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Abstract

The problem of estimating the partition function ratio of two
Markov random fields via Monte Carlo simulations is studied.
Such an estimation is central to maximum likelihood based
Markov random field statistical inference. Two partition func-
tion ratio estimation algorithms are considered. Both involve
choosing an appropriate probability mass function. The
optimal choice as well as suboptimal choices for this function
are presented. The latter result in efficient algorithms that
achieve significant improvements over methods reported else-
where, as it is demonstrated in supporting simulations.

1. Introduction

Markov random fields (MRFs) constitute a popular class of
statistical models for images [1], [2]. However, the lack of a
closed form solution of the partition function (PF) and hence
of the likelihood function [3] of a general MRF [4] imposes
restrictions to maximum likelihood statistical inference of
fully or partially observed (hidden) data, modeled via MRF's
[3], [6]. To avoid this limitation, a number of stochastic
approximation (i.e., Monte Carlo) techniques for PF estima-
tion have been proposed [6]-[10]. A unified presentation,
analysis, and comparative study of them can be found in [10].

As a result of the study in [10], the Jerrum-Sinclair (J-S)
[6], [10] algorithm was shown to be the most preferable PF
estimation method, resulting in asymptotically unbiased and
consistent PF estimators. Such estimators can sufficiently
well approximate the true PF in polynomial time with respect
to the number of MRF sites, Turing reducible to the problem
of sampling from the MRF probability mass function [10].
The J-S algorithm estimates the PF of the original MRF as a
product of the a-priori known PF of a reference MRF and
Monte Carlo estimated PF ratios of intermediate MRFs that
“span” the distance between the probability mass functions of
the original and the reference MRF's. Three are the important
elements of the J-S PF estimation algorithm: (a) The choice of
the reference MRF; (b) the choice of the intermediate MRF's;
and (c¢) the Monte Carlo algorithm associated with PF ratio
estimation. The current paper addresses issue (c), based on
related work in [11] and [12]. Issues (a) and (b) have been
successfully addressed in [10].

The paper is structured as follows: Section 2 establishes
necessary background and notation, Section 3 gives a unified
presentation of two methods for PF ratio estimation, first
suggested in [11] and [12]. An appropriate probability mass
function is introduced, and its optimal choice is established.
Section 4 presents sub-optimal choices of this function that
result in practical PF ratio estimation algorithms, the
efficiency of which is demonstrated in simulation experi-
ments, reported in Section 5. Conclusions are drawn in Sec-
tion 6. To simplify notation, we exclusively consider MRFs
defined over two-dimensional rectangular grids (images).

2. Background and Notation

Consider a collection of M xN sites A={(i,j):ls i<M,1<j
<SN}. A discrete-valued random variable H,; is assigned at
each site (i, j)OA, taking values k;; from a finite state-space
E, with |E|=R : 2 £ R <+, where | ¢| denotes cardinality of
set o. The resulting random field H={Hij:(i, 7)OA} can take
any of the RMY possible states h:{hij:(i,j)IZIA} OEMN with
probability mass function Pr[H=h]. Let us denote the
neighborhood of a site (i,j) OA, by INV;; O A. Let h;; ={hy:
(k,1)OIN;,k<iandl<j}, for every (i,j)OA, and J = |h;;|,
independent of (i,j)0A, assuming a homogeneous neighbor-
hood [1], [2]. We restrict H to be a MRF whose probability
mass function is given by the Gibbs distribution [1], [9]

n,(h) = Pr[H=h] = %Ac(h), (1a)
for all states h DEMN, where
1 M N
Agsh) = exp{—TUc(h)} = MM ok,h;), (1b)
i=1j=1
and
(1c)

Z@©) = 3 Ag(h).
h

In (1), Z(0) is the partition function (PF), T is a positive
parameter known as the temperature, Uj(e) is the energy
function, and o0 = { O (X X1yeyXf) XgyXyeees Xy EIE} is the
local transfer function (LTF), which depends on 7' and is
positive and finite for every 0 < 7' < +o [9]. For simplicity
only we assume that the LTF is homogeneous [10].

As an example of (1), consider the Ising model [4]. For
such a MRF, hz] = { hi—l,j’hi,j—l} 5 J = 2, E = {—1 ,+1} 5 and

0(%x,,%1,%9) = exp{—%(avxox1+ahxox2 )} , 2)

for all x,,x1,x9 OE , where a, and a; are two parameters.

A useful special MRF is the Markov mesh [9], characterized
by a probability mass function P, (h), h EMY  of the form

M N
P(h) = [1] 1(hy,hy) > 0,
i=1j=1

(3a)

where the LTF t ={ 1(x,,%1,...,4/): X,,%1,...,x; UE} satisfies

> 1(x,%1,...,x5) = 1, forevery (xl,...,xJ)EIEJ, (3b)
xUE
is positive and finite. In this case, the PF equals [9]
M N
Z®) = Y111 t(hy,h;) = 1. 4)

h i=1j=1
In general, we are interested in estimating the PF of a gen-
eral MRF (1), given its LTF o. This can be achieved by
means of the Jerrum-Sinclair (J-S) algorithm, as follows [6],
[10]: First, define a reference MRF with LTF given by
O(%y,%1,.005%g)

> o(x,xq,...,%7)
X

) 6]

T(xoyxlynwx:])



for every x,,x1,...,4; OE , that clearly satisfies (3b). Then,
define a MRF parametric class with LTFs given by
B
0p(%p,sky) = [0, )] [Ty, .s50) ] (6)

for all x,,x¢,...,4y OE and BO[0,1]. Choose any integer n=
1, and denote 0(;)(%x,,%1,...,%5) = O n(%5,%1,...,%;) for all x,,
X1,..,x;0E andi =0,1,...,n. Then (see also (4)),

n-1 Z(0(;+1))
Z@©) = [ 22us)
(o) Mn Z (o)

i=0
Clearly, in the J-S algorithm, the problem of PF estimation
reduces to that of PF ratio estimation; i.e., given, two MRFs
with LTFs o, and 07 estimate their PF ratio Z(0,)/IZ(c,) by
means of an efficient Monte Carlo algorithm. The study of
such algorithms is the subject of this paper.
Traditionally, PF ratio Z(0;)/Z(0,) is rewritten as [6], [10]

o,(HD
Ag, (H)

(7

Z(Gl) _ [
Z(o,) A (h)

] Mg (h) = Enu[ ]. @a
Therefore, an asymptotlcally unbiased and consistent Monte
Carlo estimator of Z(0;)/Z(a,) will be given by [6], [10], [13]

| K Ag(Hy)
K S Aq (Hy) ’

where { H,,k=1,2,...K } is a collection of MRFs obtained
by means of a Markov Chain Monte Carlo sampling scheme
(MCMCS) such as the Gibbs sampler [2] and satisfies
hm Pr[Hk =h]=1,(h), for every h OEMN. The variance
of estimator (8b) can be rather large, in the case that the
Gibbs distributions T, and T, significantly “differ”l [10].
This can seriously affect the accuracy of the J-S PF estimator
(7). In this work, we study two alternative ways of estimat-
ing ratio Z(0,)/Z(0,) that were originally proposed in [11]
and [12]. These methods incorporate information from both
My, and T in the choice of the probability mass function,
which Monte Carlo samples are drawn from, in an effort to
achieve importance sampling [13].

AZ(K) = (8b)

3. Two Partition Function
Ratio Estimators
Let w: EMN _, R* be a function such that 0<w(h)< +o, for
all hOEMYN . With an appropriate renormalization  becomes

a probability mass function on EMN | therefore we assume
that 3 pwth) =1. Using (1) we obtain [11],

A, (H)
15 (h) %1
Z(oy) _ 2! (h)] ” Er| @] 9a)
Z(a,) AW T A
% [ (A)(h) ] T[Ul( ) ﬂgl[ (A)(H) ]

Therefore, an asymptotically unbiased and consistent Monte
Carlo estimator of Z(0;)/Z(0,) will be [11], [13]

K
% > Ag (HP) | o(H)
2z, (K) = —122 ,

> Ag (HY) | w(HY)
Kk 1

(9b)

where we assumed that we use an equal number of samples
in the Monte Carlo estimators of both the numerator and
denominator of (9a), whereas {H,gi), k= 1,2,...,K} ,1=0,
1, are two collections of MRFs obtained by MCMCS that

1 In terms of divergence (see (12) and [10]).

satlsfy hm Pr[H”) =h]= T, (h), for every h OEMN,

Alternatlvely, we can write [12]

Ag (h) A, (H)
w(h) %1
Z(a) _ > [ om | _ Bl —m 10a)
Z(ao,) A, (h) A, (H)
[y le® B ]

Therefore, an asymptotically unbiased and consistent Monte
Carlo estimator of Z ( 01)/Z( 0,) will be [12], [13]

(0) (0)
Kkz1A (H;”) / w(H;”)

1k ’
> Ag (HP) | w(HY)
K 5

where {H,ﬁi), k= 1,2,...,K} , 1=0,1, are two mutually
independent collections of random fields drawn from w(h),
hOEMN | and we assumed that an equal number of Monte
Carlo samples are used in estimations in (10b).

Notice that both (9) and (10) reduce to (8), if we set
w(h) =15 (h), for all hOEMY. We would like now to
determine the optimal choice for the probability mass func-
tion w), hOEMY in (9) and (10). Such a choice should
minimize the mean square error (MSE) of estimators (9b)
and (10b), respectively. To simplify our derivations, we
choose instead, to minimize their asymptotic mean square
errors, MSE(w) and MSE,(w), defined by

AZy(K) = (10b)

Z(0y)
Z(0a,)

for 1 =1,2 (see (9), (10), [5], [10], [11], and [14]). Further-
more, we assume that in (9b) and (10b), exact and indepen-
dent samples drawn from probability mass functions w, T, ,
and T , are used. 2 Let us denote the divergence of probabll-
ity mass function Py(h) from P;(h) defined on EMN by [14]

MSE;(w = lim K E[InsZ;(K) - In I. ay
— +o0o

_ Py(h)
d(P,Py) = % Pi(h) In Pyh) (12)
In addition, let us define probability mass functions
A+ 2 4wy
1z (h) +11, (h) 01 %
&h) = a, o, - Z(0o,) (13a)
and
ah) = V2w +m2m [ ¥/ n2m) g ®m), (13b)
v

for all hOEMY | We have the following theorem:

Theorem 1: Probability mass function @, hOEMN is the
optimal choice to be used in (9), i.e.,

® = argmin MSE;(w) , (14a)
w
whereas, it satisfies the “divergence optimality criterion”
® = argmin{ d (1, , ) +d (7, )} . (14b)
o o

In addition, probability mass function &h), hOEMN  is the
optimal choice to be used in (10), i.e.,

® = argmin MSEy(w) . (15)
w

2 A more general treatment is currently being studied, along the lines
of the work in [6] and [10].



Furthermore,

MSE,(®) < MSE«(®) < MSE(®) . (16)
Proof: Briefly, (14a) follows from the minimization of
Mg, (h) 15 (h) 115 (h) + 115 (h)
% wh) w(h)
MSE(w) = -2, (17a)

[ T[o'l(h) T[o'a (h) ] 2
% w(h)
with respect to w over the EMY-dimensional simplex, whereas

(14b) and (15) follow from the minimization of the second and
third terms in

T, (h) + 115 (h)

oy 1247, + d(1,0), (17b)

MSE,(w)+2 =[5
h
respectively, with respect to w over the same simplex (see
(9)-(13), and the central limit theorem and delta method in
[56]). In addition, it can be shown that both @ and @ consti-
tute global minima in (14) and (15). Finally, (16) follows
from (15) and the fact that (see (13a) and (17))
MSE () 2 7ng"(h)+ngl(h) 2
0 = -
? 2 T, (h) + 115 (h)
Mg, (h) 1 (h) 4

L mem] ~ 2 MSE@. O

Due to (16), we consider @ to be “optimal” for both estima-
tors (9b) and (10b). Theorem 1 shows that, theoretically,
(10b) is a better estimator than (9b). However, neither (13a)
nor (13b) can be computed in general (though, a MCMCS
algorithm can be easily devised to draw samples that are
asymptotically distributed according to @). In order for (9b)
and (10b) to be of any practical use a good choice of w that
lies “close” to the “optimal” @ has to be determined. This is
discussed in the following section.

4. Practical Algorithms

As we mentioned above, probability mass function @(h),
hOEMYN | is not computable in general, due to the presense of
PF ratio Z(0y)/Z(a,) in (13a). However, we can replace this
PF ratio by its Monte Carlo estimate AZ,(K), and thus
obtain an approximation of @ as

Ay (h) +8Z,(K)A (h)
Z(0,) +0Z,(K) Z(a,)

for all hOEMN | Clearly, ®; can be used instead of ® in (9),
since the uncomputable denominator of (18) cancels out in
(9). However, use of (18) is not possible in (10), since (10b)
would require drawing samples from &;. Such a task
requires the exact value of Z(0;)/Z(0,).

Equations (8b), (9b), and (18) give rise to the following
practical algorithm for PF ratio estimation:

Oh) = 18)

Practical PF Ratio Estimation Algorithm 1.

e Run a MCMCS, generating the MRF collection {H;f,f’),k
=1,2,..,K}, that satisfies lim Pr[H{”’=h]=m, (h),
for every hOEMN kot

o Store ratios B(H{") = A, (H{”) /A, (H), k=1,2,... K.

e Compute (8b), as 0Z,(K) = 1/K TX_ B(H/).

e Run a MCMCS, generating the MRF collection {H{V,k
=1,2,...,K } , that satisfies kliriler[H,il)z h]= g, (h),

for every hOEMN

e Estimate the desired PF ratio as
1 K B(H ]go))

K < (0) 5
k=1 B(H”) + AZ,(K) (19)

AZ4(K) = —— ! -
% > [AG(HMIA G (HP) +82,(K)]
k=1

As we demonstrate in Section 5, Algorithm 1 results in more
accurate PF ratio estimates than (8b), due to superior impor-
tance sampling, though at a significantly increased computa-
tional and storage requirement cost. Notice, that Algorithm 1
can be easily incorporated within the J-S PF estimation algo-
rithm framework (5)-(7).

We would like now to propose a practical choice of w to be
used in (10). Due to Theorem 1, it is natural to seek an w
that lies “close” to the “optimal” @, given by (13a), and, in
addition, enables estimating (10). That would require w to be
restricted within a class C that consists of w’s such that w(h)
be computable up to a multiplicative constant, for all h
OEMN | and sampling from w is possible. It is then natural to
seek

@ = argmin{ d(®, )} , (20)
wiC
as a “reasonable” choice of an w to be used in (10).
We first restrict wth) = P, (h), i.e., we parametrize w(h) in
terms of the LTF 1 that satisfies (3b). We then have the fol-
lowing theorem:

Theorem 2: The optimal w(h) within the class of Markov
meshes is given by (3), with LTF given by 1(x,,%1,...,x5) =

ET%O[VH(xoyxly"wa)] + ET[UI[VH(xO,xl,...,xJ)]

, @D
ZET,%[VH(x,xl,...,xJ)] + ZET,GI[VH(x,xl,...,xJ)]

for all x,,x1,...,.x; OE, where vg(x,,x1,...,x;) denotes the
number of occurrences (h;;,h;;) = (x,,%1,...,%x;) that appear in

MRF H.

Proof: See (3), (13a), (20) and the proof of Theorem 3.1, in
[10]. d

In (21, E [valx,,x1,....x5)], %,,%1,....,xy0E, i =0,1,
can be estimated by means of a suitable MCMCS scheme.
Notice, however, that Markov mesh based PF estimation was
shown in [10] to often be unreliable, since Markov meshes
often provide poor approximations to random fields (here to
®). Therefore, we do not further pursue the use of (21) for
PF ratio estimation.
Instead, we choose to restrict (see also (6))

1 B 1-B
Z(op) [A, ] [A, ] ", (22a)

for all hOEMN | where
B 1-B
Z(op) = E[A"l(h)] [A, ] ),

wh) = Ty (h) =

(22b)

for BO[0,1]. We now have the following theorem:

Theorem 3: The optimal %(h) that satisfies (20) and (22), is
given by (22) with B = B, where [ is the unique solution of

A Ay (H)
A, @ - Erllog g g

E [ log 1, (23)

for O[0,1].
Proof: See (13a), (20), and (22). In addition, notice that the



Figure: Convergence of estima-
tors (8b) (solid thick line), (19)
(dotted line), and (24) (dashed
line), to the exact result (solid
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right hand side of (23) is an increasing function of (3. |

Clearly, (23) can be solved using Monte Carlo estimates of
the left hand side and, for various values of B0[ 0,11, of the
right hand side of (23). However, such an approach would
defeat the goal of computational efficiency in PF ratio estima-
tion. We, instead, choose the ad-hoc value B =0.5, which
gives satisfactory results in our simulations. In addition, for
the shake of computational efficiency, we use the same Monte
Carlo samples in both numerator and denominator in (10b).
The resulting PF ratio estimation algorithm is now straight-
forward:

Practical PF Ratio Estimation Algorithm 2.

e Run a MCMCS, generating the MRF collection {Hk,k =
1,2,..,K}, that satisfies lim Pr[H,=h]=rmg (h), for
+ o0 3

k
every hOEMN, where 1, (h) is the MRF with LTF

00.5(x0a-~-7xJ) = \/O-O(xov--,xJ) cl(xo7---7xJ) 5

for all x,,x4,...,6; OF .
e Estimate the desired PF ratio as

1 kK 05
% 2 [Ao(H) A (Hy)]

AZYK) = (24)

k

K
L s a,m)am)]"
Kk 1 o 1

As we demonstrate in Section 5, Algorithm 2 results in
significantly more accurate PF ratio estimates than (8), with
practically no additional computations. Furthermore, it gives
more accurate estimation results and is computationally less
intensive than Algorithm 1. Finally, it can be easily incor-
porated within the J-S PF estimation algorithm (5)-(7).

5. Simulation Results

We have compared the accuracy of estimators (8b), (19), and
(24) in a variety of PF ratio estimation tasks. As a result of
our simulation experiments, we have concluded that:

1. Both (19) and (24) provide significantly more accurate PF
ratio estimates than (8), especially when probability mass
functions T, and 11, are “far” apart.

2. Furthermore, (24) provides more accurate PF ratio esti-
mates than (19) with significantly less computations.

3. The use of the same Monte Carlo samples in both the
numerator and denominator of (24) does not cause a
significant deterioration in the PF ratio estimation accu-
racy, as opposed to the use of two independent Monte
Carlo sample sequences (as in (10b)).

4. The accuracy of the J-S PF estimation algorithm dramati-
cally improves by using (24), instead of (8b), when
estimating the PF ratios in (7).

As an example of the relative performance of (8a), (19), and

(24), we consider the PF ratio estimation problem of two

Ising models (2) that are “close” to each other (Figure (a))
and of two Ising models that are “far” apart (Figure (b)). The
figure clearly supports Conclusions 1 and 2.

6. Conclusions and Future Work

This paper provides a unified presentation and novel results
about the statistical efficiency and optimality of two partition
function ratio estimators reported in the literature. Practical
algorithms for the sub-optimal implementation of the
methods are described. Both algorithms result in significantly
more accurate PF ratio estimation than a traditional PF ratio
estimation approach, with Algorithm 2 being the most prefer-
able. Algorithm 2 leads to a more efficient PF estimation via
the J-S algorithm, therefore it is appropriate for use in Monte
Carlo maximum likelihood statistical inference of MRFs [8].
Future work will provide theoretical comparisons between the
MSE’s of (8b), (19), and (24), attack the issue of a better
choice for B in (22), and take into consideration the effect of
sample correlations in (24).
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