation (4) simplifies in
the case of a homogeneous LTF into

w(X,y,2,0)

L) = = M otx,y,z,0 " : (52)
z et
(x,y,z,)0E
where
M N
Vi (2,5,2,0) = T 3 v (2,5,2,0), (5b)

i=1j=1

denotes the number of elementary squares of the form
(ijyhica gy hicnj1,hi o) = (x,y,2,0) in h,.

Assume now that the GRF H is not observed, but is
transformed into an observable random field Y = {y;:
1<isM, 1<j<N; y; 0E'}, defined on the same lattice A,
where E' is a finite set containing R’ > 2 distinct values. The
transformation is described by means of Pr[Y=ylH=h] >0,
for all yDE™Y, hOEMN. A partially observed GRF image is
then a realization y, of Y, with likelihood function
1 Z(y,)
> Am Sm%hA(h)Pr[Y v, |H=h] - (6)

states h

Ly, =

Under natural assumptions on the degradation process [9],
the pair (H,Y) is a GRF. Here, we assume that

M N

Pr(Y=y!H=h1=[[1Pr 0ilyi-1.yi-1,j-15i,j-vhij Ri-1, jhio1j-vhi -0, (7)
i=1j=1

in which case, Z(y,) is the partition function of the second-

order GRF {HI|Y}, with a non-homogeneous LTF given by

(see (2a), (6), and (7))

0;j(x,y,2,w)
= 0;(x,y,2,0) Pr@ily;a,;,9i-1,j-0¥i j-vhij Rios, jshica, -1k j-1) -

The new LTF is clearly bounded, assuming that the condi-
tional probabilities in (7) are bounded, and, therefore, (3)
holds. Clearly, both partition functions Z and Z(y,) are of
the form (2b). Therefore, it suffices to analyze Monte Carlo
partition function algorithms for sums of the form (2b).

Monte Carlo algorithms are stochastic in nature [3]-[7];
therefore, and after a finite number of iterations, they can
only produce a partition function estimate Z, within an
accuracy ¢ from Z, and confidence 1 - ¢ [6], i.e.,

Prl-e/MN < f(Z)-f(Z) < eiMN ] = 1-¢, (8)

where f(Z)=1/MN xInZ, and 0<¢,&<1. We consider f(Z)
here, rather than Z itself, because Inoi < f(Z)-InR < Inoy,
(see also (2), (3)), whereas Z need not be bounded as M, N
- +o. In addition, and for a homogeneous LTF, limy y - +«
f(Z) exists, is finite at all positive temperatures, and is an

analytic function of the LTF, except at critical temperatures
[10].

As a final remark, the study of partition function estima-
tion algorithms, requires the study of Monte Carlo likeli-
hood function estimation algorithms. Indeed (see (4), (6)),
the likelihood function of a fully, or partially, observed GRF
image is a ratio of two partition functions. In (4), the
numerator partition function is trivially computed from the
observed data. Clearly, estimation of the two partition
functions such that (8) holds, will suffice for

prl-2e/MN < fF(T)-f(T) < 2e/MN ]| = 1-2¢

to be satisfied (similarly for ). Therefore, we concentrate
here on the study of Monte Carlo GRF partition function
estimation algorithms.

3. Algorithms [A] for GRF Partition
Function Estimation

Algorithms [A] are based on drawing samples from a single
probability mass function. They have been studied in [2],
and for the case of a homogeneous LTF. Under this
assumption, their computational complexity, such that (8)
holds, is exponential with respect to image size.

A-1. Markov Mesh Based Sampling Algorithms [3].

Let us consider a special case of a second order GRF,
namely a second order Markov mesh [11]. Its probability
mass function is given by

M N
P) = MM vt hior, j,hica, j-1,hi j-), for all hOEMY | (9a)
i=1j=1
where the LTF 1;(e,e,0,0) is positive, and satisfies
Stui,y,z,w)=1, for every (y,z,0)CE?, 9b)
ulE

and (i, j) O A. The partition function in this case equals to
one. Furthermore, samples of this random field can be
drawn exactly in O(RMN) time [11].

We now write

A)

Z = Ph) P(h) = Y QM) P = Ep[QE)], (10a)

states h

states h
where Ep[e] denotes expectation, and (see (2a) and (9))

N
0 (hij, hi1,j, hica, j1, i) j-1)

Ah)
h) = ——~ = s 10b
Q) P(h) i=1j=1 Uj(hij Riea s Ricy, jas R, j-1) (10b)
for all states hOEYN | In this case,
1 K
Zp(K) = fZQ(Hk); (11)
k=1

is an unbiased and consistent Monte Carlo estimator of Z
[3], [8]. In (11), {H, &k =1,2,..,K} is a collection of i.i.d.
Markov meshes, statistically equivalent to H.

The main focus of our work in [2], [3] is to choose the
appropriate probability mass function P(h), that satisfies
(9), and results in small estimation variance; i.e., minimiz-
ing
2

2
mth) P(h):M—lNln{hvarP[ZQz (H)]},(IZ)

Dis(mP) = Llnz P(h)

MN states h

with respect to P. This quantity characterizes the conver-
gence properties of estimator (11) (see Theorem 1). The
problem under consideration is, therefore, equivalent to
approximating a general GRF by a Markov mesh [11].

Given the LTF o;;(e,e,0,0) of the original GRF, we have
considered in [2] and [3] three such approximating Markov
meshes, namely P (), P (h), and P™(h), with LTFs



Tj(x,y,2,w) = 1/IR , (13a)

0lnZ

.o . 40;x,y,z,
T-*-(x 2.0 = doij(x,y,z,w)] J(x y,2,0) (13b)
ijlx,y,2, = 9InZ ]oi.(u Y 2.0 s
WTr 00;(u,y,z,0) IR
and

o g (x,y,z,
Tij(x,y,Z,w)=M (13c)

>0 w,y,z,w ’

ullE

for all (x,y,z,w) OE*4 and all (i, j) O A, respectively. We now
have the following theorem:

Theorem 1: For any Monte Carlo estimator Zp(K) of the
partition function Z, given by (11), there exists an integer

1 Varp[Q(H)]

Kpin =
[Esz Z?

1,
where [«] denotes the smallest integer > x , such that®

Pr|l-¢< (14)

for every K =Ky, ,

with 0<eg,&<1.
LTF,

Furthermore, assuming a homogeneous

. 1 _ . -
0 SM}\IJI{IWWIHK‘“‘“ _M,ll\llr{1+mpIS(n’P) = Dp(T) < +0, (15)

is satisfied at any temperature 0< T <+w; l.e., the method
has exponential computational complexity with respect to
image size. In particular,

Zriz
,
Zf

(16)

D,ia(T) =M’¥\i]r£1mpls(n,P"id) = InR + lim

1
N =+ MN

where Z; denotes the partition function of a GRF at tem-
perature T, 0<D,;g(T)<InR, D,;(+©) =0, and D,;(0) =InR,
provided that In(nmm)=o0(MN), as M,N - +o, where Ny, s
the number of minimum energy states in the GRF model.

Limits (15) and (16) do not necessarily exist when non-
homogeneous LTFs are employed. Theorem 1 shows that in
the case of a homogeneous LTF, the estimation of Zz,
through (10), (11), and by using samples drawn from
Pid(h), fails at “low” temperatures, becoming computation-
ally equivalent to a brute-force calculation of (2b), as the
temperature approaches zero. In addition, and from a
variety of simulation experiments, we have determined
that

0 8 D,-(T) £ Dpe(T) << Dpia(T), an

i.e., choice (13b) is typically the best in practice, especially
at low temperatures (i.e., GRFs with strong interactions).
Extensive simulation experiments indicate that this is also
the case, when a non-homogeneous LTF is of interest.

A-2. The First Ogata-Tanemura Method [4].

This algorithm is based on drawing samples directly from
the Gibbs probability measure under consideration, which
are then used to form a certain Gibbs average. This is a
non-trivial procedure, since, in general, such samples can
only be approximately obtained [2], [13]. Here, we choose to
discuss computational complexity issues, related to this
algorithm, Turing reducible to the problem of obtaining
Gibbs samples. Therefore, we consider having independent
such samples, readily available to us at a unit cost.

The First Ogata-Tanemura estimation method is based
on the identity (see also (1))

RMN
Z

= Y A'nh) = EJJATYHD],

states h

2 Conditions (8) and (14) are equivalent [12].

provided that A (h) >0, for all states h. Clearly,

7 e RMN
OTI( ) = 1 KA_l(H) - Aim;(K) )
M

RMN

(18)

is a Monte Carlo estimator of Z. In (18), {H, 2 =1,2, ...,
K} is a collection of i.i.d. GRFs, statistically equivalent to
H. Estimator A, (K) is asymptotically normal (as K - +w)
[8], and as a result of the delta method [8], estimator (18)
is an asymptotically unbiased and consistent estimator of
Z. We now have the following theorem:

Theorem 2: At any temperature T , such that

1 Umax = Unin
S @+9mr My 2% (192)
we have that
limKﬁmKVar[ZOTI(K)] o R (19b)

KVar[Z,;,(K)]

where Upu=max{U), hOE"}, and Upy,=min{U),hOEMY},
Furthermore, and under the assumption of a homogeneous
LTF, the sufficient number, K, of independent Gibbs sam-
ples for estimator (18) to satisfy (14), enjoys the limit

. 1 _
M}\lrrilmM_Nan"‘m = Dor (T), (20a)
with
0 < Dor(T) = -2InR + lim ﬁln[Z(c)Z(o’l)]. (20b)

In (20), Z(o) denotes the partition function of a GRF with
LTF o, Dor (+»)=0, and, Dor (0) =+, provided that U, >

Ui, for all sufficiently large M, N.

From (19), we conclude that Algorithm [A-2] becomes
computationally worse than Algorithm [A-1], when samples
from Pié(h) are used, and for the case of GRFs with strong
interactions (low 7). In the case of a homogeneous LTF,
(20) shows that Algorithm [A-2] is of an exponential com-
putational complexity (Turing reducible to the problem of
sampling from the Gibbs probability measure), becoming
computationally worse than the brute force summation of
(1b), as the temperature approaches zero. Clearly, this
method is inappropriate for partition function calculations.

4. Algorithms [B] for GRF Partition
Function Estimation

Algorithms [B] are based on drawing samples from multi-
ple Gibbs probability measures. They have been proposed
in [5]-[7]. Here, we present them in a unified manner, and
for the case of a general GRF. In order to simplify notation
and presentation, we assume that independent samples of
the Gibbs probability measure are available to us at a unit
cost. In practice, the Gibbs Sampler Algorithm [13] is used
to estimate the required Gibbs averages. This case is
treated in [12].

B-1. The Second Ogata-Tanemura Method [5].

From (1b), it is clear that the partition function can be

trivially calculated at T =+, since, in this case3
RMN

21

Zio = lim Z; =

~ 4o

Now, observe that [6]

3 In the following, we need to explicitly show dependence of Z, A(h),
and m(h), on temperature T . We shall therefore write Z;, Ap(h), and
nir(h) for Z, A(h), and m(h), respectively.



Zr, InZy 4T
Z —exp[J: e ar] = exp[J” En, [UH)] Tz].(22)

o

By letting 7, = +«, using (21), and changing variables from
T to B=1/T in (22), we obtain
(23a)

f(Zr) = zi=nZr = R - [ dB,
0

1
MN B
where

1(%) =IT) = E, [YE ]
A Monte Carlo estimator for (23b), can now be obtained at

any temperature T, by means of

(23b)

1

I(T;K) = UN K

(24)

Z UH,),

where {H, £ =1,2,..,K} is a collection of i.i.d. GRFs, with
Pr[H, =h] = ny(h). In practice, these random fields are gen-
erated by the Gibbs Sampler Algorithm, and are, therefore,
correlated, and only asymptotically distributed according to
the Gibbs probability measure [12], [13].

Let us now consider n, +1 equally spaced points B;, =
1/T in the interval [0, 1/T,1, defined by

1T, .
12 or
nS

By = T(i):nTsTl, for i =0,1,..,n,, (25)
where, n, mod 2°~! = 0, and s is a positive integer. A simple
and efficient way for calculating the integral in (23a) is by
means of a Romberg numerical integration procedure of

order 2s, as

I”Tll(%)ds 8 RO(s,n,), (262)

where ’ )

n-

o r

RO(Lny) = — L [1C=) s per )+ 00 (26b)

T, 2 iz

and

RO(s+1,n,) = 2251_1 [22 RO(s,n,.0) - ROGs, )], (260)

for s 21. Equation (26b) is the well known trapezoidal
integration rule. A better approximation of the integral in
(23a) can be achieved by using the Simpson’s integration
rule (s =2) [12]. Generally,

RO(s,n,) = @27

T1 1Z dsn i I(Tw),

where d, , ; are positive constants which satisfy S ode, nei =
ns , and can be computed by using (26).

A Monte Carlo estimator for f(Zr), by means of a Rom-
berg numerical integration procedure of order 2s, will now
be given by (see (23a), (24), (26a), (27))

Ng

2 din,i I K i)

— 2
rITllO (28)

Fsor(T1) = InR -

This estimator can be shown to be asymptotically unbiased
and consistent, as n, - +o, and K, ; - +o, for all i =0, 1, ...,
n.. We now have the following theorem:

Theorem 3: To calculate f(Zr), by means of the Monte

Carlo estimation scheme (24), (25), and (28), such that (8)
is satisfied, it suffices to:

1. Use n, +1 equally spaced points B, given by (25), where

1 1+ L
Ny = |[fes /€]® [MNmax{|In Gy !, I InGyinl} 1 %

gs-1

L1
= o) ¥, (29a)
with f, being positive constants.* In (29a), [x], = min{y

4 For example, f, =1, f4, = 5/3, fg = 1784/45, and fg = 7.394 x 103 [12].

positive integer : ymod!l =0 and y >x}, with x nonne-
gative real, and | integer.

2. Use K, ; i.i.d. samples, drawn from mip, (), where

K. . = 4Gs,i
s,i agz

MN|®
T,

1 Var,, (200,

+ L
= O(MN) ™), (29b)

for every i =0,1,..,n,. In (29a), o, and o, are given
by (3b,c), where the LTF is considered at temperature

T., whereas, a,; =1, for i =1,2,..,n,-1, a,, = as,n, = 2.

The computational cost of satisfying (8), by means of (24),
(25), and (28), is clearly 3/%,K,; Monte Carlo iterations,
which, and according to Theorem 3, is of the order of
O((MN)**'s) (i.e., polynomial with respect to image size),
Turing reducible to the problem of sampling from the Gibbs

probability measure. This complexity can become arbi-
trarily close to O((MN)*), as s - +o.

B-2. The Jerrum-Sinclair Method [6], [7].

This partition function estimation method has been pro-
posed by Jerrum and Sinclair, for special GRFs [6], and
has been extended to the case of general GRFs by Geyer
and Thompson [7]. It is based on the identity (see also (1))

Zr, Ag (h) (A 30)

7 oz mw | m® = Byl

states
If Zr, is known, a Monte Carlo estimator for Zr, will be

K Ap (Hy)
T it sy (31)

Zr (K) = Z
1 To K 42 lAT(Hk)

where, similarly to (24), we consider {H, % =1, 2, ...,
be a collection of i.i.d. GRFs with Pr[H, =h] = Ty (h).

Estimator (31) provides good estimates of Z, only if the
Gibbs probability measures my

K} to

and my , or, equivalently,

temperatures T, and T,, are “close” enough to each other.
Indeed, let 7, > T, and define T, = (1/T,-1/T,) . By vir-
tue of the Central Limit Theorem [8], the convergence rate
of (31) to z; is determined by Var, [g(H)]/ E} [g(H)I,

where g(e) = Az (e)/Ar (9). Note that [1§]

Varn[e®)1 - mace® 7o, 17 (32)
Ef, [g(H)] _min g (h) Omin ’

where o, and o.;, are given by (3b,c), with the LTF con-
sidered at temperature T =1. Since we are interested in the
computational complexity of the method, as M, N - +», we
would like to bound the ratio Var,, [g(H)]/EﬁT [g(H)] by

an upper bound which is not exponentlal, with respect to
image size MN . If T, > MN, then an upper bound in (32)
will be o/ Omin Which does not depend on MN. In practice,
and if T, < MN, we can introduce n+1 temperatures T, O

[T, T,1,i =0,1,...,n, such that 7, =7,, T, =T, and
1 1 1 . _
0 < T T < UN for every i =0,1,..,n-1. (33)
Clearly, by letting T, = +«, the choice
= [%1 Tg=+o, Tp=T1, and T = MLN . (34)
fori=1,2,..,n-1, satisfies (33). Then, by using (21), (31),
and (34), we have that
f(Zr) = —--InZ; = InR +—zlnE [A‘”i”] (35)
T oMN T MN % TTTw Ar (H)

A Monte Carlo estimator for f (zy,) will now be given by



K
L[ e
MN =, K; =1 Ar, (Hy) ’

F;s(Ty) = InR + (36)

where, at each temperature 7, {H,, Hy, ..., Hg} is a collec-
tion of statistically independent GRF's with identical proba-
bility mass functions Pr[H, =h] = g, (h). Estimator (36) is
an asymptotically unbiased and consistent estimator for
f(Zr), as K; — +o [12]. We now have the following theorem:

Theorem 4: To calculate f(Zr), by means of the Monte

Carlo estimation scheme (34), (36), such that (8) is satisfied,
it suffices to:

1. Use n=[MNIT,]| temperatures T, i =0,1,..,n-1, given
by (34); and,

2. Use K, i.i.d. samples, drawn from iy, (), where

K = [gna-em=o=] = oy, 37

Omi
for every i =0,1,... ,n-1. In (37), 0nu and o, are given
by (3b,c), with the LTF evaluated at temperature one.

According to Theorem 4, the computational cost of (36) is
of a polynomial order O((MN)*), Turing reducible to sam-
pling from the Gibbs probability measure. Therefore, and
for sufficiently large M, N, Algorithm [B-2] will be compu-
tationally more preferable than Algorithm [B-1].

We would like to conclude this section with three impor-
tant remarks. First, Theorems 3 and 4 can be slightly
modified, in order to apply to the case where averages of
the forms (24) and (31) are estimated, by using indepen-
dent samples drawn from probability mass functions which
are sufficiently “close” to the required Gibbs probability
measures [2]. Such samples can be obtained by using
independent runs of the Gibbs Sampler Algorithm [12],
[13]. Second, Theorem 3 is the first result of this type
regarding Algorithm [B-1], whereas Theorem 4 generalizes
similar results obtained by Jerrum and Sinclair in [6].
Finally, assumption (3a) is necessary to derive the compu-
tational complexity results in (29), (37).

5. Simulation Results and Comparisons

The algorithms in Class [A] and Class [B] are, clearly,
different in nature. Therefore, in this Section, we compare
them within their own class, and determine the most
efficient Algorithm [A] and [B].

A. Comparison of Algorithms [A].

Theorems 1 and 2 provide us with a means of comparing
Algorithms [A-1] with Algorithm [A-2]. Clearly, and in
order to study their relative efficiency, we need estimates
of (see (12), (20))

_ 1 2 __2
Dp(M,N,T) = UN In Ep[Q*(h)] N In Z(0)

(where P stands for P, P*, or P*), and

(38a)

Dor(M,N,T) = M—lNan(o) + MLNan(cfl) - 2InR, (38b)

respectively. Consistent Monte Carlo estimators for both
quantities can be obtained by using, say, Algorithm [B-2],
with obvious adjustments. To simplify notation, we drop
the dependence of these estimates on the image size.

We have compared such estimated complexity coefficients
D,ia(T), D,»(T), D,p=(T), and Dor (T), to each other, as well
as to Dpr(T) = InR (complexity coefficient for performing the
brute-force summation (2b) [12]), for a variety of GRFs.
Such simulations verify Theorems 1, 2, and (17). See, for

example, Figure 1, where we depict such complexity
coefficients, for the 32x32 site binary GRF1, with homo-
geneous LTF given in Table I, and T 0[0.5,2.0].

Clearly, Algorithm [A-1], which is based on sampling
from P*(h), is the superior one. Sampling from P™(h) can
be advantageous for GRF models with weak interactions,
because, in this case, D,-(T) B D,.(T), and (13c) is much

simpler to calculate than (13b).
B. Comparison of Algorithms [B].

Theorems 3 and 4 provide us with a means of comparing
Algorithm [B-1] with Algorithm [B-2]. From (29a) and (34),
it is clear that n,/n = O((MN)"*). In addition, by using (29),
(34), and (37), we obtain
Omin &

.= 1s
(MN)* Oax ZOK O@NY™) , (39)

SIhK 2

CPU

nS
CPU, _ 2K, < ge? T

where, CPU, and CPU are the required computer times for
(8) to hold, when using Algorithm [B-1] with Romberg
integration of order 2s, or Algorithm [B-2], respectively. In
(39), we assume that samples from the underlying Gibbs
probability measure are available at a unit cost, and that
computation of the functionals U(H,) and A(H,), in (24)
and (36) respectively, is negligible. Clearly, Algorithm [B-2]
is faster than Algorithm [B-1], for sufficiently large images.

We have found that, although the values of n, and n,
obtained in Theorems 3 and 4 guarantee (8), they are
unnecessarily large, as compared to the values that may be
used in practice. We would, therefore, like to obtain the
minimum possible values for n, and n, as well as the
corresponding computer times, that will still yield partition
function estimators satisfying (8). We denote such values
by 0., N, and CPU,, CPU, respectively. We can determine
them exactly, only for the case of exactly solvable GRF
models, i.e., models with analytically known I(T') and Z,, as

ﬁszmin{ v: v>1, vmod 2°"1=0, and

1/T1 l B €
[l de - ROG, v | < Sow . (40a)
and
" T 2V ZT{i)ZT'u‘)
= Tal(—— -1 40b
! arg{ i i§0|7 ge? ( 3 )—| } ' (400
where
2 1 - .
Tho = ( - =)', for i=0,1,2,..,v-1.  (40c
@ Ti+n To ' v (40c)

In addition, CPU, = 5% K, ;, and CPU = Y12} K; , where the
summands are given by (29b) and (37). More details can be
found in [12]. Figures 2-4 depict ny, 0., As, 7, CPU,, and CPU,
for the case of the exactly solvable 128x128 site GRF2
model with LTF given on Table I. From these figures, as
well as from a variety of similar simulations in [12], we
conclude that Algorithm [B-2] is the best Algorithm [B],
whereas Simpson’s integration rule constitutes the most
appropriate implementation of Algorithm [B-1].

6. A Unifying GRF Partition Function
Estimation Algorithm

In this Section, we seek connections between the best Algo-
rithms in Classes [A] and [B], namely, Algorithm [A-1] and
Algorithm [B-2]. We study the Generalized Algorithm [B-2]
[7], suitable for addressing statistical inference tasks for
GRF images. This algorithm reduces to Algorithms [A-1], or
[B-2], in special cases.



Notice first that, in (34), we consider a number of Gibbs
probability measures, m,(h), at equally spaced inverse tem-
peratures B;=1/T; 0[0,1/T;]1. The value B =0 corresponds to
the i.i.d. Markov mesh P (h), with LTF 1% given by (13a),
whereas the value p=1/T; corresponds to the GRF whose
partition function we wish to estimate, with LTF, let’s say,
oy. The LTF of the Gibbs probability measure considered
in (35), lies on a one-parameter curve in the LTF space,
connecting o, and 1% (see Figure 5).

There is clearly no reason to restrict such curves to
include 1%, Indeed, given any two LTF's

on = {oP,y,z,0): x,y,z,w0E; (i, ) DA}, (41a)
and
(41b)

we can estimate the ratio of their corresponding partition
functions, namely Z(c)/Z (o), as

oo = {0 x,y,z,w): x,y,z,w0E; (i, j) DA},

7 7 1 [ 2 A°z+1(Hk)] 49
f( (0(1))) - f( (0(0))) = ngo In Flkglm ,( a)

where

1-L

g, = {[oi‘})(x,y,z,w)]%x[Ui(JO)(x,va:w)]
(42b)

for7=0,1,..,n. In (42a), and at each LTF o,, {H;, H,, ...,
Hy} is a collection of statistically independent GRFs with

x,y,z,(ul]E;(i,j)El/\},

identical probability mass functions Pr[H, =h] = n; (h). We
refer to (42) as the Generalized Algorithm [B-2]. Notice
that the LTF o,, 1=0,1,..,n, lies on a one-parameter
curve connecting oy, and oy, (see Figure 5). Naturally, (42)
reduces to (36), when oy =1%, i.e., to Algorithm [B-2].
Clearly, (42) gives asymptotically unbiased and consistent
estimators of the ratio Z(ou)/Z (o). Similarly to Theorem
4, we now have the following theorem:

Theorem 5: To calculate the difference f(Z (o)) - f(Z (o))
by means of the Monte Carlo estimation scheme (42), such
that the resulting estimate satisfies (8), it suffices to:

1. Usen=[MN] in (42); and

2. Use K, i.i.d. samples, drawn from m,,(h), where
_[1 —e/ny-2 _ 3
K = (Enu—e M2d(0a),00) | = O(MN)?),

foreveryl=0,1,..,n-1, and

), 0)
oM x,y,z,w) o (x,y,2,w
d(O’m,U(o)) = max [ l(Jo) 352, a L(JU 3V 52, ]
G, HOAN 05(x,y,2,0) © G,HOA 0;(x,y,2,w)
(x,y,2,00E* (x,y,2,)0E*

We would now like to emphasize the following two points of
practical importance:

First, quite often, d (o), 13) < d (o), 1%¢), where 1, is the
LTF of a Markov mesh which approximates a GRF with
LTF o4, as in (13b). Therefore, and in order to estimate
the partition function of a GRF with LTF ¢, it is advanta-
geous, instead of using (11), to first estimate 133, and then
run the Generalized Algorithm [B-2] along the curve
defined by 13 and oy, (see (42) and Figure 5). If, in (42),
we use n =1, the Generalized Algorithm [B-2] reduces to the
best Algorithm [A-1].

Second, if we assume that o, and o, are sufficiently
“close” to each other, then d(oy),00) < d(0y),1%) + d (o), T7).
Therefore, using (42), as compared to using (36) twice,
results in computational savings, when the problem is to
estimate partition function or likelihood function ratios.

The second case arises in hypothesis testing problems. On
the other hand, and in maximum likelihood estimation
problems, we often need likelihood function estimates in a
neighborhood of a specific LTF. Clearly, in both cases, the
Generalized Algorithm [B-2] provides us with a flexible sto-
chastic simulation scheme. Therefore, (42) is very suitable
for statistical inference problems, based on likelihood calcu-
lations.

7. Conclusions

We have presented a unified analysis of stochastic simula-
tion algorithms for partition function and, consequently,
likelihood function estimation of general GRF images. We
have focused our attention on determining their computa-
tional complexity, with respect to image size. By using
Theorems 1-4, we have been able to classify these algo-
rithms into two categories: Algorithms [A], with exponen-
tial complexity, and Algorithms [B], with polynomial com-
plexity, Turing reducible to sampling from the Gibbs proba-
bility measure. We have determined that Algorithms [A-1]
and [B-2] are the most efficient ones, within their own
class. We have then introduced the Generalized Algorithm
[B-2], which contains both Algorithm [A-1] and Algorithm
[B-2] as special cases, and discussed its suitability in GRF
statistical inference problems.

Acknowledgements

This work was supported by the office of Naval Research,
Mathematical Sciences Division, under ONR Grant
N00014-90-J-1345.

References

[1] R.C. Dubes and A.K. Jain, “Random field models in
image analysis,” J. of Applied Statistics, vol. 16, pp.
131-164, 1989.

[2] G. Potamianos and J. Goutsias, “An analysis of Monte
Carlo methods for likelihood estimation of Gibbsian
images,” Proceedings of the ICASSP, vol. 5, pp. 519-
522, Minneapolis, Minnesota, 1993.

[3] G. Potamianos and J. Goutsias, “Partition function
estimation of Gibbs random field images using Monte
Carlo simulations,” IEEE Transactions on Informa-
tion Theory, vol. 39, pp. 1322-1332, 1993.

[4] Y. Ogata and M. Tanemura, “Estimation of interac-
tion potentials of spatial point patterns through the
maximum likelihood procedure,” Annals of the Insti-
tute of Statistical Mathematics, vol. 33, Part B, pp.
315-338, 1981.

[6] Y. Ogata, “A Monte Carlo method for an objective
Bayesian procedure,” Annals of the Institute of Sta-
tistical Mathematics, vol. 42, pp. 403-433, 1990.

[6] M. Jerrum and A. Sinclair, “Polynomial-time approxi-
mation algorithms for the Ising model,” SIAM Jour-
nal on Computing, vol. 22, pp. 1087-1116, 1993.

[71 C.J. Geyer and E.A. Thompson, “Constrained Monte
Carlo maximum likelihood for dependent data,” (with
Discussion), Journal of the Royal Statistical Society,
Series B, vol. 54, pp. 657-699, 1992.

[8] Bickel, P. J. and Doksum, K. A., Mathematical Statis-
tics. Holden-Day, Oakland, California, 1977.

[91 Comets, F. and Gidas, B., “Parameter estimation for

Gibbs distributions from partially observed data,” The

Annals of Applied Probability, vol. 2, pp. 142-170,

1992.

R.S. Ellis, Entropy, Large Deviations, and Statistical

Mechanics. New York City, NY: Springer-Verlag,

1985.

[10]



[11] J. Goutsias, “Unilateral approximation of Gibbs ran-
dom field images,” CVGIP: Graphical Models and
Image Processing, vol. 53, pp. 240-257, 1991.

G. Potamianos and J. Goutsias, “Analysis of stochas-
tic simulation algorithms for partition function esti-
mation of Gibbs images,” Technical Report JHU/ECE
93-05, ECE Dept., The Johns Hopkins University,
Baltimore, MD, 1993.

J.K. Goutsias, “A theoretical analysis of Monte Carlo
algorithms for the simulation of Gibbs random field
images,” IEEE Transactions on Information Theory,
vol. 37, pp. 1618-1628, 1991.

[12]

[13]

Table I: LTF of the two GRFs considered in Section 5.
LTF GRF1 GRF2

T % In 0;;(0,0,0,0) 0.000000 0.881376
T x1n;;(0,0,0,1) || 0.000000 0.000000
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T % In 0;;(1,0,0,0) 0.000000 -0.881376
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T % In0;;(1,0,1,0) 0.601010 -0.881376
T x Ino;;(1,0,1,1) -0.661616 0.000000
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T x1no;(1,1,0,1) || -1.924242 0.881376
T x1no;(1,1,1,0) || -0.661616 0.000000
T x Ino;(1,1,1,1) -1.323232 0.881376
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Figure 1: Monte Carlo estimates of the complexity

coefficients associated with Algorithms [A], and for the
GRF1 model of Table I, considered on a 32 x 32 site lattice.

AL ) S—— D,ia(T) D,.(T)
I Doy (T)
480 T T T T T

0.50 0.75 1.00 1.25 1.50 1.75 2.00
Temperature
Figure 2: Values of 7, 72, and 73, required for estimating
f(Zy) of the GRF2 model of Table I, considered on a
128x128 site lattice, by means of Algorithm [B-1]. In this
case e=0.1.
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Figure 3: Values of n, and f, required for estimating
f(Z7) of the GRF2 model of Table I, considered on a
128 x 128 site lattice, by means of Algorithm [B-2].

., for e = 0.1;
., for e = 0.01;
n, forall 0<e<1.
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Figure 4: Values of CPU, and CPU associated with
estimating f(Zr) of the GRF2 model of Table I, considered
on a 128 x 128 site lattice, and for £¢=0.1, and £=0.01. In
this case, £ =0.05.

a—as—a log,wCPU,, fore=01;

,,,,,,,,,,,,,,,,,,, log,,CPU, fore=0.1;

—————  log; CPU,, fore=0.01;

................... log1,yCPU, for e=0.01.
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Figure 5: Parameter space for a simple GRF model with
homogeneous LTF o = [1, 0,, 0z, 03]. The parameter space
for the Markov mesh LTF is a plane.



