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ABSTRACT 

A new 2-D i n t e r p o l a t i n g  continued f r a c t i o n  i s  
described. This continued f r a c t i o n  i s  usedtomcdel 
2-D d i s c r e t e  s igna l s  by b i v a r i a t e  r a t iona l  functions. 
An algorithm f o r  t he  r e c u r s i v e  determination of t he  
model parameters is  presented. A t t r a c t i v e  charac- 
t e r i s t i c s  of t he  proposed method a r e  a p p l i c a b i l i t y  
t o  unequally - spaced da ta  and permanence of t h e  
so lu t ion .  The method is appl icable  t o  rec tangular  
a r rays  of d a t a  and can be used in  a v a r i e t y  of ap- 
p l i c a t i o n s ,  including the  design of 2-D I I R  d ig i t a l  
f i l t e r s .  Generalization and o ther  a r e a s  of appl i -  
ca t ions  a r e  mentioned. 

INTRODUCTION 

I n t e r p o l a t i o n  methods, both rolynomial and- ra- 
t i o n a l ,  1 - D  and n-D, have played a s ign i f i can t  r o l e  
i n  many a reas  of s i g n a l  and system s tud ie s .  Fetxmtl> 
they have been appl ied  t o  multidimensional s igna l  
recons t ruc t ion  problems 111 and system r e a l i z a t i o n  
problems [ 2 ] .  

Polynomial i n t e r p o l a t i o n  methods, ha-Je a l s o  
been used f o r  modeling 1 - D  and 2-D s i g n a l s  [3,41. 
Frequency sampling FIR f i l t e r  des igns ,  using the  
DFT and t h e r e f o r e  uniform samples, a r e  e s s e n t i a l l y  
i n t e r p o l a t i o n  methods on t h e  u n i t  c i r c l e  [51. Ex- 
tens ions  to nonuniform samples, f o r  both the l -D and 
2-D FIR cases ,  were published r e c e n t l y  [6,7]. The 
following questions a r i s e :  1) how can we develop in- 
t e r p o l a t i o n  methods f o r  modelling 2-D d i s c r e t e  s ig -  
na l s  by r a t i o n a l  func t ions  and 2)  how should t h e s e  
methods be modified i n  order  t o  serve  the  design of 
I I R  2-D frequency sampling f i l t e r s .  

This paper is  concerned with the  problem o f t h e  
f i r s t  question and proposes a method f o r  its solu- 
t i o n .  The method is  based on a new 2-D i n t e r p o l a t -  
ing continued f r a c t i o n  which has the  following at-  
t r a c t i v e  f ea tu res :  
1) a p p l i c a b i l i t y  t o  nonuniform samples 
2 )  
3 )  

recurs ive  computation of the  model parameters 
permanence ( i f  we want t o  use more d a t a  t o  com- 
pute a higher order model, we compute only the  
"new" c o e f f i c i e n t s  ) 
The s t r u c t u r e  of t h e  paper is  as follows: 

Under pre l iminar ies  w e  review some b a s i c  facts about 
1-D r a t i o n a l  i n t e r p o l a t i o n  and i n t e r p o l a t b g c o n t i n -  
ued f r a c t i o n s  (CF), t o  be used i n  t h e  sequel.  A 
statement of t he  problem t r e a t e d  i n  the  paper,  with 
remarks r e f e r r i n g  t o  c h a r a c t e r i s t i c s  of t he  problem 
and methods of so lu t ion ,  follows. The next s e c t i o n  
descr ibes  a new 2-D i n t e r p o l a t i n g  CF and its proper- 
t i e s .  Construction and use of t h i s  CF c o n s t i t u t e  
t he  o r i g i n a l  cont r ibu t ion  of t h e  paper. We continue 
with a d e s c r i p t i o n  of t he  proposed modeling algorithm 
f o r  a rec tangular  a r r a y  of da ta .  The l a s t  s e c t i o n  

Gerasirros G. Potamianos 

Baltimole, Fayland 21218 
and The Johns H o p k j n S  University 

conta ins  some remarks about t he  modeling methsd used, 
conclusions and suggestions f o r  f u r t k r w o r k i n  t h i s  
a r ea .  

PRELIMINARIES 

We f irst  review some b a s i c  f a c t s  about 1-D po- 
lynomial and r a t i o n a l  i n t e rpo la t ion .  These f a c t s  
w i l l  be needed i n  the  sequel.  

The w e l l  known 1 - D  i n t e r p o l a t i o n  problem [9] 
can be solved r e c u r s i v e l y  using Newton's method. 
This method r e s t s  on the  theorem: 
"every polynomial of degree n 

(1) 2 p n ( x )  = aOta1x+a2x +...+a xn 

can be w r i t t e n  uniquely i n  the  form 

p ( x )  = c 0 1  t C  (x-x 0 2  )+c  (x-x 0 ) (x-x l )+ .  

...+ C (c -co)  ... (x-x '' ( 2 )  n-1) 

This is  c a l l e d  Newton's form 

s t a t e d  a s  follows [9,10]: 
Given 1) a s e t  of po in ts  

s = [xi : i zo ,1 , . .  . ,M-I 

sf r f ( x . )  f i  : 

The 1-D r a t i o n a l  i n t e r p o l a t i o n  problem can be 

L 1 
2) a s e t  of values a t  those poin ts  

i = O , 1 ,  ..., ~ - 1 1  - 
3 )  a r a t i o n a l  func t ion  of t h e  form 

pn(x) potplx+. . .pnxn 
, m+n=M-1 

l+qlx+. . . +4nx 
r ( x )  I gm,= 
f ind  pi , i = O , l ,  ..., n and 4j , 
such t h a t  

j=l, ..., m 

( 3 )  

r ( x . )  = f i  

It is  wel l  known t h a t  t h e r e  a r e  cer ta in  d i f f i cu l t i e s  
assoc ia ted  with t h i s  problem and s e v e r a l  algorithms 
f o r  computing its s o l u t i o n  a r e  a v a i l a b l e  19,101. 
Desirable p r o p e r t i e s  of a method of s o l u t i o n  a r e  a )  
ex is tence  b )  uniqueness c )  recurs ive  computation 
of t h e  unknowns d)  permanence and e )  a p p l i c a b i l i t y  
f o r  not e q u i d i s t a n t  i n t e r p o l a t i o n  poin ts .  

A method of  so lv ing  t h e  r a t i o n a l  in te rpola t ion ,  
which has t h e  above c h a r a c t e r i s t i c s ,  is  based on 
continued f r a c t i o n s  (CF) [9,10]. It is  known t h a t  
a CF of t he  form 

i = O , l ,  ..., M-1 ( i n t e r p o l a t i n g  
condi t ions)  ( 4 )  
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x-x 

x-x. KM(x) = bo + 0 = 

bl + x-x2 

M- 2 -b2  + . x-x 
. +- 

bM- 1 

known a s  T h i e l e ' s  CF, i n t e r p o l a t e s  a t  t he  p o i n t s  x 
and i t s  unknown's b j  can be computed recurs ive ly .  
Furthermore ( 5 )  i s  a r a t i o n a l  function with numera- 
t o r  and denominator polynomials of known deg-ees [a] 

respec t ive ly .  2 

STATEMENT OF THE PROBLEM 

The approach t o  modeling taken here  i s  t h a t  of 
r a t i o n a l  i n t e r p o l a t i o n  with unequally spacedsamples. 
The 2-D r a t i o n a l  i n t e r p o l a t i o n  problem, i n  a form 
s i m i l a r  t o  the  1 - D  problem mentioned i n  the  prelim- 
ina r i e s ,  can be s t a t ed  as follows: 

Given: 

1) an ar ray  of po in ts  

S = r (x i , y j ) :  i=0 ,1 ,  ..., M - 1 ;  j=O, l ,  ..., N - l ]  

2 )  

Sf = [f(xi,y5) e f i j :  i = O , l . .  . , M - 1 ;  j = O J  ,..., N-l] 

3 )  a 2-D r a t i o n a l  func t ion  (model) . 

1 
a s e t  of values a t  those  poin ts  

(6) 

f ind  MxN c o e f f i c i e n t s  of t h e  polynomials p(x,y) and 
q(x ,y)  such t h a t  t he  following i n t e r p o l a t i n g  condi- 
t i o n s  are s a t i s f i e d :  

a s o l u t i o n  t o  t h e - i n t e r p o l a t i o n  problem. 
One approach, muaUy called "the d i r e c t  approach" 
[ 7 ] ,  is  t o  so lve  the  equat ions  

5 .  

This apprcach presents  d i f f i c u l t i e s  even i n  the  
1 - D  case [lo]. 
A b e t t e r  approach is t o  look f o r  a method of so- 
l u t i o n  with the  following d e s i r a b l e  p r o p e r t i e s  
e a s i l y  judged: 
a )  ex is tence  
b )  uniqueness 
c )  r e c u r s i v e  computabili ty 
d)  permanence 

6. 

The method of in te rpola t ing  CF, in t he  %D case ,  
We seek t h e r e f o r e  a 2-D in- has those p rope r t i e s .  

t e r p o l a t i n g  CF which preserves  t h e  properties of t he  
1 - D  case.  This w e  do i n  the  next s ec t ion .  

THE METHOD OF 2-D INTERPOLATING CF 

The main idea  of t h i s  paper,  i n  extending ra- 
t i o n a l  i n t e r p o l a t i o n  t o  2-D, is  t o  use a CF of t he  
f orm 

CA" 
(10) u u  

% N ( x 3 y )  = l+ho(x) +hl( x ,y)+h2 (x ,y )+ . . . +hN-l (x  ,y ) 

where 

clo(x-xo) 

ho(x)  = c 20 (x-xl) 

1+ 

The following remarks a r e  appropr ia te :  
1. E s s e n t i a l  elements of t he  problem a r e  

a )  

b )  
c )  

d )  t h e  number and kind of t h e  i n t e r p o l a t i n g  

the  form of the  in te rpola t ion  a r r a y ( h e r e  it 
is  r e c t a n g u l a r )  
t he  number of i n t e r p o l a t i o n  poin ts  
t h e  number of unknowns i n  t h e  i n t e r p o l a t i n g  
func t ion  r (x ,y )  ( t h e  model) 

condi t ions  
2. Se lec t ion  must be made of t he  number ofunknowns 

i n  t h e  numerator and denominator of r ( x , y )  ( i . e  
t he  "degree" and form of  t h e  polynomials p(x,y) 
and q(x ,y) ) .  

3 .  Differen t  choises  i n  the  " e s s e n t i a l  elements of 
t he  problem" lead  t o  d i f f e r e n t  d i f f i c u l t i e s  and 
methods of so lu t ion .  
If we s e l e c t  t he  number of i n t e r p o l a t i o n  poin ts  
t o  equal t h e  number of condi t ions ,  w e  expect ' in 
genera l ,  t o  ob ta in  equations whose s o l u t i o n  is 

4. 
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Imposing the  i n t e r p o l a t i n g  condi t ions ,  

h ( x o , y j )  = f i j ,  i = O , l , . . . , M - l ;  j=O, l ,  ..., N - 1  (12) 

i n  a s p e c i f i e d  order ,  we can obta in  the  coef f ic ien ts  
C i j  success ive ly .  This method of s o l u t i o n , n o t o n l y  
g ives  t h e  c o e f f i c i e n t s  r e c u r s i v e l y ,  but a l s o  has the  
so c a l l e d  permanence property.  This means t h a t  i f  
with a c e r t a i n  amount of d a t a  f i j  w e  determine the  
corresponding C i j .  and then  with more d a t a  we want 
t o  determine more C i j ' s ,  w e  only have t o  determine 
t h e  new c o e f f i c i e n t s ,  l eav ing  t h e  ones a l ready  com- 
puted unchanged. 
C i j  presupose d i s t i n c t  x t ' s  and Y j ' S  and t h e  f i j f . 0  
whenever they  appear i n  denominators. 

v a r i a b l e s  we o b t a i n  the  following s p e c i a l  cases: 

Existence and uniqueness of t h e  

From (10) and (111, by proper choices of  t he  

~ 
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(13) coo 
$ , & , Y e )  Cl0( x-xo 1 

c (x-x ) 
1 +  

1 t  2 o  
I t  

and 

(13) is a Thiele-type i n t e r p o l a t i n g  CF (compare with 
( 5 ) )  and (14) is  Coo divided by a Newton Polynomial 
(compare with ( 2 ) ) .  This CF, as can be seen from 
i ts  s t r u c t u r e ,  combines ideas  of 1-D polynomial and 
r a t i o n a l  i n t e r p o l a t i o n  t 9  ,IO 1 t o  i n t e r p o l a t e  on a 
rec tangular  a r r a y  of da t a .  The i n t e r p o l a t i o n  prob- 
lems on square and t r i a n g u l a r  a r r a y s  are  s p e c i a l  
cases  of (10) and (11). 
posed, from 1-D Newton i n t e r p o l a t i n g  polynomial and 
T h i e l e ’ s  1-D CF, suggests an a l g o r i t h f o r  computing 
the  C i j .  

The way t h i s  CF is com- 

This we present i n  the  next s ec t ion .  

THE PROPOSED MODELING ALGORITHM 

To s impl i fy  the  presenta t ion  we descr ibe  the  
i n  algorithm f o r  computing r e c u r s i v e l y  the  C i j I s  

( l l ) ,  f o r  t he  case  M=4 and N=3. The generalization 
f o r  a r b i t r a r y  values of M and N is  stmightforward. 
We have then from (10) 

(16) 

From (12) ,  i n  t h i s  case,  we obta in  

5+3(xi7yj1 = f i j  i=0 ,1 ,2 ,3 ;  j=O,1,2 

The algorithm then ,  f r o m  (15) and (17), is  a s  f o l -  
lows : 

(17) 

s t e p  1: C = K  (x  (18) 

s t e p  2 :  5+3Cx,yo~=flo and 

00 43 o ’ ~ o ) = f o o  

s t e p  3 :  

s t e p  4: 

s t e p  5:  

s t e p  6: 

coo 

Cl0 = - x -x ’ f l o f ”  

- -  
lo 

1 0  
(19) 

Simi lar ly  from 

( i . e  us ine  the  second row of  da ta  Doints) - 
we obta in  success ive ly  Ci l ,  i=0 ,1 ,2 ,3 ,  

from 

and 

23) 

we obta in  success ive ly  Ci2, i=O,1,2,3 

If the  model obtained i s  des i red  t o  be i n  ra- 
t i o n a l  func t ion  f~rm, we must convert  t he  CF (10) 
and (11) t o  r a t i o n a l  func t ion .  Concerning the  form 
of the  numerator and denominator polynomials, a s  
func t ions  of t he  M and N i n  ( l o ) ,  and a conversion 
algorithm see  [U]. 

FINAL REMARKS AND CONCLUSIONS 

We described a new 2-D i n t e r p o l a t i n g  CF 
and used it t o  model 2 -  D d i s c r e t e  s i g n a l s  
whenthe d a t a  a re  given on a rec tangular  a r r ay .  The 
form of t h e  CF is  such t h a t  o t h e r  a r r ays ,  such a s  
t r i a n g u l a r ,  hexegonal e t c .  a r e  s p e c i a l  cases  of  t h e  
one used. Extension t o  higher dimensional cases  is  
s t ra ight forward ,  i n  pr inc ip le .  By applying t h e  in-  
t e r p o l a t i o n  condi t ions  on the  s e l e c t e d  CF, i n  a par- 
t i c u l a r  order ,  we obtained the  following p r o p e r t i e s  
of the  su lu t ion  of t he  modeling problem a )  exis- 
t ense  b) uniqueness c )  recurs ive  computabili ty 
d)  permanence. The method is  appl icable  t o  non- 
e q u i d i s t a n t  i n t e r p o l a t i o n  p o i n t s  and can be used i n  
a v a r i e t y  of a p p l i c a t i o n s  such as t h e  es t imat ion  of  
d e r i v a t i v e s ,  i n t e g r a l s ,  missing va lues ,  image pro- 
cess ing  e t c .  In p a r t i c u l a r  i f  we l e t  x=zi l  and 
y = z l l  i n  t h e  CF we can use t h e  proposed method t o  
design I I R  frequency sampling f i l t e r s .  
progress i n  t h i s  a r e a  and w i l l  be reported.  
forms of 2-D i n t e r p o l a t i n g  CF, which can a l s o  be 
used f o r  s igna l  modeling are described i n  181. 
Future work could include 
a )  a comparison of var ious  2-D CF 

Work i s  i n  
Other 
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b) 

c )  

d )  
e )  

f) 

g )  

use  of Hermite-type i n t e r p o l a t i n g  conditirms (de- 
r i v a t i v e  d a t a  are then  r equ i r ed )  
d i g i t a l  network s t r u c t u r e s  which correspond t o  
t h e  2-D CF 
connect;on o f  t h e  CF with 2-D Pads approximants 
connection wtih 2-D moments and orthogonalexpa- 
nsions 
app l i ca t ion  of t h e  2-D CF t o  system reduc t ion  
problems 
algori thms for reducing t h e  CF t o  r a t i o n a l  form. 
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