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AESTR 4CT 

A mcfhod of  d e s i g n i n g  two-dimensional I I R  f i l t e r s  
u s ing  nonuniform frequency samples ,  is  p r e s e n t e d .  The 
method i s  based on a n  i n t e r p o l a t i n g  2-D con t inued  fra- 
c t i o n  which h a s  a number o f  d e s i r a b l e  p r o p e r t i e s :  r ecu r -  
s i v e  computat ion o f  t h e  des ign  pa rame te r s ,  permanence 
and r e a l i t y  of t h e  r e s u l t i n g  t r a n s f e r  f u n c t i o n .  An ex- 
a b l e  is  g iven  and a r e a s  f o r  f u t u r e  r e s e a r c h  a r e  i?ent;med. 

I. INTRODUCTION 

Frequency sampling FIR f i l t e r  d e s i g n s  have received 
consede rab le  a t t e n t i o n  bo th  i n  t h e  one and t h e  two d i -  
mensional  c a s e s  [1 ,2 ,8] .  They a r e  u s u a l l y  based on t h e  
DFT and t h e y  a r e ,  t h e r e f o r e ,  l i m i t e d  t o  uniform frequen- 
cy samples.  Ex tens ions  t o  nonuniform samples ,  f o r  bo th  
t h e  1 - D  and 2-D FIR c a s e s ,  were Dublished r e c e n t l y  1 3 ,  
4,5] .  The c o r e  o f  t h e s e  methods,  f o r  FIR f i l t e r s ,  is  
polynomial  i n t e r p o l a t i o n  on t h e  u n i t  c i r c l e s  of t h e  com- 
p l e x  p l ane .  It fo l lows  t h e n ,  t h a t  f o r  t h e  correspondiqp 
I I R  d e s i g n s  we need r a t i o n a l  i n t e r p o l a t i o n  methods on 
t h e  u n i t  c i r c l e s .  I t  is  known t h a t  t h e  s o l u t i o n  o f  ra- 
t i o n a l  i n t e r p o l a t i o n  problems p r e s e n t s  some d i f f i c u l t i e s ,  
and t o  use them f o r  f i l t e r  d e s i g n ,  w e  f a c e  t h e  added 
problem o f  o b t a i n i n g  a r e a l  t r a n s f e r  f u n c t i o n  ( a l though  
our d a t a  a r e  complex numbers).  

Th i s  pape r  p r e s e n t s  a method o f  d e s i g n i n g  2-D I I R  
f i l t e r  u s i n g  nonuniform or uniform samples  of t h e  f r e -  
quency r e sponse .  The proposed des ign  p rocedure  i s  based 
on an i n t e r p o l a t i n g  con t inued  f r a c t i o n  f o r m c f t h e  t r a n s -  
f e r  f u n c t i o n  [ 6 , 7 ] .  Important  p r o p e r t i e s  of t h i s  con- 
t i n u e d  f r a c t i o n  are: 
1) g i v e s  a real  r a t i o n a l  f u n c t i o n ,  a l though  t h e  d a t a  

a r e  complex 
2 )  l e a d s  t o  an  a l g o r i t h m ,  which computes r e c u r s i v e l y  

t h e  des ign  pa rame te r s  ( i . e .  t h e  f r a c t i o n ' s  c o e f f i -  
c i e n t s )  
p a r t i a l  or t o t a l  permanence depending on t h e  s t r u c -  
t u r e  o f  t h e  chosen con t inued  f r a c t i o n  [ i f  w e  want 
t o  use  more d a t a  t o  o b t a i n  a h i g h e r  o r d e r  f i l t e r ,  
we on ly  need t o  compute t h e  "new" ( a d d i t i o n a l )  pa ra -  
me te r s ]  

camples.  

3 )  

4 )  can be used wi th  uniform or nonuniform f r equency  

The proposed method can a l s o  be used i n  c o n j u c t i o n  
w i t h  o p t i m i z a t i o n  methods o f  f i l t e r  des ign  i n  two ways: 
1) use t h e  des ign  pa rame te r  v e c t o r ,  ob ta ined  by i n t e r -  

p o l a t i o n ,  a s  t h e  i n i t i a l  "po in t "  i n  t h e  op t imiza t ion  
method 
o b t a i n  p a r t  o f  t h e  des ign  pa rame te r s  by i n t e r p o l a -  
t i o n  and t h e  rest by same o p t i m i z a t i o n  c r i t e r i o n  
( i n  o r d e r  t o  " f i t"  b e t t e r ) .  

2 )  

The des ign  method does no t  s e c u r e  a s t a b l e  f i l t e r .  
However,a s e p a r a t e  t r e a t m e n t  o f  t h e  approximation and 
t h e  s t a b i l i t y  problem, f o r  2-D systems,  seems t o  be t h e  
p r e s e n t  s t a t e  o f  t h e  a r t  [ 6 1 .  

11. STATEMENT OF,THE PROBLEM 

The problem o f  t h e  frequency sampling des ign  o f  
2-D I I R  f i l t e r s  can be s t a t e d  a s  f o l l o w s :  

Given : 

1) a s e t  o f  sampling 7.oints 

on t h e  u n i t  c i r c l e s  IwI 1. I z /  = 1 

where wk eXD(i$k) . Gk [O.x], kzO.1, ... 
z exD( i3  ) . 3 [ 0 , x 1 ,  4=0,1 .... 

2 )  A m a t r i x  o f  t h e  d e s i r e d  f r eauencv  resDonse va lues  
H k e e  and Hk,-Q. a t  t h e  sampling p o i n t s  ( $ k , 3 ~ )  and 

($k,-3c) r e s p e c t i v e l y .  
a l  complex).  

(These v a l u e s  a r e  i n  gener-  

f i n d :  t h e  t r a n s f e r  f u n c t i o n  G(w.z) of a 2 - D  I I R  5 q i t a l  
f i l t e r  which h a s  t h e  d e s i r e d  frequency r e sponse  

"sampling g r i d " .  v a l u e s  a t  t h e  p o i n t s  of t h e  

The problem t h e n  i s  t o  f i n d  G 

. . , m - i  ( I n  ) 

. . , * - I  

Note t h a t  t h j s  problem, a s  s t a t e d ,  i s  e s s e n t i a l l y  a 2-D 
r a t i o n a l  i n t e r p o l a t i o n  problem, and t h a t  t h e  given f r e -  
quency samples a r e  n o t  r e q u i r e d  t o  be uniformely s2aced.  
It can be seen  t h a t  1 - D  f requency sampling I I R  des ign  
problem is  a s p e c i a l  c a s e  o f  t h e  problem s t a t e d  above. 
Th i s  c a s e  is  t r e a t e d  f u l l y  i n  [7'1. Both i n  t h e  1 - D  and 
2-D c a s e s  i n t e r p o l a t i n g  con t inued  f r a c t i o n  (ICF) o f f e r  
d e f i n i t e  t h e o r e t i c a l  ( e x i s t e n c e ,  un iqueness )  and compu- 
t a t i o n a l  advan tages  when used t o  s o l v e  r a t i o n a l  i n t e r -  
p o l a t i o n  problems. I n  a d d i t i o n  t h e  ICF proposed h e r e  
can i n v e r t e d  t o  g i v e  a r e a l  t r a n s f e r  f u n c t i o n  and so  t o  
s a t i s f y  r a l i z a t i o n  r equ i r emen t s  o f  t h e  f i l t e r .  

IIL 21)INTERPOLATING CONTINUED FRACTIONS (1.C.F.)  

The s o l u t i o n  o f  t h e  f i l t e r  des ign  problem s t a t e d  
i n  t h e  p rev ious  s e c t i o n  is  ob ta ined  by a nethod which 
can be c a l l e d  " the  method o f  I .C.F.".  The main i d e a  i s  
t o  use  a 2-D con t inued  f r a c t i o n  which n o t  on ly  i n t e r p o -  
l a t e s  a t  t h e  sampling f r e q u e n c i e s ,  b u t  a l s o  h a s  a s t r u c -  
t u r e  which r educes  t o  a r e a l  r a t i o n a l  f u n c t i o n ,  i n s p i t e  
o f  t h e  f a c t  t h a t  t h e  d a t a  a r e  complex numbers. 

To make t h e  p r e s e n t a t i o n  smoother ,  we cover  under 
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p r e l i m i n a r i e s ,  below, two a u x i l a r y  t o p i c s :  
l u t i o n  of t h e  2-D Cauchy-type i n t e r p o l a t i o n  problem 
wi th  r e a l  d a t a  ( u s i n g  CFs) and b )  a theorem which con- 
t a i n e s  t h e  key elements  o f  t h e  main i d e a  o f t h e p r o p o s e d  
f i l t e r  des ign  method ( f o r  t h e  1 - D  c a s e ) .  P comhinat jon 
<ind g e n e r a l i z a t i o n  of a )  and b) l e a d s  i n  a c l e a r  manner 
ti? t h e  2-D f i l t e r  des ign  method. 

A .  P R I L I M I N A R I E S  

1. The 2-D Cauchy-type I n t e r p o l a t i o n  Problem 161 

a )  t h e  so- 

This  problem can be s t a t e d  a s  f o l l o w s :  

Given : 

I) a r e c t a n g u l a r  g r i d  o f  mxn p o i n t s  determined by t h e  
sets 

2 )  a s e t  of numbers i = O , l ,  ..., m - 1  (1) 

r i n d  a 2-D r a t i o n a l  f u n c t i o n  r ( x , y )  which s a t i s f i e s t h e  
c o n d i t i o n s  

( 2 )  

One form o f  a CF which s o l v e s  t h i s  problem is  
given i n  r61.  I t  is  shown t h e r e  t h a t  t h e  c o e f f i c i e n t s  
of t h e  CF can be computed r e c u r s i v e l y  and t h a t  t hey  a r e  
permanent.  These a r e  h i g h l y  d e s i r a b l e  c h a r a c t e r i s t i c s  
both computa t iona l ly  and when t h e s e  c o e f f i c i e n t s  p l a y  
t h e  r o l e  of des ign  pa rame te r s  ( a s  w i l l  be shown i n  t h e  
s e q u e l ) .  

which we w i l l  u se  i n  t h i s  pape r ,  i s  t h e  f o l l o w i n g :  
Onother form o f  a CF which a l s o  s a t i s f i e s  ( 2 ) ,  and 

( 3 )  
0 x-x 

1 
A1 A, + 

x-x r ( x , y )  A. + 

- x-x - I .  

'f m-2 
Am- 1 

where 
Y-Yo 

"il ai2 t .  

(4) 
Ai Ai(y) aio t Y-Yi 

* Y-Yn-2 

"i ,n-1 
't - 

( i  0,1, ..., m - 1 )  

2 .  1 - D  R a t i o n a l  Complex I n t e r p o l a t i o n  [ 7 ]  

The key i d e a  o f  t h e  proposed des ign  method, i n  t h e  
1 - D  c a s e ,  i s  con ta ined  i n  t h e  f o l l o w i n g  theorem. For 
s i m p l i c i t y  we c o n s i d e r  h e r e  a s p e c i a l  c a s e :  Suppose we 

z k j f R  and t h e  d e s i r e d  v a l u e s  of a t r a n s f e r  f u n c t i o n  

H (z ) 4 H k y  k = 0 , 1 , 2 ,  a t  t h o s e  p o i n t s .  

f u n c t i o n s  

a r e  given t h r e e  sampling p o i n t s  po 3 z 1 9 z 2} Zkr exP ( j 9 ) 3 

We form t h e  d k  

L I 

(5h) 

2455 

ar. d 

( 5 c )  

where c: i n d i c a t e s  complex con juga te  and ak , a i  a r e  com- 
p l e x  numbers t o  be determined.  I t  can be shown t h a t :  
1) There e x i s t  unique a. which can b e  ob ta ined  r e c u r s -  

e v e l y  ( i n  terms o f  t?ie d a t a  Hk) from t h e  c o n d i t i o n s  

G(zk) = Hk , 1=0 ,1 ,2 .  ( 6 )  

2)  a i  = ak , k=O,l ,2  

3)  t h e  ak a r e  "permanent" 

4 )  G(z)  h a s  r e a l  c o e f f i c i e n t s  

5 )  If G(z)  = B ( z ) / A ( z ) ,  t hen  degA(a) degB(z) and i f  it 
i s  g r e a t e r ,  it i s  s o  by one. 

One t h e  b a s i s  o f  t h i s  theorem, w e  can develope a 
method [ 7 ]  by which g iven  H k ,  w e  can f i n d  a t r a n s f e r  
f u n c t i o n  G(z) such t h a t  

G(z ) Hk K=O,l, ..., N - 1  ( 7 )  k 

B. 2-D RATIONAL COMPLEX INTERPOLATION 

The 2-D f i l t e r  d e s i g n  problem s t a t e d  earlier is  a 
r a t i o n a l  complex i n t e r p o l a t i o n  problem. 
2-Dreal. r a t i o n a l  f u n c t i o n  i n t e r p o l a t i n g  t h e  complex d a t a  
we g e n e r a l i z e  t h e  p rocedure  o f  A.2, e x p l o i t i n g  t h e  fo l -  
lowing two f a c t s :  
a )  The v a l u e s  o f  t h e  frequency r e sponse  o f  a f i l t e r  a t  

($k,ak) and (-Qk,-ak) a r e  complex con juga te  numbers. 
b )  The sum o f  two '21) r a t i o n a l  f u n c t i o n s  w i t h  complex 

con juga te  c o e f f i c i e n t s  is  a r e a l  r a t i o n a l  f u n c t i o n .  
I n  o r d e r  t o  form an  ICF, s u i t a b l e  t o  s o l v e  t h e  2-D 

A l l  t h e  p o i n t s  on t h e  sampling g r i d  are p u r e l y  com- 
p l e x  numbers. 
Some sampling p o i n t s  a r e  r e a l  ( t h e  p o s s i b l e  v a l u e s  
a r e  w=+1, z=tl) 

I n  t h e  f irst  case t h e  des ign  problem is  based on 

To o b t a i n  a 

f i l t e r  d e s i g n  problem, w e  d i s t i n q u i s h  two cases: 
1) 

2 )  

t h e  theorem 1: We form t h e  f u n c t i o n s  

L 
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t = 0 . 1 . 2 , .  . . 
I t  can  be  shown t h a t :  
1) There e x i s t  un ique  akQ which can be  computed r e -  

c u r s i v e l y  ( i n  t e r m s  o f  t h e  d a t a  ) f" t h e  con- 
d L t i o n s  (1). 

( s e e  t h e  Appendix) 

2 )  The c o e f f i c i e n t s  ake and c x k ~  a r e  complex c o n j u p a t e  
numbers. 

3 )  The a k g  a r e  permanent.  
4 )  G(w,z) h a s  r ea l  c o e f f i c i e n t s .  
5) The d e g r e e s  o f  t h e  numera tor  and denorninator Dolv- 

nomia ls  o f  G(w,z) can  be  de te rmined .  
Using t h i s  theorem we can s o l v e  t h e  2-D f requency  

;ampling d e s i g n  problem. 
;econd c a s e :  We can  s t a t e  a similar theorem i n  t h e  c a s e  
where some of t h e  samDlina D o i n t s  are r e a l .  We c o n f i n e  

~ Y l  

. i u r  v a l u e s  t o  a sampling g r i d  formed by t h e  s e t s  
CO',$ 0 1  ,$ ,..o.$m-,,180D] and { O ~ ~ o , ~ l . . . . , ~ n ~ , , ~ ~ ~ "  

Theorem 2 :  We form t h e  I.C.F. 
3 

-~ 

Tangular  sampl ing  gnid .  T h i s  c h c i s e  i s  c r t i c i a i  and 
d e t e r m i n e s  t k e  form o f  t h e  I.C.F. which can g ive  t h s  
s o l u t i o n  t o  t h e  Droblem o f  211. The des i r ed  f reqwncy 
r e s p o n s e  must a l s o  b e  s p e c i f i e d  a t  t h e  F c i n t s  o f  t h e  
sampl ing  g r i d .  

i i )  Then we compute t h e  uknown c o e f f i c i e n t s  o f  t h e  1,C.F. 
i i i )  We i n v e r t  t h e  1.C.F and o b t a i n  t h e  t r a n s f e r  f u n c t i o n  

o f  t h e  f i l t e r .  ( i n  r a t i o n a l  form) 
i v )  F i n a l l y  we check t h e  f i l t e r  f o r  s t a b i l i t y .  S ince  t h e  

1.C.F's o f  theorems 1 and 2 cannot  q u a r r a n t e e  t h e  
s t a b i l i t y  o f  t h e  r e s u l t i n g  f i l t e r  t h i s  s t e p  i s  neces- 
s a r y .  A f u r t h e r  s t e p  o f  t h e  s t a b i l i z a t i o n  of a n  un- 
s t a b l e  f i l t e r  must be  done. Both t a s k s  need a i o I o f  
computa t ions  f o r  2-D f i l t e r s .  
An example o f  t h e  above method ( t h e  t h r e e  f i r s t  

s t e p s )  is  p r e s e n t e d  i n  t h e  f o l l o w i n g  paragraph .  

V. A N  EXAMPLE 

We wish t o  d e s i p n  a 2-D Band-Pass f i l t e r  u s i n g  t h s  

h a l f  p l a n e  ( + , 3 ) ) *  It  c x -  
sists o f  1 5  p o i n t s .  
due t o  symmetries d i s c u s s e d  
above.,  we need  ( a s  Z a t a )  

90 t h e  v a l u e s  o f  t h e  d e s i r e d  
f requency  r e s p o n s e  a t  10 
p o i n t s :  At ( o ' , ~ Y )  t h e  'le- 

leo" s i r e 6  m p l i t u d e  i s  0,301 
(3"lUO') and (180* ,0') 
a t  O o ,  96) and (90a,0') i s  
0 .004 ,  a t  (90',;C01) and 
(180- ,go') 0,0002, a t  ( 3 0 ° ,  
90') and (90',908) i s  1 and 
a t  (180*,180°) is 0 .00005 .  

The phase  i s  0 a t  a l l  p o i n t s .  With t h i s  d a t a  we corrnute 
t h e  c o e f f i c i e n t s  of (it). Tnen we i n v e r t  t h e  I.C.Y. and 
o b t a i n  t h e  f o l l o w i n g  t r a n s f e r  f u n c t i o n  

ICF (11). We u s e  t h e  f o l l o w i n g  sampl ing  g r i d  ( o f  rh.e 

J"ti-l 
"EH- 

2 

2 

~ ( w , z )  aO0 t a10 w +aOl z + azo w2 t a l l  w z + aO2 z + . . . 
where G(w.z) is t h e  2-D 1.C.F of (8) and H1(z). H3(z) ,  

are 1 - D  1.C.F o f  t h e  form: H2(w), H 4 (w) B ( w y z ) = b O O + b l o  w + b o l z + b 2 0 w ~ + h ~  w z + b  o 2  Zt... 

where for: 

-1 

-9 
i = 1 , 3  : x=z , k=n , y . = z .  i = O , l ,  ..., n and f o r  

i=2,4 : x=w , k=m , y.=w. i = O , l , . . . , m  . 
Conclus ions  1 ) , 2 ) , 4 )  and 5 )  6f Theorem 1 ??ply  t o  t h e  
I.C.F. (11). The p r o o f  i s  similar. The permanence o f  
t h e  c o e f f i c i e n t s  i s  now p a r t i a l .  

For P r o p e r t i e s  o f  t h e  I.C.F. ( 1 2 )  s e e  A.2 and  171 
Note t h a t  A,B ,C ,D are r e a l  numbers and t h e i r  v a l u e s  a r e  
computed a t  t h e  sampl ing  p o i n t s  (d?,$=(O' ,0*), (0*,18f),  
(180*,6)  and (18Oo,18O0) r e s p e c t i v e l y .  A t  t h e s e  p o i n t s  
t h e  f requency  r e s p o n s e  i s  real .  The coe f f i c i en -  2 C t h e  
I.C.F. (11) ( i . e .  H1, H 2 ,  H?, H4) a r e  computed a t  9:0", 
8=Oo $1180' 3 = 1 8 P r e s p e c t i v e l y .  

1 1  

I V .  METHOD OF DESIGN 

A s t e p  b y  s t e  d e s c r i p t i o n  o f  t h e  proposed  method 
o f  d e s i g n  i s :  
i )  F i r s t  w e  choose t h e  s e t  S which d e t e r m i n e s  t h e  r e c -  

bOO 6.8845233136E-04 
b10 2.1471983512E-03 
b01 4.1291373080E-03 
b20 1.2223414745E-03 
b l l  3.5312219179E-03 
bo2 1.4527539643E-03 
b30 2.6321116541E-05 
b21 5.5121779454E-04 
b12 2.5859013838E-03 
b03 = -1.0226789390E-03 
b40 -2.1796747799E-07 
b 3 1  8.9497561204E-04 
b22 1.7723098177E-03 
b13 4.9580302076E-04 
b04 -7.198151907OE-05 
b50 -1.3081779885E-19 
b 4 1  1.0062276120E-04 
b32 = 1.89590069042-04 
b23 1.2236262709E-03 
b14 = -1.3077234673E-04 
bo5 = -4.5104065313E-07 
b 5 1  5.8688819810E-17 
b42 = -1.1001386949E-06 
b33 -1.0779522298E-06 
b24 -1.5196770287E-05 
b15 3.2744873891E-07 
b06 -3.9790164297E-08 
b52 7.8506286572E-16 

a 0 0  = 6.3256030631E-01 
a10 1.9365261157%+00 
a 0 1  3.2822379757Et00 
a20 = 1.2015778613E+00 
a l l  = 7.0012137862E-01 
a02 1.1798449734E-01 
a30 = 9.3333832509E-02 
a 2 1  = 4.3032132159E-01 
a12 = 1.4123821427Et00 
a03  = 1.8884072578Et00 
a40 1.3188820223E-03 
a 3 1  = 1.6976903683EtOO 
a22 3.5364935883EtOO 
a 1 3  = 8.7924372138E-01 
a04 = -9.6214716387E-01 
a50 -1.2511589883E-05 
a 4 1  1.5999488199E-01 
a32 = -5.4849758127E-01 
a23  = -9.2173764893E-01 
a14  2.5258064287E-01 
a05 = -6.0555336300E-02 
a 5 1  5.6130775062E-03 
a42 = 5.2244484345E-01 
a 3 3  = 1.9765234785Et00 
a24  = 1.3669939443Et00 
a15 = -1.0318415241E-01 
a06 -5.0533800754E-04 
a52 7.5084466289%-02 
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t 4 3  7.6923051792E-16 
b34 1.1274391494E-16 
b25 -7.1735624312E-19 
b16 3.3405178718E-19 

a4 3 
a3 4 
a25 
a16 
a0 7 
a44 
a35 
a26 
a17 

1.4865470557E-01 3. 
5.9769740165E-02 

-1.3335479815E-02 
4.3268979607E-04 

-3.2329508492E-05 
1.0380388849E-13 4 *  
1.0155064007E-13 

-1.9818313447E-15 
2.7141707709E-16 

5. 
V I .  CONCLUSIONS 

A new method of designing 2-D I I R  d i g i t a l  f i l t e r s ,  
with nonuniform samples of the  desired frequencymsponse, 
has been presented. The method is based on t h e  use of 
an in te rpola t ing  continued f rac t ion  which has a number 
of des i rab le  proper t ies  such a s  
1 )  recursive computation of t h e  design parameters 
2) permanence 
3) r e a l i t y  of  t h e  r e s u l t i n g  t r a n s f e r  function. 

s t a b i l i t y .  
The method, however does not quarantee t h e  f i l t e r ' s  

Suggestions f o r  fu ture  work could include: 
1) 
2) 

3 )  

4) 

1. 

2. 

3. 

4. 

5. 

6 .  

7. 

8. 

Extension t o  higher dimensions 
Determination of continued f rac t ions  which not only 
approximate but a l s o  determine s t a b i l i t y  
Application of t h e  2-D continued f r a c t i o n  t o  system 
reduction problems 
Investigation of  t h e  connections among t h e  proposed 
continued f rac t ion  and 2-D moments and 2-D ortho- 
gonal expansions. 
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APPENDIX: Proof of  Theorem 1. 

f -1 Zzz-1 
For I w k ] = l ,  12 I=1 we have: wk=w kY 

a=d 

G(wi1,zi1) = G(wk,zC) = G1(wk,z~ 

(due t o  t h e  s t ruc ture  of t h e  CF(5)). 
Usine these  facts, the conclusion follows by d i r e c t  
computation of a k C  and a' kC' 

can be computed recursively from the  data". 
For each wk (k=O,l,...,m-l) we compute the  

values of At(z) a t  z=z*, j = O , l ,  ..., n-1. 
knowing the  values of &(z) we l e t  z=z1, Z ; ~ , Z ~ . Z ~ ~ .  . . . .zn-i.<A-l i n  ( 9 )  and obtain the  values of 
Qg,%, ... This is a recursive computation. Note 
t h a t  the  values of anM meed not be computed, since 
they a r e  equal to&kC . 

Then, 

'The a a  a r e  permanent". 
Each %ew" coef f ic ien t  aM does not depend on 
t h e  urevious coef f ic ien ts  ( see  s teps  i n  t h e  
computation ) . 

"G(w ,z) has real coefficients".  
I t  follows from the  f a c t  t h a t  Gl(w,z) and 

G ~ ( w , z )  have conjugate complex coef f ic ien ts ,  a i  =ak 
(and we fonn t h e i r  sum). 

'qReduction of t h e  2-D CF t o  r a t i o n a l  function form". 

inver t  ( t o  r a t i o n a l  function) t h e  1 - D  ICF At(z), 

of CF ( o r  some other algorithm) and then we inver t  
t h e  2-D ICF using a s imi la r  procedure. 

This is accomplished i n  two steps.  F i r s t  we 

=O,l,... using t h e  fundumental recurrence reh t ions  


