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ABSTRACT

Grigorios F. Tzortzis.

PhD, Computer Science & Engineering Department, University of Ioannina, Greece.
June, 2014.

Thesis Title: Clustering Using Similarity and Kernel Matrices.

Thesis Supervisor: Aristidis Likas.

This thesis studies the (unsupervised) clustering problem, which aims at partitioning
a dataset into groups, called clusters, such that instances falling in the same clus-
ter are similar to each other and dissimilar to those of other clusters according to
some similarity/dissimilarity measure. Specifically, this thesis concerns the develop-
ment, implementation and evaluation of clustering methodologies, mainly focusing on
three different axes: i) proximity-based clustering, where only the pairwise proximity
matrix (i.e. similarity or distance matrix) of the data is available during training and
not the instances themselves, ii) multi-view learning, where for the same instances
multiple representations (views) are available, coming from different sources and/or
feature spaces and iii) multiple kernel learning, where a kernel that suits the data is
learned together with the cluster assignments. Usually, the kernel is parametrized as
a combination of some predefined kernels, called basis kernels, and we wish to infer
appropriate values for the combination parameters.

We begin, by presenting an approach that tackles the initialization problem of the
lk-means algorithm by altering its sum of the intra-cluster variances objective. Weights
are assigned to the clusters in proportion to their variance, which predispose the op-
timization towards primarily minimizing those clusters, that in the current iteration,
exhibit large intra-cluster variance. In this way, the solution space is gradually re-
stricted towards clusters with similar variances, allowing our method to systematically
produce higher quality partitionings than k-means, while restarted from random initial
centers. Moreover, we adapt our approach to perform clustering in kernel space, by
altering the objective of the kernel k-means algorithm. The kernel space extension re-
quires only the kernel matrix and not the instances as input, i.e. it is a proximity-based
method.

Afterward, we consider the problem of unsupervised multi-view learning. Our main
contribution in this field is the assignment of weights to the views, which are auto-



matically tuned to reflect the quality of the views and determine their contribution to
the clustering solution accordingly. The majority of multi-view approaches treat all
available views as being equally important, which may lead to a considerable drop in
performance if degenerate views (e.g. noisy views) exist in the dataset. Analytically, we
present two different methodologies for the above problem. In the first case, views are
represented by convex mixture models and we develop an algorithm that associates a
weight with each view and another that does not employ view weights. In the second
case, each view is represented by a kernel matrix and a weighted combination of those
kernel matrices is learned. This formulation includes a parameter that controls the
sparsity of the weights, allowing its adaptation to the dataset.

Finally, we focus on multiple kernel learning, where most of the existing clustering
approaches of this type exploit the large margin principle of SVM and perform learning
by maximizing the margin. Instead, here, we propose an objective that utilizes the
ratio between the margin and the intra-cluster variance. Since the objective explicitly
takes into account both the separation (margin) and the compactness (intra-cluster
variance) of the clusters, higher quality solutions can be possibly attained compared
to approaches that rely solely on either of the two. Moreover, it has been shown that
the margin alone is an unsuitable measure of the goodness of the learned kernel, as it
can become arbitrary large by simply scaling the kernel. We prove that our ratio-based
objective is invariant to kernel scaling and, also, that its global optimum solution is
invariant to the type of norm constraint on the kernel parameters. Experiments verify
the properties of our objective and reveal the superior clustering performance of the
proposed multiple kernel formulation.



EXTETAMENH IIEPIAHWH *TA EAAHNIKA

Tpnyoplog T¢wpting tou Petiou kat tng ABavaoiag.

PhD, Tunpa Mnyavikev H/Y & ITAnpogopikng, Iaveruotpio Ieavvivev, Iovviog, 2014.
Titdog AtatpiBng: Texvikég Opadonoinong Acbopévev Baoiopéveg oe Iivakeg Opototntag.
EmBAéniov: Aploteidng Aukag.

H mapovoa dwatpiBr) pedeta 1o npoBAnpa g opadoroinong (clustering), mou €xetl wg
o160 1oV dlax®wplopo evog ouvodou debopévav os opadesg (clusters), xwpig tr Xprion
eriBAeyng, wote ta dedopéva mou avrirkouv otn 1d1a opdda va eivat 6pota petady toug
Kdl avopola pe autd TV dAAev opdadwv, PAcel evog PETPOU OpPOo10TNTAG/ avopolotTtag.
Zuykekppéva, 1 datpibr) ermkevip@vetal oty napouvciaon pebodwv opadornoinong rmou
adopouv 1pelg Baocikoug Sepatikoug afoveg: a) v opadoroinon dedopévav yla ta onoia
£€Xoupe 61a0£0110 POVO ToV Iivaka eyyutnTag Kat ox1 ta id1a ta dedopéva (proximity-based
clustering), ) tqv pabnon pe modAarAég oyelg (multi-view learning), omou yua ta ida
6edopéva £xoupe ot 6140e0n) pag MOAAAIAEG avarapaotdoelg (OYelg) TTOU MMPOoEPXOovIal
arno S1aPoPETIKEG INYEG 11/ KAl H1aPOPETIKOUG XDPOUS XAPAKINPIOTIKAOV KAl ) TV pabnon
pe oAAarioug rtupr)veg (multiple kernel learning), 6rou tautdypova pe v opadoroinon
9¢doupe va paboupe kat tov kataAAndo nupriva (kernel) yia ta dedopéva. XuvrBwog o
UpNvag TAPAPEIPOToLEital WG Evag ouvduaopog ano dobévieg muprveg (basis kernels)
KAl OTOXEVOUHE otV Habnon KatdAANAev TipeV yid Tig apap€rpousg tou ouviuaopou.

Apy1rd mpoteivetal pia pEBodog yia v avipEIDIoT T0U YVOOTOU ITPoBANaAtog g
apxwkoroinong (initialization problem), and to omoio maocyet o aAlyopiOpog k-means.
ZUYREKPIPEVA, TPOIIOMOOUHE 10 Kpurjplo (objective function) tou k-means €101 ®ote
va 6ibetal peyadutepn £pgaocn otnv €Aax10toroinorn t®v opadev Imou otnv TpEXoucd
enavdAnyn epgavidouv peyddn dwakupavon (intra-cluster variance). Kat’ autdév tov
TPOTI0 0 XWPOS AUoswv otadlard mepilopidetal oe opadeg mou epdavidouv mapepdepr)
Slaxkupavor, 1o oroio ermIpenet ot PEB0SO 11ag va eVIoTidel 0 ouotnUATIKY Baon AUuoelg
KaAUtepng MOOTNTag oe OXEon He tov k-means, KaOBwg ernavekKiveital and tuxaia ap-
XKa révipa. EmmAéov, mapouoctddetal n mpooappoyn g pebodou wote va propet va
epappootet yia opadoroinon pe mivaka opotdintag (kernel matrix), tporonodviag to
Kpur)plo tou adyopibpou kernel k-means.

Zin ouvéxela, n SatpiBn sotiadetal oto mPOoBANPIaA g opadortoinong pe ToAAATIAEG
oypelg. H Baoikn ouvelopopd oto aviikeipevo auto oxetidetatl pe tv avabeon Bapav otig



oyelg, ta omoia pabaivovial autopata KAt Td oroid aviKatorntpi{ouv v molotnid 1oV
oyewv. O1 UTIdPX0UOEG TIPOOEYYIoElS YewPOoUV 0Aeg TIG OWEeLS £§100U ONPAVIIKEG, KATL TTOU
propel va odnyroet o onpaviiky peimon g anodoorng eAv UrdpXouv eEKGUAICHEVEG OYELS
(rt.x. owelg pe S6puBo) oto ouvodo dedopévav. E1dikotepa, mapouotddovial yia 10 avatEP®
npOBANpa 6uo Sragopetikeég pebodoroyieg. Zinv mpotr MEPIMI®ON AvAITAPlOTOUHE TIS
OYEIS PE€0® KUPTOV PIKI®OV MoVIEAwV (convex mixture models) AapBdavoviag unown tig
S1aPopeTIKEG OTATIOTIKEG 1010TNTEG TOUG KAl Ttapouctddoupe évav alyopiOpo pe Bdpn otig
oyelg Kat évav Xopig Bdpn. Zinv deutepn nepinmion avanaplotoupe v KA oyn PEo®
evog mivaka opotlotntag (kernel matrix) kat paBaivoupe éva ouvbuaopo pe Papn aro
ToUg mivakeg autousg. To mpotevopevo poviedo H1ab6€tel pia MAPAPETPO TIOU AEYXEL TNV
apalotd IOV Papwyv, EMITPENOVIAG TV KAAUTEPT ITPOCAPHIOYT] TOU ouviuaopou ota de-
dopéva.

H tedeutaia evointa g d1atpiBrig adpopd otnv opadortoinor] pe moAAandoug rmupr|veg,
o1oU ouvrO®g To Kpltrplo rou BeAtiotortoteitat eivat to eUpog (margin) g Avong, Onwg
elval yvwoto aro tov tadivopnt) SVM (support vector machine). Ztnv 1pocéyylon mou
npoteivetal, Pedtiotoroteital o Adyog petady tou eUpoug Kat g Stakupavong (intra-
cluster variance) tov opddov, AapBdavoviag £tol urtoyn t0oo Tov drax®plopo (separability)
TOUG 000 Kal 10 IOCO ouprayeig (compactness) eivat ot opddeg, to oroio duvatal va
odnynoetl oe kaAutepeg Avoelg. 'Exet de1xbel ot 10 eUpog amd poévo tou dev enaprei wg
KPUtplo ya v pabnon tou katdAAndou mupnva, kabott propet va yiver auvBaipeta
peyddo péom piag amdng kKApdkoong (scaling) tou muprjva. Avtif€1ng, 10 KPIIplo 1ou
poteivoupe eival apetaBAnto (invariant) oe KAMAKOOEIG TOU TIUPH VA KA1, EIMTIAL0V, TO
0A1KO ToU BEATioTo £ival apetdBAnTo @G IPOg TOV TUTIO TG VOPHAG TTOU epappodetal otoug
eploplopoug (constraints) tov nmapapérpov tou uprva. Ta melpapatika anoteAéopata
ermBeBaiovouv 11§ 1610TNTEG TOU KPIInpiou pag, Kabog Katl 11§ avapevVOeveS PEATIOUEVES
ermdooelg opadornoinong.
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CHAPTER 1

INTRODUCTION

1.1 Proximity-based Clustering
1.2 Multi-view Learning

1.3 Multiple Kernel Learning
1.4 Thesis Contribution

1.5 Thesis Layout

As an ever increasing amount of information becomes available, users try to find ways of
organizing, interpreting and handling this information. Locating valuable or important
information can prove out to be an overwhelming task, due to the great volume of
accessible data. One key step in dealing with this vast amount of data is to classify
or group it into a set of categories or clusters. In this way, users are provided with
a condensed representation of the data, where similarities and differences, as well as
hidden structures and patterns in the data are exposed.

Machine learning concerns the development of methods that learn from examples
and automatically detect patterns in the data [12,99]. The two main areas of machine
learning are supervised and unsupervised learning, whose most representative prob-
lems are classification and clustering, respectively. In the classification problem, the
underlying task is to assign to an instance x one of a finite set of discrete class labels,
i.e. assign x to a category. To accomplish this, a classifier is built that outputs the
class label of an instance using a parametric function. To determine the values of the
involved parameters, an inductive learning algorithm is employed, which optimizes an
empirical risk objective function over a finite labeled dataset X = {(x;, %)} ,, where x;
is an instance and y; is the corresponding class label. Overall, the aim of classification
is to construct the classifier, by utilizing the labeled data in X, and use it to predict the
labels of new unseen instances.



For the clustering problem [123], in which this thesis focuses on, the dataset does
not contain any notion of labels and is of the form X = {XZ}ZN:1 i.e. it consists only of the
instances. The goal of clustering is to partition X into a finite number of groups, called
clusters, which unveil the intrinsic structures present in the data. Exposing these
hidden structures provides meaningful insight into the data that can be of particular
interest. For this reason, clustering has found applications in a variety of fields, such
as pattern recognition, image segmentation, spatial database analysis, life and medical
sciences, economics and many more. Usually, a similarity or dissimilarity measure,
such as Euclidean distance, is used to describe the relations among the instances, and
clusters are obtained by employing a clustering algorithm which seeks to group the
data in a way that instances falling in the same cluster are similar to each other and
dissimilar to those of other clusters. The choice of proximity measure and clustering
algorithm has a huge impact on the resulting partitioning and different choices can lead
to different number of clusters, different cluster shapes etc. Note that clustering is a
subjective process in nature, as there is no ground-truth to guide on how the instances
should be grouped together, in contrast to classification where the class of each dataset
point x; is available. Even the number of clusters may not be known in advance. Thus,
it is not straightforward how to evaluate a clustering result and the evaluation heavily
depends on the application under consideration.

This thesis concerns the development, implementation and evaluation of (unsuper-
vised) clustering methodologies for three important and very active machine learning
problems, namely proximity-based clustering [92, 113], multi-view learning [98, 120]
and multiple kernel learning [49]. In the following, we describe these problems in detail,
along with a review of the related work. Afterward, we present the main contributions
and the layout of the thesis.

1.1 Proximity-based Clustering

Given a dataset X = {x;},, a proximity matrix P € RN, P, = proz(x;,x,), is
defined as the matrix that contains the pairwise proximities (similarities or distances)
of all dataset points. If proximity corresponds to distance, then it is called a distance
matrix and is denoted by D € RY*N, D;; = d(x;,x;), while if it corresponds to similarity
it is called a similarity matrix and is denoted by S € RV*V, S;; = s(x;,x;). Several
clustering algorithms, such as k-means, fuzzy c-means, Gaussian mixture models and
many others [99], require as input the instances themselves which must be in the
form of vectors. However, there exist problems where only the proximity matrix of the
data is available, making the application of these methods impossible. This happens
basically for two reasons. Either the pairwise proximities are extracted beforehand and
only these are provided, or instances may not be vectors at all. Consider for example
graph partitioning [37], where instances correspond to graph vertices and edge weights
describe their proximity. In this case there are no vectors and only a proximity matrix
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Table 1.1: Examples of kernel functions.

Linear K(xi,x;) = %] x;
Polynomial K(xi,x;) = (x{ x; + 7)0
RBF (or Gaussian) | K(x;,x;) = exp (—||x; — x;||?/20?)
Sigmoid K(x;,x;) = tanh (v(x; x;) + 6)

can be extracted. Hence, developing clustering algorithms that can directly work on the
proximity matrix is of great importance. Of course, if we are given vectorial data, i.e.
x; € N, proximity-based methods can still be applied, by first calculating the pairwise
proximities using an appropriate measure such as the Euclidean distance.

A special form of proximity (similarity) matrix utilized by several machine learning
algorithms is the kernel matrix K € R¥*¥ [92]. The dataset X’ is mapped from input
space to a higher dimensional reproducing kernel Hilbert space H, a.k.a. feature space,
via a nonlinear transformation ¢ : X — H and the kernel matrix contains the pairwise
inner products in the feature space, i.e. K;; = ¢(x;) ¢(x;), x; € R’ Note that any
positive semidefinite matrix is a kernel matrix, since it can be interpreted as a Gram
matrix. Usually a kernel function K : X x X — R [41] is applied to directly provide
the inner products in feature space without explicitly defining transformation ¢, i.e.
Kij = K(xi,%;) = ¢(x;)"¢(x;). Some kernel function examples are given in Table 1.1.
The use of a kernel function is not a mere technicality, as for certain kernel functions the
corresponding transformation is intractable. By employing the kernel matrix, learning
is carried out in feature space instead of input space, which allows for nonlinearities in
the data to be uncovered and has been shown to boost performance in several cases.
Some examples of kernel methods are kernel PCA [90], SVM [19], RVM [101], kernel
lk-means [37,90] and kernel ridge regression [89].

In the rest of this section, we present some popular proximity-based clustering

approaches from the literature.

1.1.1 k-medoids

The k-medoids algorithm is closely related to the well-known k-means algorithm [76,
123]. Their main difference is that k-medoids represents a cluster with a medoid instead
of a centroid. While the centroid does not, in general, correspond to a dataset point,
the medoid, by its definition, must necessarily be a dataset point. One can think of
the medoid as the most “central” instance of the cluster with respect to some proximity
measure. The utilization of medoids instead of centroids allows k-medoids to derive a
partitioning using only the proximity matrix, without requiring data to be in vectorial
form.

Given a dataset X' = {x,—}i]\il, k-medoids splits X into a predefined number M of



clusters, {Ck}fcw:l by optimizing the following clustering criterion:

N M
E= ZZélkprox X;, My), (1.1)

=1 k=1

where §;, = 1 if x; € C, and J;, = 0 otherwise, m; € X is the cluster medoid and
prox(x;, my) is the proximity between data point x; and medoid my. If proximity rep-
resents similarity, the above criterion is maximized, while if it represents distance it
is minimized. The optimization is done with an iterative procedure almost identical
to that of k-means. The algorithm starts by (randomly) selecting M data points as
initial medoids and proceeds by alternating between assigning each data point to the
closest medoid (i.e. to the most similar, or the least distant medoid) and computing
the medoid of each cluster, until the medoids do not change. The closest medoid
can be found by a simple look up on the proximity matrix. The medoid of a clus-
ter is an instance that belongs to that cluster and can be found through a discrete
search over the cluster instances. We select as medoid of the k-th cluster the instance

X;+, where x;» = argmin
x;E€Ck
X« = argmax Zx ec, Prox(x;,x;) if proximity corresponds to similarity. This search
x;,€Cy
can be performed using only the proximity matrix entries.

X, €Ck prox(x;,x;) if proximity corresponds to distance and

The advantages of k-medoids over k-means are that it requires only the proximity
matrix, that cluster representatives are more robust to outliers and that any similarity
(or distance) measure can be used in the objective function as long as it can be readily
evaluated and guarantees convergence. There are also a number of drawbacks, such
as the higher computational complexity, since k-medoids requires O(7(N? + MN))
operations (7 is the number of iterations). This complexity is a result of the discrete
search required to identify the medoids. Finally, note that the solution depends on the
initial medoids, hence local optima of the clustering criterion are attained.

1.1.2 Spectral Clustering

Spectral clustering [113] is a relatively new approach to clustering that produces a
partitioning of the dataset X = {xl} _, using the eigenvectors of a matrix derived from
the data. More specifically, a matrix containing the pairwise similarities, called affinity
matrix in this case, is used and the eigenvectors of this matrix, or a matrix derived
from the affinity matrix, are calculated. The eigenvectors are then processed to obtain
a clustering of the dataset. We shall denote the affinity matrix by A € RY*Y, where
A = s(x;,%;).

A number of variants of the spectral approach appear in the literature which ba-
sically differ on the matrix used to calculate the eigenvectors and the way the eigen-
vectors are subsequently processed to obtain the final partitioning. Some of them are
summarized in [113, 118]. Here we present the typical algorithm proposed by Ng et
al. [82], which is described in Algorithm 1.1. This algorithm does not require as input

4



04

(@) (b)

Figure 1.1: Spectral clustering on the two rings dataset from [82]: (a) The rings cannot
be separated by k-means in the original space; (b) The two rings can be separated with

k-means after being mapped in :? with the use of eigenvectors.

Algorithm 1.1 Spectral clustering with the Ng et al. [82] algorithm.
Input: Affinity matrix A, Number of clusters M
Output: Final clusters {Ck}g/lzl

1: Define the diagonal matrix D where D;; = Z;VZI Ajj
2: Construct the matrix L = D~Y/24D~1/2
3: Calculate ey, ..., ey, the M top eigenvectors of L, and form the matrix E = [eq,...,ep] €
§RN x M
. B . . / M 2 1/2
4: Normalize each of E’s rows to unit length and construct matrix Y, Y;; = E;; ( =1 E; l)

5: Treat each row of Y as a point in R and cluster them into M clusters using k-means
6: Assign instance x; to cluster Cj only if the i-th row of matrix Y was assigned to the k-th

cluster

the dataset in vectorial form, however if the dataset is available, Ng et al. proposed
computing the affinity matrix as A;; = exp(—||x; — x;[|*/20?) for i # j and A; = 0.
The parameter ¢ controls how rapidly the affinity falls off with the distance. One may
wonder, since in step 5 we apply k-means on the eigenvectors, why not apply k-means
directly on the data. The answer is that mapping the points in ®* (M is the number
of clusters) using eigenvectors can lead to tight clusters that can be uncovered by Ik-
means more easily. An example is shown in Figure 1.1, where the two rings cannot be
identified directly by k-means, since they are not linearly separable, but when they are
mapped to R?, through the eigenvectors, ring identification is possible.

To understand how this algorithm works, consider the “ideal” case in which data
points belonging to different clusters are infinitely far apart, hence their affinity is zero.
This results in an affinity matrix that is block diagonal and thus matrix L (step 2) is also
block diagonal. The eigenvectors and eigenvalues of a block diagonal matrix are the
union of the eigenvalues and eigenvectors of its blocks (the latter padded appropriately

with zeros). If the affinity matrix is also symmetric and A;; > 0 for ¢ # j in each block, it



follows that each block of matrix L has an eigenvalue equal to 1 and the next eigenvalue
is strictly less than 1. Thus, taking as many top eigenvectors' as the number of blocks
in matrix L (step 3) results in taking the top eigenvector of each block of L, padded

appropriately with zeros. Then matrix F is of the form:

R 0 0 ]
0 P 0 0
E = : T : : c RNxM
— — M—1 —
0 0 MG
~ ~ ~ M
0 0 0 M

where egk) is the top eigenvector of the k-th block. Clustering the rows of this matrix

(or the row-normalized matrix Y (step 4)) is straightforward as rows with nonzero value
in the first dimension belong to the first cluster, rows with nonzero value in the second
dimension belong to the second cluster etc. Note that this clustering corresponds to
the true clustering of the instances. This “ideal” scenario provides the intuition behind
all spectral clustering methods. Obviously, in real problems the affinity between points
in different clusters will not be zero and the top eigenvectors will not define so clearly a
partition, but with some processing we expect to approach the true clusters.

The main advantage of spectral methods is that they do not depend on initializations.
Only the step that derives the clusters from the eigenvectors may require initialization
(e.g. k-means in step 5 of Algorithm 1.1), but this is not expected to change the final
solution considerably if the eigenvectors strongly indicate a partitioning of the dataset.
Also there is no limitation on the form of the affinity matrix which can contain even
non-metric similarities. Usually though, the affinity matrix is kept symmetric to avoid
complex eigenvalues and its entries are positive numbers. Spectral methods have
been employed to numerous problems with satisfactory results. They are particularly
popular for graph partitioning as many graph cut criteria, such as normalized cut
and ratio association, can be optimized by taking the eigenvectors of a matrix derived
from the graph affinity matrix [37,113, 118]. Spectral methods compute a globally
optimum solution of a relaxation of the graph problem. The main disadvantage is the
high computational complexity caused by the need to compute the eigenvalues and
eigenvectors of an N x N matrix. Eigenvalue decomposition costs O(N?), which is very
high for large datasets. Special numerical methods can be used to approximate the M

top eigenvectors without computing all eigenvectors, thus reducing the above cost.

1.1.3 Kernel k-means

Kernel k-means [37,90] is a generalization of the standard k-means algorithm where
the dataset X = {xz}f\il x; € R is mapped from input space to a higher dimensional
reproducing kernel Hilbert space (or feature space) H via a nonlinear transformation

IThe top eigenvectors are the ones corresponding to the largest eigenvalues.
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Algorithm 1.2 Kernel k-means.

Input: Kernel matrix K, Number of clusters M, Initial clusters {Cj } 1.,
Output: Final clusters {Ck}éw:l Intra-cluster variance &y

1: for all points x;, ¢ = 1 to N do

2: for all clusters C, k =1 to M do

Compute ||¢(x;) — myg||? using (1.3)
end for
Find ¢ (x;) = argunin ([o(x) — )

3

4

5

6: end for
7: for all clusters C, k =1 to M do

8:  Update cluster C;, = {x;|c*(x;) = k}

9: end for

10: if converged then

11:  return final clusters {C;}1_, and Ey calculated using (1.2)
12: else

13: Gotostep 1

14: end if

¢ : X — 'H. Actually, kernel k-means is equivalent to performing k-means in feature
space. This results in linear separators in feature space which correspond to nonlin-
ear separators in input space. Thus kernel k-means avoids the limitation of linearly
separable clusters that k-means suffers from.

To partition dataset X into M disjoint clusters, {Ck}ivil, the intra-cluster variance
in feature space (1.2) is minimized over clusters {Ck}iw:l where my, is the k-th cluster
center and ¢, is an indicator variable with §,;;, = 1 if x; € C;, and ¢;, = 0 otherwise.

N M N
i 0ir (X
Erc= 303 dulofoe) — P, = im0l 1.2

i=1 k=1 Zi:l Oik
A kernel function £ : X x X — R [41] (see Table 1.1 for examples) is applied to get
the inner products in feature space without explicitly defining transformation ¢, giving
rise to the kernel matrix K € RV, K;; = K(x;,x;) = ¢(x;) é(x;). Note that for
certain kernel functions the corresponding transformation is intractable. The squared
Euclidean distances in (1.2) can now be computed using solely the kernel matrix entries
(centers my, cannot be analytically calculated):

N N N
23 s Oy 325 D sy OkOu

lo6x:) — i = K — ; | .
ij:l Ojk 2;21 Zl]\il kO

By iteratively updating the partitioning through assignments of the instances to their

closest center in feature space (Algorithm 1.2), kernel k-means monotonically converges
to a local minimum of the objective if the kernel matrix is positive semidefinite, i.e. is
a valid kernel matrix. If the kernel matrix is not positive semidefinite the algorithm
may still converge, but this is not guaranteed. The returned solution heavily depends

7



on the initial cluster assignments, thus multiple restarts are often employed to avoid
poor minima. As for the computational complexity, in [37] it is shown that kernel
k-means requires O(N?7) scalar operations, where T is the number of iterations until
convergence is achieved. If we also have to calculate the kernel matrix, an extra O(N?d)
scalar operations are necessary.

It must be noted that by associating a weight with each instance, the weighted
kernel k-means algorithm is obtained [37]. Its objective can become equivalent to that
of many graph cut criteria, such as ratio association, normalized cut etc, if the weights
and the kernel matrix are appropriately set [37]. Hence, it can substitute the commonly
used spectral methods for graph partitioning.

1.1.4 Global Kernel k-means

In a previous work of ours, we proposed the global kernel k-means algorithm [103, 105]
to circumvent the initialization problem of kernel k-means. Our method builds on
the ideas of global k-means [74] and kernel k-means (Section 1.1.3). It maps the
dataset points from input space to a higher dimensional feature space with the help of

a kernel matrix K € RV*N

and optimizes the intra-cluster variance in feature space
(1.2), as kernel k-means does. In this way nonlinearly separable clusters are located
in input space. Also, global kernel k-means finds near optimal solutions to the M-
clustering problem, by incrementally and deterministically adding a new cluster at each
stage (similarly to global k-means) and by applying kernel k-means as a local search
procedure, instead of initializing all M clusters at the beginning of the execution. Thus,
the problems of cluster initialization and convergence to poor local minima are avoided.

Suppose we are given a dataset X' = {XZ}ZN:1 x; € R? and we want to solve the
M -clustering problem by splitting this dataset into M disjoint clusters {Ck},iwzl, while
optimizing the intra-cluster variance in feature space (1.2). Global kernel k-means
proceeds as follows. We start by considering the 1-clustering problem. The optimal
solution to this problem is trivial as all data points are assigned to the same cluster.
We continue with the 2-clustering problem where kernel k-means is executed /N times.
During the :-th execution the initialization is done by considering two clusters one of
which contains only x; and the other is X — {x;}. Among the N solutions, the one with
the lowest intra-cluster variance is kept as the solution with two clusters. In general,
for the k-clustering problem let {C;,...,C;_,} denote the solution with k — 1 clusters
and assume that x; € C¥. We perform N executions of the kernel k-means algorithm,
with {C},....C;_,,C, =C; — {x;},Clyq, ..., Ci_y,Ck = {x;}} as initial clusters for the i-
th run, and keep the one resulting in the lowest intra-cluster variance. The above
procedure is repeated until £ = M. The global kernel k-means pseudocode is given in
Algorithm 1.3.

The rationale behind this method is based on the assumption that a near optimal
solution with % clusters can be obtained by starting from an initial state with k£ — 1
near optimal clusters (solution of the (k — 1)-clustering problem) and the k-th cluster
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Algorithm 1.3 Global kernel k-means.

Input: Kernel matrix K, Number of clusters M

Output: Final clusters {C;}1L,

// There is no need to solve for one cluster, as the optimal solution is trivial. Let C’f =X.

1: for all k-clustering problems, £ = 2 to M do

2:  for all points x;, 7 = 1 to N do // Suppose x; € C;'.

3: Run kernel k-means with:
input (K, k, {C’f, GG =CF = {4 1,C5 - G, G = {xz}})
output ({C{, . ,C,i} ,S;f)

4: end for

// Solution with k clusters.

5:  Find ¢* = argmin ng and set {C},...,C;} to the partitioning corresponding to Ezk
i

6: end for
7: return {C; =Cj,...,Cy =C};}

appropriately initialized. As we consider only a single data point belonging to the k-th
cluster when it is initialized, this is equivalent to initializing, during the i-th run, the
k-th cluster center at point ¢(x;) in feature space. Limiting the set of possible initial
positions for the k-th center to those of the dataset points in feature space seems a
reasonable choice. Since the optimal solution to the 1-clustering problem is known, the
above idea can be iteratively applied to get M clusters. Note that during the execution
of the algorithm, solutions for every k-clustering problem, £ < M, are also obtained
without additional cost. This is a rather desirable property in case we want to decide
on the number of clusters present in the dataset.

Due to its close relation to global k-means and kernel k-means, global kernel k-
means inherits their computational cost. Given the kernel matrix, the complexity of
kernel k-means is O(N?7) scalar operations, where 7 is the number of iterations until
convergence is achieved. In the global kernel k-means algorithm, in order to solve
the M-clustering problem we must run kernel k-means M N times. This leads to a
complexity of O(N3M7). To reduce the high computational burden, two speeding up
schemes were developed in [103, 105].

Finally, a weighted version of the global kernel k-means framework was introduced
in [105] and applied to graph partitioning, analogously to the weighted variant of kernel
Ic-means [37].

1.1.5 Convex Mixture Models

Exemplar-based mixture models [71], also called convex mixture models (CMMs), are
simplified mixture models [12] which result in probabilistic (soft) assignments of data
points to clusters and in the extraction of representative exemplars? from the dataset.
When training these models, which is done by maximizing the log-likelihood, all in-

2An exemplar is a dataset point that acts as a cluster representative, similar to a medoid.
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stances compete to become cluster representatives (i.e. exemplars), since the number
of the CMM components is equal to the number of data points and each component dis-
tribution is centered at a distinct dataset point. In the end, the instances corresponding
to the components that have received during training the highest priors are selected as
exemplars.

Given a dataset X' = {Xl}f\il x; € R4, the CMM distribution is:

N
x) =Y ¢fi(x), x€ R, (1.4)
=1

where ¢; > 0 denotes the prior probability of the j-th component, satisfying the con-
straint Zjvzl ¢; = 1, and f;(x) is an exponential family distribution, with its expectation
parameter equal to the j-th data point x;. Note that the same exponential family is
used for all components. Taking into account the bijection between regular exponential
families and Bregman divergences [9], we can write:

[3(x) = Cyu(x) exp(—Pd,(x,x;)), (1.5)

with d, denoting the Bregman divergence corresponding to the components’ distribu-
tions, C,(x) being independent of x; and ( being a constant controlling the sharpness
of the components [71].

A clustering is produced by maximizing the dataset log-likelihood (1.6) over the prior
probabilities ¢;, s.t. ¢; > 0, Zjvzl g; = 1. Note that the priors of the components are the
only adjustable parameters of a CMM.

N N
(X {gi};= 1) = Zlog (Z qj fi(xi ) = %Zlog (Z qje‘ﬁdﬂp(x“xj)) + const.
i=1 j=1
(1.6)

This optimization problem is convex and can be solved with an iterative algorithm,
whose updates for the components’ prior probabilities are given by:

t+1) () P(x )fg( X)
a4 =g, ; (1.7)
)Z;Y Z = lqj (X)

where P(x) = 1/N, x € X is the empirical dataset distribution. The above iterative
approach is guaranteed to converge to the global optimum as long as q](-o) > 0,V5 [31].
Importantly, the prior probability ¢; associated with instance x; is a measure of how
likkely this instance is to become an exemplar.

The ability of always being able to locate the global optimum makes this model
attractive as it avoids the initialization and local optima problems of standard mixture
models, which demand multiple executions of the EM algorithm [12, 35,99]. Another
important feature is that only the pairwise data distances d,(x;,x;) take part in the
calculation of the priors as C,(x;) cancels out, thus the values of the instances are
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not required if we are given the distances. Note that updating the priors costs O(N?7)
scalar operations, where 7 is the number of iterations until convergence.

Splitting the dataset into M disjoint clusters is done by requiring the instances
with the M highest ¢; values to serve as exemplars and then assigning the remaining
instances to the exemplar with the highest posterior probability.

Finally, when clustering with a CMM we must select an appropriate value for the
constant 3 (0 < [ < 00). It is possible to identify a reasonable range of 3 values by
determining a reference value ;. Lashkari and Golland [71] proposed the following
empirical rule for (y:

N
By = N*log N/ Z dy(Xi,X;). (1.8)

ij=1

1.2 Multi-view Learning

In various scientific areas, such as bioinformatics, computer vision, text categorization,
social computing, person identification etc., data is available from different sources
and/or feature spaces®. For example, a person can be identified by face, fingerprint
and iris characteristics, while an image can be described using both color and texture
descriptors. Another example is web pages, which can be represented using the text
of the web page and the hyperlink graph among the web pages. Also, to represent
scientific articles, the abstract text and the title, as well as the co-author and citation
graphs could be utilized.

The above examples outline situations where for the same instance in the dataset
multiple representations, called views, are available. The frequent occurrence of multi-
view data in practice has raised interest in the so-called multi-view learning [98, 120],
which concerns the development of machine learning algorithms that simultaneously
exploit all views. Conventional machine learning approaches (e.g. SVM, k-means, mix-
ture models, spectral methods etc.) can only handle data with a single view. A straight-
forward extension to the multi-view setting is possible by concatenating the views (if
they are given in vectorial form) into a single vector. However, this strategy has proven
to be significantly less effective compared to methods developed explicitly for multi-view
datasets, that consider the distinct context and statistical properties of each view [120].

Research on multi-view learning was greatly inspired by the seminal work of Blum
and Mitchell [14] under the semi-supervised setting [91]. As such, on the following, we
shall briefly review semi-supervised multi-view methods, before discussing the litera-
ture on multi-view clustering that this thesis focuses on. We shall begin, however, by
first presenting the two basic principles that motivate the integration of multiple views
in the learning process.

3The term feature space is used here to refer to a set of attributes (characteristics) of the data and
should not be confused with the one referring to the kernel Hilbert space (Section 1.1). On the following,
this distinction is clarified whenever it is not obvious from the context.
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1.2.1 Multi-view Learning Principles

The success of multi-view algorithms is based on the complementarity and consensus
principles [120]. The first can be seen as the intuitive justification for multi-view
learning, while the second provides the theoretical justification.

Complementarity states that the different views may contain complementary infor-
mation, i.e. information not found in the other views. By combining the information
available in all views, the intrinsic structures in the data will be better revealed, leading
to improved performance compared to using a single view.

Consensus states that the disagreement between two independent hypotheses on
two distinct views is an upper bound on the error rate of either hypothesis. In detail,
suppose the data is drawn from some distribution over triples (x(l), x2), y), where x(),
x? are the representations of an instance in the first and second view, respectively,
and y is the label. Moreover, assume that views are conditionally independent given
the label, i.e. P(xM), xP|y) = P(xV|y)P(x?|y). Let (") denote a hypothesis trained
on the v-th view which predicts the label of an instance. Dasgupta et al. [33] proved
that the probability of the two hypotheses disagreeing on the predicted labels on a set of
unlabeled data bounds the probability of either hypothesis predicting the wrong label:

P(hW(xW) #£ AP (x?))) > max P(h) (xV)) # 4). (1.9)

The above inequality clearly illustrates that employing multiple views and maximizing
the agreement of predictions across the views can enhance accuracy. Note that the
conditional independence is often too strong to be satisfied in real applications. Abney
[2] showed that a weak dependence can also lead to successful results.

1.2.2 Semi-supervised Learning with Multiple Views

Multi-view learning in the semi-supervised domain has been introduced by Yarowsky
[125] and Blum and Mitchell [14]. In [125], a two-view word sense disambiguation
algorithm was described, which uses two classifiers that bootstrap each other. Blum
and Mitchell [14] proposed the co-training algorithm to train a classifier from two rep-
resentations and showed that the Yarowsky method falls under their framework. Co-
training, together with the co-EM approach of Nigam and Ghani [84] which extends
EM [12, 35,99] to two-view semi-supervised problems, have laid the foundations of
multi-view learning and inspired subsequent research in this area. We next analyze
them in more detail.

Co-training

In semi-supervised problems we have access to both labeled and unlabeled data [91].
The basic idea of co-training [14] is to train two learners (classifiers) on distinct views
of the labeled data and iteratively allow each learner to label the unlabeled instances
that predicts with the highest confidence. This way, the newly labeled instances by one
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learner may help the other to improve its model. The success of co-training is based on
three assumptions: i) Sufficiency: Each of the two views is suflicient for classification
on its own, ii) Compatibility: the target functions over each view predict the same label
for most examples, i.e. we assume that an instance has the same label in both views
with high probability, and iii) Conditional independence: the views are conditionally
independent given the label (Section 1.2.1).

Analytically, let X} = {(wz,yz)}ZN:ll be the labeled and X, = {mZ}ZN:"l the unlabeled
dataset. Furthermore, assume each instance is decomposed into two views, x; =

{xgl),xgm}, where xgv) is the v-th view representation for instance x;. Co-training
starts by training two classifiers, h(!) and h(?, on the first and second view, respectively,
using A;. Subsequently, each classifier labels the data in &, and moves a number of
them from each class to the labeled set. The chosen instances are those whose labels
are predicted with the highest confidence by the underlying classifier for each class and
their number is set proportional to the empirical distribution of classes in A;. Then,
each classifier is rebuilt from the augmented labeled set, using the corresponding view,
and the process is repeated for a predefined number of iterations, or until X, is left
empty.

The rationale behind using the labels predicted by the classifier operating on the
first view to train the classifier operating on the second view, and vice versa, is to
exchange complementary view information between the learners and gradually drive
hY and h® to agree on the labels. Some important observations about co-training
could be made. First, it is limited to two views only. Second, it can be seen as a
generic framework for two-view learning, where any classifier can be employed as long
as it outputs some measure of confidence for its predictions. In the original co-training
paper [14] the naive Bayes classifier was applied. Third, it is unclear how to label
an unseen test example, since we end up with two distinct classifiers. Possibly we
could base the decision on either of the two or, somehow, combine their predictions.
Fourth, it does not define some specific multi-view objective, thus it is unclear which
criterion it tries to optimize. This also makes impossible to guarantee the convergence
of the algorithm. The co-training method was modified in [26, 93], so that an objective
function that measures the degree of agreement between the two views is optimized,
something known as co-regularization.

Overall, and despite the previous limitations, several variants of the co-training
idea have been developed, not only for classification [14, 26, 36, 61, 93], but also for
regression [16, 132] and clustering [10, 65, 66] problems.

Co-EM

Co-EM [84] is an EM/co-training hybrid, where EM in the semi-supervised domain
[85] is adapted to handle data with two views through an iterative procedure closely
resembling that of co-training. Once again assume that both a labeled dataset A; and
an unlabeled dataset X, are available, whose instances consist of two views. Co-EM
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considers two classifiers, 2(!) and h(?, and associates them with the first and second
view, respectively. Execution begins by training 2(Y) on . Then, h(!) probabilistically
labels all the instances in X, by estimating class posterior probabilities P (y|x§1)),i =
1,..., N, (E-step in view 1). The labeled data A; together with the probabilistically
labeled (by hM) data of X, are fed to h(? which is trained on the second view (M-step in
view 2). After that, h(?) relabels X, by estimating probabilities P(y|xl(-2)), i=1,...,N,
(E-step in view 2), which in turn are used in conjunction with the labeled instances of
X, to retrain h(!) (M-step in view 1). These steps are repeated for a predefined number of
iterations, hence information is exchanged between the views by using the probabilistic
labels computed in one view to update the model of the classifier operating on the other
view.

The four observations and rationale regarding co-training (mentioned in the previous
subsection), also apply to the co-EM case. However, there exist some key differences
between the two. Unlike co-training, the co-EM approach does not commit to the
(most confident) labels generated by the classifiers, but re-estimates the class posterior
probabilities of the entire unlabeled dataset after each iteration. Also, classifiers in co-
EM must be able to process probabilistic labels and output class probabilities. This is
a much stronger prerequisite than simply requiring classifiers to output the confidence
of their predictions. Therefore, co-EM has been mainly studied with naive Bayes as the
underlying classifier [47, 80, 84]. A co-EM version of SVM has been proposed in [17].
Note that co-EM has been found to perform better than co-training in many cases
[80, 84] and has been extended to clustering problems as well [10, 11].

1.2.3 Clustering with Multiple Views

Most of the existing work in multi-view clustering extends well-known clustering algo-
rithms to the multi-view setting by exploiting the “minimizing disagreement” idea (con-
sensus principle) and the complementarity of the views (Section 1.2.1). The clustering
process is guided by the assumption that the true clustering assigns corresponding
points in each view to the same cluster, a form of compatibility assumption similar to
that in co-training. We next take a closer look to some of the most representative multi-
view clustering studies and denote by X = {mi}i]\il the dataset whose instances consist

(v) (v)

of V views, x; = {x- , ~ is the v-th view representation for instance ;.

v
s } , where x
v=1

Multi-view EM and Multi-view k-means

Bickel and Scheffer [10] developed a two-view EM and a two-view k-means algorithm
under the assumption that the two views are conditionally independent. Their EM
variant is actually a straightforward application of the co-EM algorithm to unsupervised
learning, where mixture models take the place of classifiers and no labeled data is
available. Thus, the posterior probabilities of the hidden variables (cluster labels) in
one view are used to estimate the parameters of the mixture model in the other view.
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As an instantiation of the method they consider mixtures of multinomial distributions
for document clustering. In the end, an instance is assigned to the cluster with the
highest average posterior over the two views.

The iterative procedure of co-EM is also followed for the two-view k-means approach.
The views, however, exchange partitions instead of posterior probabilities. In more
detail, in the E-step of each view an instance is assigned to its closest center in that view,
while in the M-step the centers are updated according to the assignments produced by
the other view. The sequence of the expectation and maximization steps is the same
as in co-EM, starting from some initial (random) centers for the first view. As the
returned partitions in the two views are not necessarily identical, the final cluster for
each instance is decided to be the one whose centers exhibit the lowest average distance
from the instance over the two views.

The previous two methods closely mimic co-EM, thus inheriting many of its draw-
backs, such as the two-view restriction, the inexistence of an objective function and
the inability to guarantee convergence. A generalized co-EM scheme for mixture model
estimation with arbitrarily many views has been proposed [11], to alleviate these de-
ficiencies. It maximizes the sum of the log-likelihoods of the views, regularized by a
consensus term A measuring the disagreement of the views on the posterior probabil-
ities. Given a dataset X with V' views, the optimized objective is:

- ) 1 R @) aon . P, 80
ZL(X79 )—nA, A:ﬁzzzp(ﬂxz , 0 )lOgW> (1.10)

X
v=1 v#u i=1 j=1 jlx; ’e(u)>

where L(X; 0(”)) is the log-likelihood of the v-th view, ') are the parameters of the
v-th mixture model, 7 is the regularization constant and M is the number of mixture
components (clusters). The maximization is done by iterating over the views and exe-
cuting an appropriate E-step and an appropriate M-step in each view. It is shown to
converge, if 77 is annealed toward zero as iterations progress. Note that the two-view
EM [10] can be derived as a special case of (1.10) for V = 2 and n = 1. Analogously
to [11], a regularized objective that incorporates view disagreement for multi-view fuzzy
c-means clustering is considered in [25].

Multi-view Spectral Clustering

Spectral clustering (Section 1.1.2), due to its empirical success and close connection to
graph partitioning [37,113], has also attracted considerable attention in the multi-view
setting. Kumar and Daumé III [65] integrated the ideas of co-training to spectral clus-
tering and presented an iterative method where, first, spectral clustering is executed
on the individual views and, then, the top (largest) eigenvectors from each view are
used to alter the affinity matrices of the remaining views. Hence, views “communicate”
by exchanging eigenvectors. Given the affinity matrices AW e RNXN of the views,
AZ(-;-)) = s(xgv),xﬁ-v)), the top M eigenvectors () is the number of clusters) of the matrix

LW = (DW)=1/2A0)(D®))=1/2 are calculated and stored in matrix £ € RV*M D)
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is a diagonal matrix with Dz(zv ) = Z;VZI Ag). Subsequently, the affinity matrices are
modified according to AW = sym <<Zu £ E(“)E(“)T) A(”)>4 and the whole process is
repeated using the new affinities. The intuition behind this approach is to project the
affinity matrix of each view onto the union of subspaces spanned by the top eigenvec-
tors of the other views. Since these eigenvectors carry discriminative information about
the clusters, the projection will help in revealing the underlying structures in the data
by utilizing information from all views. Note that the employed spectral technique is
that of Ng et al. [82] (see Section 1.1.2 for details). The final partitioning is obtained
by discretizing the eigenvectors of the most informative view, following the same steps
as in [82]. Similar to co-training, the above algorithm does not optimize a specific
clustering criterion and its convergence cannot be ensured.

A multi-view spectral objective was developed in [66]. The problem is formulated as

a regularized trace maximization (over U () ¢ RNXM ):

174
max S tr (U(”)TL(”)U(“)) At (U(”)U(”)TU(“)U(“)T) st UDU® — 1 (1)
v

where L") is defined as above and )\ is a regularization constant. The tr <U @ Loy

term appearing in (1.11) is actually the objective optimized by the Ng et al. [82] algorithm
when executed on the affinity matrix of the v-th view. This objective is also closely
related to the normalized cut graph criterion [37]. Hence, the first term in (1.11)
sums the spectral objectives of the individual views, while the second can be regarded
as a consensus term which enforces agreement among the views. The optimization
is performed by alternating over the views and updating U for given U™, u # v,

until convergence is achieved. U®") consists of the top eigenvectors of matrix L") 4
AY U U’

An approach that generalizes the single view normalized cut objective to the multi-
view case and can handle both directed and undirected graphs was introduced by Zhou
and Burges [131]. Their idea can be explained as a vertex-wise mixture of Markov
chains associated with different graphs and is applicable to problems with arbitrary
number of views. Finally, de Sa [34] proposed a two-view spectral clustering algorithm
that creates a bipartite graph of the views, i.e. a graph where only connections be-
tween points (vertices) on different views exist, and the affinity matrix of this graph is

processed with the method of Ng et al. [82] to recover the clusters.

CCA-based Multi-view Clustering

Canonical correlation analysis (CCA) [51,53] can be seen as the problem of finding pro-
jection directions for two (or more) sets of variables, such that the correlation between
the projections of the variables is maximized. Each set of variables can be interpreted

*sym(A) = (A + AT)/2 is applied in order to get a symmetric matrix.
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as a different view of the data, hence CCA naturally lends itself to multi-view learning.
Let X® € RV*4™ be the data matrix of the v-th view, whose i-th row corresponds to
xgv) e R, and w® € R be the corresponding projection vector. We shall here de-
scribe CCA in the case of two views, however note that it is also applicable to problems
with more views. CCA simultaneously searches for those projection directions w!) and
w(® that maximize the correlation p between the projected views:
w)' xO x@)w®)
p= . (1.12)
\/ <W(1>T X’ X(1>W<1>) <W<2>T X" X(2>W<2>>

The solution to this optimization is given by the eigenvectors of a generalized eigenvalue
problem. Note that different eigenvectors define different pairs of projection vectors. De-
pending on the desired number of dimensions for the CCA projection, the top pairs, i.e.
directions, yielding the largest correlations are retained. In essence, CCA aims to re-
cover a latent subspace that is shared by all views. Afterward, learning can be executed
in this subspace. Notice that CCA considers linear projections of the instances, thus it
is impossible to accurately capture the properties of data exhibiting nonlinearities. To
circumvent this issue, the kernelized version of CCA can be employed [51].

Two interesting CCA-based methods for multi-view clustering are those of Blaschko
and Lampert [13] and Chaudhuri et al. [24]. The first [13], projects the data onto the top
directions obtained by kernel CCA across the views and then applies k-means to cluster
those projections. In the second [24], each of the views is assumed to be generated by
a mixture of distributions and CCA is employed to project the data to the subspace
spanned by the distributions’ means. Then, a standard clustering algorithm is used in
this subspace to partition the instances. The subspace is endowed with an important
property for clustering: when projected onto it, the means of the distributions are
well-separated, yet the distances between points from the same distributions is smaller
than in the original space. Additionally, the authors provided theoretical results which
ensure the method can recover the correct clusters with high probability.

Other Approaches

Several multi-view clustering methods employ matrix factorization techniques, in par-
ticular non-negative matrix factorization (NMF) [72], to derive a partitioning of the data.
Given a matrix A € R#"*¢ with non-negative entries (A > 0), NMF aims to find two ma-
trices B € ™% and C' € R**4, also with non-negative entries, whose product yields a
good approximation of A, hence A ~ BC'. Different factorizations emerge by consider-
ing different cost functions for measuring the reconstruction error of the approximation,
such as the minimization of the squared error:

min |A— BC|3%, st. B>0, C>0. (1.13)

In general, the NMF solution is not unique, since BC' = (BQ™')(QC) for an arbitrary
invertible matrix () € %#****. Thus, additional constraints are usually imposed to ensure
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both uniqueness and that a clustering solution naturally emerges from the resulting
factorization. Notice that for most cost functions the underlying optimization problem
is not convex, therefore NMF algorithms can only locate local optimal solutions for B
and C.

Gao et al. [46] apply NMF to factorize the data matrix of each view. Specifically,
they optimize the sum of the NMF reconstruction errors of the individual views, regu-
larized by a term enforcing consensus among the views’ factorizations, in order to find
a clustering that is consistent with all views. In [70], each view is represented by a
similarity matrix and these matrices are linearly combined to get a composite matrix
which contains similarity information from all views. A partitioning of the instances is
found by performing NMF, with cross-entropy as the cost function, on the composite
matrix. Importantly, the method learns appropriate weights for the linear combination,
along with the factorization. Weights reflect the quality of the views and determine their
contribution to the clustering task accordingly.

When considering problems with multiple views, it is possible to, first, cluster each
view independently from the others, with an appropriate single view algorithm, and,
then, combine the individual clusterings to produce a final partitioning which is based
on all views [50, 77]. Here, we assume that each view’s partitioning is described by a
cluster indicator matrix, whose entries reflect the assignment of instances to clusters.
In [50], an NMF-based approach is adopted to reconcile the groups arising from the
individual views. Specifically, a matrix that contains the partitionings of all views
is created by concatenating the cluster indicator matrices of the views and is then
decomposed to two matrices (using NMF): the one showing the contribution of the
individual partitionings to the final clusters, called meta-clusters, and the other the
assignment of instances to the meta-clusters. In [77], a general model for multi-view
unsupervised learning is proposed. According to this model, the final partitioning of
the data, which is based on all views, is derived by minimizing an objective function
that measures how close this final partitioning is to the clustering of each view, with
the help of a mapping function. The whole process can be seen as performing NMF on
the cluster indicator matrices of the views, where the factorizations across the views
share a common factor. The generalized I-divergence is used as the NMF cost function.

Some other interesting approaches for clustering multi-view data can be found in
(18,20, 100, 102].

1.3 Multiple Kernel Learning

Kernel-based methods [92], e.g. SVM [19] and kernel k-means [37,90], have become
increasingly popular in recent years for both supervised and unsupervised machine
learning tasks. Remember that (Section 1.1), a kernel implicitly induces a nonlinear
transformation ¢ : X — H that maps the instances, X = {Xz}f\i1 from input space to
feature space H and is defined through a kernel function K : X x X — R [41], where
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K(xi,x;) = ¢(x;)"¢(x;) (see Table 1.1 for kernel function examples). Hence, learning
is executed in feature space instead of input space, which allows for nonlinearities in
the data to be uncovered and has been demonstrated to substantially enhance perfor-
mance. The effectiveness of kernel methods, however, strongly depends on the choice
of an appropriate kernel for the underlying problem. If an unsuitable kernel is selected,
the quality of the solution can significantly degrade, which makes kernel selection a
rather crucial step in the application of such methods. Unfortunately, the best kernel
for a specific dataset is rarely known in advance.

Multiple kernel learning (MKL) [49] assumes a parametric form for the kernel and
aims at estimating the values of these parameters during training, in order to au-
tomatically infer a kernel that suits the data. The most common MKL strategy is to
parametrize the kernel as a linear (e.g. [62,88]), or nonlinear (e.g. [28,111]) combination
of some predefined kernels, called basis kernels®. Hence, learning the kernel becomes
equivalent to learning appropriate values for the combination coefficients. Basis ker-
nels are obtained by applying a single type, or different types of kernel functions on
the same instances (e.g. RBF kernels with different ¢ values and/or polynomial kernels
of different degrees). Moreover, for multi-view data (Section 1.2), they can be derived
by using the different representations of the instances describing the different sources
(or modalities) of the data. Under this perspective, MKL can be seen as a special case
of multi-view learning, where basis kernels correspond to views. Note that for super-
vised problems cross-validation can be employed to select the best kernel. However,
cross-validation requires an additional validation set and retains a single kernel in
the solution, while MKL approaches find a combination of the available kernels, thus
utilizing information from all kernels and leading to improved results (e.g. [69, 88]).

MKL has been predominantly studied in the supervised domain under the SVM
paradigm (e.g. [49, 69, 88, 96]), while related literature focusing on clustering problems,
such as those studied in this thesis, is considerably more limited (e.g. [110, 130]). In
Section 1.3.1 and Section 1.3.2 we review a number of approaches for both cases. Note
that MKL has been also applied to the problems of dimensionality reduction [75] and

metric learning [116].

1.3.1 Supervised MKL

Suppose we are given a labeled dataset X = {(x;,4;)}r,, x; € R? and y; € {£1},
and a kernel K : X x X — R that is parametrized by a vector @ of parameters, in-
ducing a transformation 5 . X — H that maps the instances to feature space H,
hence K(x;, X;) = 5(xi)T5(xj). Most MKL methods based on the SVM classifier (the
reader is referred to [12, 19] for details on SVM), in principle, derive from the following

5Basis kernels are kernels for which the parameters of their corresponding kernel functions (e.g. the

RBF o parameter) are fixed to specific values before training.
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optimization problem:

N
1 9
m —|wil® + E ; 1.14
e,wl,lgi 2 ” H ¢ i=1 & ( ]

sty <WT5(X2‘) + b) >1-¢&, & >0, £2(0),

where w, b are the coefficients of the SVM hyperplane (||w|| is the reciprocal of the
margin), £ = [£y,...,¢ N]T is the vector of slack variables capturing the misclassification
error, C' > 0 is the regularization constant and {2(0) is a set of constraints on the kernel
parameters. This optimization closely resembles that of the standard SVM [12, 19],
with the only difference being that we also minimize w.r.t. 8 (s.t. {2(0)) in order to
simultaneously find the hyperplane with the largest margin and also learn the kernel.
Unlike the standard (convex) SVM for which the global optimum can be obtained,
the above problem is not convex in general, due to @ and its associated constraints.
Therefore, various optimization techniques, such as semidefinite programming (SDP)
[68,69], semi-infinite linear programming (SILP) [96, 133], gradient-based methods [88,
111] etc., have been employed to locate local optimal solutions.

Lanckriet et al. [68, 69] were of the first to study MKL and they considered learn-
ing linear combinations of basis kernels. A linear mixture of kernels gives rise to a
composite kernel K:

1%
Iz(xi,xj) = Z 0, (x;, %), (1.15)

v=1

that is parametrized by @ = [0;,...,0y] . Each of the V basis kernels K) : X x X — R
implicitly induces a transformation #W X — H® on the instances to a feature
space H™), hence KW (x;,x;) = ¢ (x;)T¢(¥)(x;). Let us denote by K € RNV, K e
RV*N the kernel matrices corresponding to the basis kernels and the composite kernel
respectively, i.e. KZ(]U ) = KO (x;,%;) and [?ij = l%(x,-,xj). For the linear combination

case it is easy to see that:
_ v
K=> 6,K". (1.16)
v=1

Note that a kernel matrix is always a positive semidefinite matrix and vice versa, since
it can be interpreted as a Gram matrix. Hence, when learning a parametric kernel we
must ensure that positive semidefiniteness is satisfied in order to get a valid kernel.

According to Lanckriet et al. [68, 69], MKL with the linear mixture (1.15)-(1.16) is
formulated as:

mein w(), s.t. 6, >0, K >~ 0, tr([?) =c, (1.17)
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N N

N
= max Zai—%ZZaajy,yij, st. 0<a; <C, Za,yl—o (1.18)
i=1

i=1 j=1 =1

where w(0) at a given 6 is defined as the optimal objective value of the standard SVM
dual in feature space H and tr(IA{' ) denotes the trace of matrix K. To solve this problem
they cast it into a quadratically constrained quadratic program (QCQP), where the con-
straint enforcing positive semidefiniteness (I? >~ 0) can be dropped, since it is implied
by the nonnegativity of #,. Moreover, they consider the more general case where 0, is
allowed to also take negative values and cast the problem into an SDP (f( >~ 0 is now
necessary to get a valid kernel).

When considering a linear combination of basis kernels whose coefficients are re-
stricted to nonnegative values, a sufficient condition ensuring that K is a valid kernel
as mentioned above, it can be verified that ¢(x;) = [VOoD (x:)T, .. VOV (x:)T] "

therefore (1.14) can be rewritten as (w = [w ..., w{]"):
2
mlglg ZHWUH —i—C’Z@, (1.19)

s.t. y2<ZW (fw ) >>1—§2, £>0,0,>0, 2(0).

Rakotomamonjy et al. [87,88] address MKL by solving the following problem to infer
a linear mixture of basis kernels:

min Z HWUH2 —i—C'Z& (1.20)

0,w,b.& 2

\4 |4
v=1

v=1

which can be directly derived from (1.19) by a simple change of variable (w, = /0, w,).

Their framework, called simpleMKL, imposes a 1-norm constraint on 8, Zz‘)/:l 0, =1, to
avoid overfitting, which is known to produce sparse solutions. To optimize (1.20) they
reformulate it as:

. - _
min J(6), st. 0, >0, > 0,=1, (1.21)

\4 N \%
1 [[w. || T 4 (v)
J(e):%giz ; +OZ@, sty [ > wio(xi)+b) =1-§, &>0,

v=1

(1.22)
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where J(0) at a given 0 is actually the optimal objective value of the standard SVM in
feature space H, and propose an iterative procedure that consists of two steps: i) solve
a standard SVM for given 0 to get J(0) and ii) update 8 using the gradient of J(0) w.r.t.
0. Specifically, a projected gradient update is executed so that the constraints on the
composite kernel parameters are not violated. SimpleMKL can be readily extended to re-
gression and one-against-all, or one-against-one multiclass classification [88]. In [23],
a second order method is presented, extending simpleMKL, and is shown to converge
faster than simpleMKL.

Kloft et al. [62] generalize MKL to arbitrary p-norms (p > 1) on the composite kernel
coefficients:

IIWvII2
Muin, 22 +CZ§Z, (1.23)

14
st i (Zwlcﬁ“”(x» +b> >1-&,&>0,0,>0, [0p <1.
v=1

To solve this problem they devise two alternating approaches, based on Newton descent
and cutting planes. Note that simpleMKL (1.20) is a special case of (1.23) for p =
1. Moreover, they prove that an alternative formulation for p-norm MKL, where an
additional regularizer 1|67 is inserted into the objective function in place of the norm
constraint [|@||? < 1 (such a formulation is considered by Varma and Ray [112] for p =
1), is equivalent to (1.23). MKL for arbitrary p-norms has been also studied in [63, 124],
where closed-form solutions are derived for updating . Both [63] and [124] arrive at the
same solution, although they approach the problem from different perspectives. These
closed-form solutions are utilized in an iterative optimization procedure that solves a
standard SVM for fixed 8 and, subsequently, reestimates 6.

Bach et al. [4]® and Sonnenburg et al. [95,96] adopt a slightly different approach to
MKL and use a (2/1)-block norm on the blocks of w = [w ..., wy,]'":

N |4
min - (Z IIWUII> +CY &, sty (Z w, ¢ (x;) +b> >1-¢&, &>0. (1.24)
i=1 v=1

The solution of this problem yields a composite kernel of the form described in (1.15),
where 6, > 0 and Z};l 0, = 1, although the kernel parameters are omitted from
the objective. Note that the block norm on w results on a 1-norm constraint on 6,
thus promoting a sparse outcome. In [4], eq. (1.24) is treated as a second-order cone
program (SOCP) which allows for the development of an SMO-based (sequential minimal
optimization) algorithm, while in [95, 96] it is converted to a SILP formulation that is
capable of handling large scale problems with hundreds of basis kernels.

SFor simplicity we set dj in Bach et al. [4] to one.
“A 2-norm is applied within each block (||w,||), while the 1-norm is applied over the blocks, giving

v
Zv:l HWU”
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Performing MKL with SVM as the underlying classifier suffers from a serious limita-
tion: due to the SVM we are restricted to problems with two classes only. One possible
way of dealing with multiclass problems is to decompose them into binary problems,
following a one-against-all, or a one-against-one strategy (e.g. [88]). Zien and Ong [133]
propose an SVM-based MKL framework that can directly handle multiclass data, by
extending the formulation in (1.20). For the optimization they consider both QCQP and
SILP techniques. Additionally, they make an important observation. Their formulation
(in the case of two classes) is equivalent to that of Bach et al. [4] and Sonnenburg et
al. [95,96]. Kloft et al. [62] further extend this result and show that the formulations of
Rakotomamonjy et al. [87,88] and Varma and Ray [112], as well as their own p-norm
MKL (1.23) for p = 1, fall into the same equivalence class with [4,95,96, 133]. Moreover,
in [124] it is proved that the p-norm MKL (1.23) for p > 1 is equivalent to the following
(2/q)-block norm problem:

(ZHWUII‘]) +CZ€Z, st. yi (Zw ¢ xz)+b> >1-¢, &>0, (1.25)

with ¢ = %. Note that when varying p in the interval [1,00), ¢ is limited to [1,2].
Hence, the block norm formulation is strictly more general and was pursued in [64],
together with an elastic net regularizer, for 1 < ¢ < oo.

Despite their variety, all the aforementioned MKL methods focus on a linear com-
bination of the basis kernels (1.15). On the remainder of this section, we will review
approaches that learn a composite kernel as a nonlinear mixture of basis kernels, or
even accommodate general types of parametric kernels. Cortes et al. [28] develop a

polynomial combination of basis kernels:

Keaoxi) = 30 o0 (KD (xi,x) " (K9 (xi,%0)) o (KV)(xi,x,) ™
ki+..+ky=d
ky€Z4+U{0}
(1.26)
that is parametrized by 0 = [04,. .., HV]T and its degree is determined by the choice

of the constant d. Note that all k, exponents are nonnegative integers and the sum-
mation in (1.26) is over all possible combinations of ki, ko, . .., ky values whose sum
equals d. This composite kernel is applied to regression problems using kernel ridge
regression (KRR) as the underlying learning algorithm. The coefficients @ are restricted
to nonnegative values (6, > 0), in order to get a valid kernel, and, furthermore, either a

, is imposed (0,
and A are predefined constants). An iterative gradient-based procedure is employed to
optimize the resulting objective. Gonen and Alpaydin [48] introduce a composite kernel
that assigns different coefficients to the basis kernels in different regions of the input
space, thus accounting for localities in the data:

XZ,XJ Z@ x;) KK XZ,XJ)QU(XJ'). (1.27)
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As it can be seen, the parameters of K are actually functions of the instances and
their values are calculated through a gating model. In [48], the softmax function is
considered as a possible instantiation of the gating model:

exp(f, x + fu0) .
ZL/:1 exp(f;'—x + fuo)

0,(x) = (1.28)
Hence, learning K equals learning the gating model parameters f,, f,o, which is done by

incorporating the composite kernel into the SVM classifier and obtaining the following
MKL problem:

v N v
. 1 2 T (v)
g 9 ; [woll” + C;£i7 sty (; w, (0s(x)¢" (%)) +b] >1-6&, &>0.

(1.29)

To solve (1.29), a two step iterative procedure is proposed. This procedure is inspired
by simpleMKL [88] and alternates between solving a standard SVM for fixed f,, f,o, i.e.
fixed 0,(x), and updating the parameters of the gating model by means of gradient
descent. Another nonlinear MKL approach can be found in [73].

Varma and Babu [111] propose an MKL framework that can handle generic types
of parametric kernels K and, therefore, unlike the methods we have so far presented
in this section, is not limited to a specific form of K. This generalized MKL framework
optimizes the following objective:

07w7b7

N
ming %Hsz + C;& +7(0), st. yi (WTQE(Xz') + b) >1-¢&,&>0,0,>0, (1.30)

where (0) is a regularizer on the kernel parameters 6. To efficiently solve (1.30), it is
reformulated as:

mein T(0), s.t. 6, >0, (1.31)

N
— min Ljw|? | (Wi e g
T(0) = min FIwIP+ O3+ 7(0), st v (WTox) +0) 21—, &>0, (1.32)

and an iterative process, closely resembling that of simpleMKL [88], is applied, where
a standard SVM is executed for given 6 to get 7'(€) and, then, 6 is updated using
the gradient of 7'(0) w.r.t. @ while preserving ¢, > 0. Note that the only restric-
tion imposed on the learned kernel K and the regularizer r(0) is that they must be
continuously differentiable functions of 6, to ensure the gradient exists. In [111],
gender identification experiments on a collection of face images are conducted, with
IE(Xi,xj) = ngl exp(—0, (2, — xu)?) (@4, is the v-th attribute of instance x;) and a
1-norm regularizer. Gai et al. [45] also present an MKL scheme that is able to handle
various forms of parametric kernels K. However, they utilize the ratio between the
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margin of the SVM and the radius of the minimum enclosing ball of the data in feature
space H, denoted by R(0), to perform MKL. The resulting objective is given by:

N
R O)||w|*+C Y &, sty (WTg(xi)ij) >1-¢&, & >0, 2(0), (1.33)
i=1

min —

o.wbe 2
where the square of the radius of the minimum enclosing ball for a specific 8 can be
obtained by:

R*(6) =min t, s.t. t > 16(x;) — cl|?, (1.34)

which is a convex problem that is optimally solved through its dual. Integrating R(6)
into (1.33) is motivated by the observation that the margin alone is not a suitable mea-
sure of the goodness of the learned kernel, as it can become arbitrarily large by simply
scaling K. something known as the scaling problem. Hence, even a poor performing
kernel can give an arbitrary large margin. Moreover, the scaling problem causes the
initialization problem, i.e. the solution is affected by the initial scalings of the basis
kernels. Gai et al. [45] prove that their formulation is scale invariant and, in the case
of a linear combination of basis kernels, it also avoids the initialization problem and
is invariant to the choice of p-norm constraint on 6. The whole MKL process is trans-
formed into a tri-level optimization problem that is solved by an iterative gradient-based
algorithm. This algorithm alternates among finding R(€) for fixed 6, solving a standard
SVM for the current { R(0), 6} values and taking a step along the projected gradient,
to update 6 without violating the constraints {2(6). For the gradient to exist, K must
be a continuously differentiable function of .

Although the vast majority of MKL methods is built upon the SVM classifier, it is
worth mentioning that there exist approaches that employ other types of base learners.
For example, kernel ridge regression is utilized in [27] and [28] to learn a linear and a
nonlinear combination of basis kernels, respectively, while in [44, 60] linear mixtures
of basis kernels are found using kernel Fisher discriminant analysis. Another popular
direction to perform MKL is to consider the kernel alignment criterion. Kernel alignment

[30] defines a notion of cosine similarity between two arbitrary kernel matrices K M e
RN and K@ € RV*N as follows:

<K(1), K(2)>
A(Kl,Kg) = £ 5 (135)
VKO, KDY, (K@ K@),
where (K, K@) r = = Y 1ZJ K ) K ) is the Frobenius product. For a binary

classification task, we can view the matrlx yy ' as the “ideal” kernel matrix, where
y = [y, un]’, Yi € {£1}, is the vector of the class labels. Hence, to learn a
parametnc kernel K, we try to maximize the alignment between its kernel matrix K
and yy ', w.r.t. the parameters 6. Afterward, a classifier can be built using the learned
kernel. Kernel alignment is applied to infer linear combinations of basis kernels in
[29, 55, 57,69], which are then used to train a standard SVM.
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1.3.2 MKL Clustering

Enhancing clustering algorithms by learning an appropriate kernel for the dataset
at hand along with the cluster assignments, using MKL techniques, constitutes an
interesting research direction. However, few approaches have been presented in the
literature to tackle this problem. Here, we will mainly focus on those approaches that
extend a relatively new clustering paradigm, called maximum margin clustering [121],
to the MKL setting and briefly mention some other MKL methods for clustering as well.
First of all, however, we shall provide a quick overview of maximum margin clustering.

Maximum Margin Clustering

Maximum margin clustering (MMC) has been proposed by Xu et al. [121] and expands
the large margin principle of SVM to the clustering domain. Given a dataset X =
{Xi}f\il, x; € Y, MMC attempts to find a labeling (clustering) y = [y1,...,yn]', ¥ €
{:I:l}, of the instances, such that a subsequent training of a standard SVM [12, 19]
would result in a margin that is maximal over all possible labellings. MMC is formulated
as:

N
1 2
inmin - cS ¢, 1.36
iy 5IWIP+ O3 ¢ 130

i=1

N
st —0<Y y <ty e =Y,y (wholx) +0) > 1-&, & >0,
=1

where w, b, £ and C' are the usual SVM parameters (see (1.14) for details) and a kernel
K : X xX — Ris used to implicitly define a transformation ¢ : X — H of the instances
to a feature space H, i.e. K(x;,x;) = ¢(x;)"¢(x;). To prevent the trivially “optimal”
solution of assigning all instances to the same cluster and thus obtaining an infinite
margin (||w| = 0), a cluster balance constraint (—¢ < EZN:1 y; < {) is necessary, where
¢ > 0 is a constant controlling the imbalance of the clusters. Note that MMC can only
handle datasets exhibiting a two-cluster structure (y; € {:tl}).

The MMC problem is non-convex with integer parameters y, making the optimiza-
tion much trickier than that of the standard (convex) SVM where the labels y are known
in advance. To ease the optimization, Xu et al. [121] make a number of relaxations
with regard to y and also remove the bias b (b = 0), hence the recovered hyperplane
is required to pass through the origin. Subsequently, they cast MMC into an SDP
problem, whose number of parameters is quadratic in the number of instances, and
the cluster assignments are recovered by eigendecomposition of an appropriate matrix.
Valizadegan and Jin [110] reduce the number of parameters in the SDP from N 2 to
N and reinstate the bias term in the hyperplane, leading to an improved MMC frame-
work. Solving an SDP is computationally expensive and the algorithms in [110, 121]
can only cluster datasets containing a few hundreds of samples. Zhang et al. [129]
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present a more efficient optimization strategy that alternates between the inner and
the outer minimization in (1.36). However, instead of relying on a straightforward im-
plementation, where a standard SVM is executed for given y and, then, y is updated
according to y; = sign(w ' ¢(x;) + b), they perform a key modification. The SVM arising
in the inner subproblem is replaced by support vector regression (SVR), to avoid the
premature convergence issue observed when SVM is employed. Moreover, the bias b
is not directly determined through the SVR, but is set (after obtaining w for the cur-
rent y using the SVR) to an appropriate value that guarantees the cluster update rule
y; = sign(w'¢(x;) + b) will respect the cluster balance constraint. Another efficient
approach for solving MMC, based on the cutting plane method, is reported in [115].
Finally, [115, 122] extend MMC to the multiclass case (i.e. to problems with more than
two clusters).

Combining MMC with MKL

As in Section 1.3.1, we assume a kernel K : X x X — R (parametrized by a vector
0 of parameters) to which a transformation 5 X > H corresponds. There exist two
methods that couple MMC with MKL techniques [110, 130]. Both [110] and [130] infer
a linear mixture of basis kernels, of the form described in (1.15)-(1.16), and impose a
1-norm and a 2-norm constraint on 6, respectively.

In more detail, Zhao et al. [130] express kernel learning under the MMC paradigm
analogously to the p-norm MKL (1.23):

||Wv||
Juin, 22 +CZ§Z, (1.37)
N v 4
Z (Z WUTCb(v) (xi) + b) <Y, ZWI¢(U) (xi) +b0| > 1=,
i=1 =1 v=1

>0, 0,>0, |02 < 1.

Note that a slightly relaxed cluster balance constraint is used compared to (1.36) and
the cluster assignments are calculated as y; = sign <ZL/:1 w, ¢)(x;) + b), allowing for
the removal of y from the objective. Zhao et al. [130] devise a cutting plane method to
optimize (1.37) and also expand their formulation to problems with several clusters.
As already mentioned, Valizadegan and Jin [110] convert MMC (1.36) into an SDP
problem (see the MMC subsection above). This SDP formulation is further extended to
perform MKL by incorporating a linear mixture of basis kernels into it, leading to the

following optimization problem:

N
max i (1.38)
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N 4
st. PTKT'P+ Ceegey — Y il =0, 0<% <Cs, 0,0, Y 0, =1,

i=1 v=1
where the kernel matrix K is defined as in (1.16), « is a vector of dual parameters, C,
and Cj; are regularization constants, e, is an (N + 1)-dimensional vector whose last
element is zero and all other elements are equal to 1, I}, is an (N + 1) x (N + 1)
matrix with all the elements being zero except the :-th diagonal element which is equal
toland P = [[,e] isan N x (N + 1) matrix, where [ is the identity matrix and e is a
vector with all its elements equal to 1. By solving (1.38), we are able to simultaneously
resolve the cluster memberships (through «) and learn the composite kernel E (1.15)
(through 6).

Other Approaches

Zeng and Cheung [126,127] consider a linear combination of basis kernels (1.15) within
the framework of local learning based clustering [119]. An iterative gradient-based
procedure is deployed to locate the clusters and learn the composite kernel. Baili
and Frigui [7] utilize a kernelized version of the popular fuzzy c-means algorithm [99]
and learn a cluster-dependent linear mixture of basis kernels, i.e. the coefficients of
the basis kernels have different values across the different clusters. The optimization
process resembles that of the original fuzzy c-means algorithm, where an additional step
is included to update the cluster-dependent coefficients using closed-form expressions.

Some other interesting unsupervised methods, which infer a linear combination of
basis kernels, can be found in [1,117].

1.4 Thesis Contribution

In this thesis, we study the clustering problem, mainly focusing on three different
axes: i) proximity-based clustering, ii) clustering of data available in multiple views
and iii) learning the kernel along with the cluster assignments using multiple kernel
learning (MKL) techniques. Note that these problems are not completely independent
and there is certain overlap among them. For example, MKL is related to proximity-
based approaches, since instances are represented by kernel matrices, or to multi-view
learning if the basis kernels are derived from different views. Next, we summarize the
contribution of this thesis.

In Chapter 2, we present an approach that improves the k-means algorithm [76].
Specifically, we alter the k-means objective and instead of minimizing the sum of the
intra-cluster variances, we optimize a weighted sum of the intra-cluster variances [108].
The optimization is performed using an efficient iterative algorithm, which closely re-
sembles k-means, and the values of the weights are updated through closed-form
expressions. The main novelty of the proposed objective is that the weights on clusters
predispose our model towards primarily minimizing those clusters which in the current
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iteration exhibit large intra-cluster variances. In this way, the solution space is grad-
ually restricted towards clusters with similar variances. The unweighted summation
in the original k-means objective does not account for the relative differences of the
cluster variances, thus is it very easy, after a bad initialization, to come up with a so-
lution where some of the natural groups in the data have been merged (large variance
clusters) and others have been split (small variance clusters). Hence, our approach can
produce high quality partitionings more regularly than k-means, while restarted from
random initial centers. Moreover, our clustering scheme utilizes a parameter, whose
value must be set prior to execution, that controls how strongly the weighted objec-
tive penalizes larger variance clusters relative to smaller variance clusters. A practical
framework is developed to automatically tune this parameter to the underlying dataset,
so that the intrinsic structures in the data are successfully uncovered. Finally, we also
present a kernelized version of the weighted objective to perform clustering in kernel
space (i.e. feature space) [41] and thus locate nonlinearly separable clusters. The fea-
ture space extension requires only the kernel matrix and not the instances as input,
i.e. it is a proximity-based method.
In a nutshell, we make the following contributions:

e we introduce a novel weighted objective to circumvent the initialization problem
of k-means,

e we incorporate in our model a parameter that controls its behavior, allowing
its adaptation to the dataset, and devise a practical framework to automatically
adjust the value of this parameter,

e we extend our approach to kernel space,

e we experimentally evaluate the efficacy of our approach in overcoming bad initial-
izations and systematically obtaining high quality solutions.

Chapter 3 and Chapter 4, focus on unsupervised multi-view learning (see Sec-
tion 1.2). Most of the existing multi-view methods treat all available views as being
equally important during training. However, in practice, degeneracies may occur, as
views can contain noise or be irrelevant to the problem at hand. Including such views
in the learning process can result in a significant performance degradation. Our key
contribution in multi-view learning is that we present approaches that assign weights
to the views and automatically tune these weights to reflect the quality of the views
and determine their contribution to the clustering solution accordingly, thus providing
robustness over degenerate views.

In more detail, in Chapter 3, we develop two multi-view algorithms that are based
on convex mixture models (CMMs) [71]. CMMs are simplified mixture models that
locate exemplars in the dataset and are characterized by the ability to converge to the
global optimum, thus avoiding the initialization problem of standard mixture models
(see Section 1.1.5). Owur first approach is a simple extension of CMMs to data with
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multiple views that considers all views as equally important [104]. Its most interesting
features are the global optimality of the returned solution, the use of the pairwise
distance matrix of the instances and that the different statistical properties of the views
are taken into account. Our second approach represents each view with a CMM and
learns a weighted combination of those CMMs [106]. Hence, degenerate views can
be identified and appropriately handled. Moreover, this weighted combination has a
probabilistic interpretation and takes into account the statistical properties of each
view. Experiments reveal the superiority of assigning weights to the views.
In a nutshell, we make the following contributions:

e we present two CMM-based multi-view methods, where the first relies equally on
every view and can find the global optimum solution, while the second associates
a weight with each view and, therefore, can spot degenerate views,

e we consider the different statistical properties of the views,

e we experimentally evaluate the effectiveness of our approaches on both noisy and
noise-free artificial datasets, as well as on real data.

Also, in Chapter 4, we draw inspiration from the MKL literature and perform multi-
view clustering by representing each view with a kernel matrix (derived by employing
a kernel function [41] on the view) and learning a weighted combination of the kernel
matrices [107]. The influence of the views can be adjusted through the weights, thus
the effects of degenerate views can be confined. The formulation includes a parameter,
whose value must be set prior to execution, that controls the sparsity of the weights.
A low value results in retaining only the best view (sparse solution), which is useful if
most views are of poor quality, while a large value leads towards a uniform solution,
which is preferable when all views are of similar quality. Intermediate values provide a
tradeoff between these ends. To infer the weights and the cluster assignments, we de-
velop an iterative algorithm that is based on kernel k-means [37,90] (see Section 1.1.3)
and estimates the weights using closed-form updates. Moreover, we exploit the con-
nection between kernel k-means and spectral clustering [37] and present an alternative
optimization algorithm under the spectral perspective.

In a nutshell, we make the following contributions:

e we present a multi-view method that assigns weights to the views,

e we use kernel matrices to represent the views, which connects multi-view learning
to MKL,

e we utilize a parameter in our formulation that controls the sparsity of the weights,

e we develop two optimization strategies, one based on kernel k-means and the

other on spectral techniques,

e we perform experiments on both synthetic and real data.
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Finally, in Chapter 5, we focus on the MKL problem, to simultaneously infer an
appropriate kernel (i.e. infer its parameters) and cluster the instances. As already
mentioned (see Section 1.3), the vast majority of existing (supervised and unsupervised)
MKL frameworks exploit the large margin principle of SVM [12, 19] and perform learning
by maximizing the margin. Instead, here, we propose an objective that utilizes the ratio
between the margin and the intra-cluster variance criterion of kernel k-means [37,90].
The main advantages of this objective are that it explicitly considers both the separation
(margin) and the compactness (intra-cluster variance) of the clusters, hence higher
quality solutions can be possibly attained compared to approaches that rely on either
of the two. Moreover, it has been shown that the margin alone is an unsuitable measure
of the goodness of the learned kernel [45], as it can become arbitrary large by simply
scaling the kernel. We prove that our ratio-based objective is invariant to kernel scaling
and, also, that its global optimum solution is invariant to the type of norm constraint
on the kernel parameters when a linear combination of basis kernels is considered.
Additionally, our formulation can learn different types of parametric kernels (if some
mild conditions are satisfied), while most of the available MKL methods can only handle
parametric kernels of a specific form (usually a linear mixture of basis kernels). For the
optimization, a gradient-based iterative algorithm has been developed that alternates
between updating the kernel parameters and the cluster assignments.

In a nutshell, we make the following contributions:

e we introduce a novel ratio-based objective for MKL clustering that considers both
the separation and the compactness of the clusters,

e we prove that our formulation is invariant to scalings of the learned kernel, as
well as invariant (on its global optimum) to the type of norm constraint on the
kernel parameters when basis kernels are linearly mixed,

e we show that our approach can handle different types of parametric kernels,

e we perform experiments on several diverse real datasets to demonstrate the po-
tential of our framework.

1.5 Thesis Layout

The rest of this thesis is structured as follows. In Chapter 2, we introduce a novel
approach to circumvent the initialization problem of k-means and, also, provide a
kernel space extension of our approach. In Chapter 3 and Chapter 4, we consider the
multi-view clustering problem from different perspectives and develop methods that
assign weights to the views, so that degenerate views are automatically identified and
appropriately handled. Chapter 5 presents a multiple kernel learning method, where
the kernel is learned along with the cluster assignments using a ratio-based objective.
Finally, Chapter 6 summarizes this thesis and overviews directions for future work.
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CHAPTER 2

THE MINMAX k-MEANS CLUSTERING
ALGORITHM

2.1 k-means

2.2 MinMax k-means

2.3 Improving MinMax k-means
2.4 Empirical Evaluation

2.5 Extension to Kernel Space

2.6 Summary

Clustering, is a fundamental problem in data analysis that arises in a variety of fields,
such as pattern recognition, machine learning, bioinformatics and image process-
ing [41, 123]. It aims at partitioning a set of instances into homogeneous groups,
i.e. the intra-cluster similarities are high while the inter-cluster similarities are low, ac-
cording to some clustering objective. However, exhaustively searching for the optimal
assignment of instances to clusters is computationally infeasible and usually a good
local optimum of the clustering objective is sought.

One of the most well-studied clustering algorithms is k-means [76], which minimizes
the sum of the intra-cluster variances. Its simplicity and efficiency have established
it as a popular means for performing clustering across different disciplines. Even an
extension to kernel space has been developed [37, 90], namely kernel k-means, to
enable the identification of nonlinearly separable groups. Despite its wide acceptance,
lk-means suffers from a serious limitation. Its solution heavily depends on the initial
positions of the cluster centers, thus after a bad initialization it easily gets trapped
in poor local minima [21, 86]. To alleviate this shortcoming, k-means with multiple
random restarts is often employed in practice.
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Several methods attempt to overcome the sensitivity to the initialization in a more
principled way. A first group of methods applies special techniques aiming at systemat-
ically avoiding partitionings of poor quality during the restarts. In [3], the initial centers
are selected through a stochastic procedure such that the entire data space is covered.
Theoretical guarantees are provided about the capability of the method to approximate
the optimal clustering. Two approaches that start from random centers and penal-
ize clusters relative to the winning frequency of their representatives are presented
in [8, 114]. Discouraging clusters to which several points have already been assigned
from attracting new points in the subsequent steps has a regularizing effect. Centers
that were initially ill-placed and are currently underutilized can actively participate in
the solution on the following steps, which obstructs outlier clusters from forming and
in effect balances the sizes of the clusters. Some other, analogous, strategies can be
found in [15, 97].

A second group of methods attempts to eliminate the dependence on random initial
conditions, hence restarts are not anymore necessary. Global k-means [74] and its
modifications [5, 6] are incremental approaches that start from a single cluster and at
each step a new cluster is deterministically added to the solution according to an appro-
priate criterion. A kernel-based version of global k-means is also available [103, 105].
In [128] and its extension [38], spectral clustering is applied to locate the global opti-
mum of a relaxed version of the k-means objective, by formulating the problem as a
trace maximization. Although these algorithms are not susceptible to bad initializa-
tions, they are computationally more expensive.

In this chapter we present MinMax k-means, a novel approach that tackles the
lk-means initialization problem by altering its objective [108]. Our method starts from
a randomly picked set of centers and tries to minimize the maximum intra-cluster
variance instead of the sum of the intra-cluster variances. Specifically, a weight is as-
sociated with each cluster, such that clusters with larger variance' are allocated higher
weights, and a weighted version of the sum of the intra-cluster variances criterion is
derived. Different notions of weights have been exploited in the literature across sev-
eral k-means variants. In fuzzy c-means and Gaussian mixture models [99] weights
are used to compute the degree of cluster membership of the instances, while in other
variants weights are assigned to features, or groups of features, such that the tasks of
clustering and feature selection are simultaneously performed [54, 79]. Also, in [58], a
weighting factor is added to each instance in order to detect outliers.

The per cluster weights predispose our algorithm towards primarily minimizing
those clusters that currently exhibit a large variance, in essence confining the occur-
rence of large variance clusters in the outcome, and are learned automatically, along
with the cluster assignments. The proposed method alternates between a minimiza-
tion step, resembling the k-means procedure, and an additional maximization step,

1To avoid cluttering the text, we shall also refer to the intra-cluster variances, simply, as the variances

of the clusters.
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in which the weights are calculated using closed-form expressions. By applying this
weighting mechanism, results become less affected by the initialization and solutions of
high quality can be more consistently discovered, even after starting from a bad initial
set of centers. In addition, the obtained clusters are balanced with respect to their
variance.

The presented algorithm also incorporates a parameter p, whose value must be
specified prior to execution, that adjusts the degree of its bias towards penalizing large
variance clusters. When p = 0, k-means, which has a zero bias, can be deduced as
a special case of our method. A practical framework extending MinMax k-means to
automatically adapt this parameter to the dataset is also developed here, so that the
hidden group structures in the data can be successfully uncovered.

Experiments are conducted on several diverse datasets, including images, handwrit-
ten digits, proteins and patient records. MinMax k-means is compared to k-means, as
well as to k-means++ [3] and pifs k-means [8] that evade degenerate optima, the first by
methodically picking the initial centers and the second by balancing the cluster sizes.
Our empirical evaluation reveals the effectiveness of the proposed clustering scheme in
restricting the emergence of large variance clusters and producing superior solutions
compared to the other three approaches, while restarted from random initializations.
Furthermore, we observe that our algorithm constitutes a very promising technique for
initializing k-means.

Finally, we provide a kernel space extension of MinMax k-means, which enables
the identification of nonlinearly separable clusters in the data. This kernelized version
of MinMax k-means is compared to kernel k-means [37,90] and the obtained results
confirm the superiority of our approach in kernel space as well.

The rest of this chapter is organized as follows. We next briefly describe k-means,
while in Section 2.2 the proposed MinMax k-means algorithm is presented and its
properties are analyzed. Section 2.3 introduces our practical framework for setting the
p parameter. The experiments with regard to MinMax k-means follow in Section 2.4,
before its extension to kernel space is presented in Section 2.5. Section 2.6 concludes
the chapter.

2.1 k-means

To partition a dataset X = {x;}' ,, x; € R into M disjoint clusters, {Cy}_,, k-means
[76] minimizes the sum of the intra-cluster variances (2.1), where V), = le\il Oir||xi —
my|? and m;, = ZZN:1 dirXi/ ZZN:1 0;, are the variance and the center of the k-th cluster,
respectively, and ¢;; is a cluster indicator variable with §;, = 1 if x; € C; and d; = 0

otherwise.

M M N
gsum = Z Vk - Z Z(SikHXi - mk||2 (21)
k=1

k=1 i=1
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Clustering proceeds by alternating between assigning instances to their closest center
and recomputing the centers, until a local minimum is (monotonically) reached.

Despite its simplicity and speed, k-means has some drawbacks, with the most
prominent being the dependence of the solution on the choice of initial centers [21, 86].
Bad initializations can lead to poor local minima, thus multiple random restarts are
usually executed to circumvent the initialization problem. Often, the solutions returned
by the restarts significantly vary in terms of the achieved objective value, ranging from
good to very bad ones, particularly for problems with a large search space (e.g. many
clusters and dimensions). Therefore, numerous runs of the algorithm are required to
increase the possibility of locating a good local minimum.

2.2 MinMax k-means

As discussed in Section 2.1, the sensitivity of k-means to initialization and the diverse
solutions uncovered during the restarts make it difficult to find a good partitioning
of the data. Motivated by this, we propose the optimization of a different objective
and a new methodology that allows k-means to produce high quality partitionings more
systematically, while restarted from random initial centers.

2.2.1 The Maximum Variance Objective

Consider a dataset X = {x;}* |, x; € R to be split into M disjoint clusters, {C;}1,. In-
stead of minimizing the sum of the intra-cluster variances (2.1), we propose to minimize

the maximum intra-cluster variance:

1<k<M 1<k<M

N
Emar = Max V, = max {Zézkﬂxl — mk||2} , (2.2)
i=1

where V;,, m; and §;;, are defined as in (2.1).

The rationale for this approach is the following: the summation over all clusters
in the k-means objective (2.1) allows for similar &,,,, values to be achieved either by
having a few clusters with large variance that are counterbalanced by others with
small variance, or by having a moderate variance for all clusters. This means that
the relative differences among the cluster variances are not taken into account. Note
that the variance of a cluster is a measure of its quality. The above remark does not
hold when minimizing &,,,, though, as the first case above would lead to a higher
objective value. Hence, when minimizing &,,,., large variance clusters are avoided and
the solution space is now restricted towards clusters that exhibit more similar variances.

The previous observation has two important implications. Since k-means minimizes
Esum, it cannot distinguish between the two cases, thus a bad initialization yields a poor
solution that is characterized by substantially different variances among the returned
clusters; a result of natural groups getting merged (large variance clusters) and others
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Figure 2.1: Example (a) of a bad initialization that (b) leads to a poor k-means solu-
tion, consisting of clusters with significantly different variances. On the contrary, our
method, which is based on the notion of the maximum intra-cluster variance, man-
ages to correctly locate the clusters (c), starting from the same initial centers. Different
symbols and colors represent the cluster assignments and centers.

getting split (small variance clusters), or of outlier clusters being formed?. As explained,
the maximum intra-cluster variance objective &,,,, is less likely to converge to such
solutions, hence it is easier to overcome a bad initialization. Thus, we expect a k-means
type algorithm coupled with this objective to be able to uncover better group structures
more consistently during the restarts. An example is illustrated in Figure 2.1.

Additionally, a balancing effect on the clusters occurs. Balanced outcomes have
been pursued in different ways in the literature. For example, in [8] k-means and
spherical k-means are modified to penalize clusters in proportion to the number of
instances assigned to them, while in [39, 83] a graph cut criterion is optimized which
favors the creation of subgraphs where the sums of the edge weights within the sub-
graphs (subgraph associations) are similar. In our case, balancing is done with regard
to the variance of the clusters and not the number of cluster instances. As many real
life applications demand partitionings of comparable size for subsequent data analy-
sis [8], this is a nice and desired property of the presented objective (2.2). Note that a
known shortcoming of k-means is its tendency to produce skewed solutions, i.e. clus-
ters with widely varying number of instances and/or near-empty clusters, especially
for data with many dimensions and clusters, since the solution space vastly expands
in this case [8, 99].

2.2.2 A Relaxed Maximum Variance Objective

Despite the aforementioned advantages, directly minimizing the maximum intra-cluster
variance &,,,, poses a non-trivial optimization problem. To tackle this problem, the ob-

2Let us clarify that a solution with quite different variances on the clusters is not necessarily a bad
one. There are datasets where the natural groups exhibit such structure. We simply claim that such
behavior also arises after a bad initialization, where some groups are merged and others are split.
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jective is relaxed so it can be readily optimized in a k-means iterative fashion. Specifi-
cally, we construct a weighted formulation &, of the sum of the intra-cluster variances
(2.3), where greater emphasis, i.e. a higher weight wy, is placed on clusters with large
variance, to mimic the behavior of the maximum variance criterion (2.2).

M M N M
Eo=Y wiVi=> wh> Gplxi—ml’, wpy >0, Y wy=1,0<p<1  (2.3)
k=1 k=1 =1 k=1

In contrast to &,,.., now, all clusters contribute to the objective, albeit to different
degrees regulated by the wy, values (the wj values, to be precise). Obviously, the more
a cluster contributes (higher weight), the more intensely its variance will be minimized,
as in this way a bigger reduction of the objective is possible. Note that the weights are
not constants, but parameters that must be optimized together with the cluster labels.
We treat weights as parameters to allow their values to accurately reflect the variance
of their respective clusters at each iteration during training and constrain them to
sum to unity to avoid overfitting and get a meaningful optimization problem. The p
exponent is a user specified constant that takes values in the range [0, 1) and controls
the sensitivity of the weight updates to the relative differences of the cluster variances,
i.e. how strongly these differences are echoed by the weights. We shall shortly provide
more insight into the &£, objective and thoroughly explain the role of p.

The general goal of clustering is to produce a partitioning with low intra-cluster
variances (compact clusters) and at the same time we wish to rigorously guard against
solutions in which large variance clusters occur, analogously to &,,,,. In order for the
relaxed objective to penalize large clusters, a higher variance should lead to a higher
weight, which can be realized by maximizing £, with respect to the weights. The
resulting optimization problem is a min-max problem of the form:

M
min max &,, s.t. wy >0, Zwk =1, 0<p<1. (2.4)
{Ci el {wihel, k=1

We propose an iterative algorithm, called MinMax k-means, that alternates between
the C; and wy optimization steps to get a local optimum of &, and the corresponding
derivations are presented next. Note that p is not part of the optimization and must be
fixed a priori.

Minimization Step

By keeping the weights fixed, new cluster assignments and representatives m; are
calculated. For the assignments, because the terms of &, involving the cluster indi-
cator variables ¢;, for the i-th instance are independent of the other instances, the
optimization is straightforward, giving:

I

i = { 1, k= argming <y wy |[x; — myp .

0, otherwise
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Hence, each instance is assigned to the cluster whose weighted distance from the
representative to the instance is the smallest. Moreover, it is evident that as the weight
wy, increases, only instances that are very close to the representative m; are assigned
to the k-th cluster.

To estimate the representatives, the derivatives of the objective function with respect
to my, are set to zero, which yields:

ZiN:1 OikXi
Zﬁ\il Oik

As for k-means, the representatives coincide with the centroids of the clusters and are

m; — (26)

independent of the weights.

Maximization Step

To update the weights for given cluster assignments and centers, the weight constraints
(2.4) are incorporated into the objective via a Lagrange multiplier and the derivatives
with respect to w;, are set to zero. It is easy to verify that the constrained objective is
concave with respect to the weights when 0 < p < 1, hence their optimal values that
maximize &, given the current partitioning can be determined. After some manipulation

the following closed-form solution emerges®:

LM N
Wy = VkH’/ Z V. ”, where V), = Z@‘kHXz —my || 2.7

k'=1 i=1

As1/(1—p) >0, since 0 < p < 1, it can be observed that the larger the cluster variance
V) the higher the weight wy.

2.2.3 Discussion

In this section some aspects of the MinMax k-means algorithm and its relaxed objective
(2.3) are analyzed in more detail. According to (2.7), for a given partitioning of the
data the weights are set proportionally to the cluster variances. In the subsequent
minimization step, the assignment of instances to clusters is made using the weighted
distance from the cluster centers (2.5). Apparently, for highly weighted clusters, the
weighted distance of their representatives from the instances increases. Consequently,
a cluster with large variance may lose some of its current instances that are away from
its center (instances on the periphery of the cluster) and its variance is expected to
decrease. At the same time, low variance clusters, due to the small weights, may also
acquire instances that are not close to their centers and their variance will increase.
Therefore, the iterative procedure of MinMax k-means punishes large variance clusters

3The proof of (2.7) is very similar to that provided in Appendix B (Section B.1) for the MVKKM method,
presented in Chapter 4 of the thesis.
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and operates towards clusters with similar variances, resembling the maximum variance
objective (2.2) whose advantages are carried over.

MinMax k-means requires initial values for the cluster representatives and the
weights. At the start no information about the variance of the clusters is available
and the weights should be uniformly initialized, i.e. w; = 1/M. Similar to k-means,
the solution depends on the initialization of the centers and multiple restarts are nec-
essary. However, as &, shares the same properties with &,,,,, high quality solutions
are anticipated on a regular basis compared to k-means.

Regarding the p values, the most natural choice would be to propose a method
where p = 1. For p = 1 the estimation of the weights simplifies to:

wy, = { L, k= argmax qpo<py Vir (2.8)

0, otherwise

Obviously, in each iteration only the highest variance cluster receives a nonzero weight
and thus in the following minimization step all its instances will be randomly assigned
(2.5) to one of the other, zero-weight, clusters, which clearly signifies a degenerate case.
If p > 1 is selected, the relaxed objective becomes convex with respect to the weights,
thus the weight updates, which take the same form as in (2.7), will minimize £, instead
of maximizing it as required by (2.4). Therefore, only 0 < p < 1 can be permitted.

As for the effect of the p exponent (0 < p < 1), based on (2.7) it can be shown that
the greater (smaller) the p value the less (more) similar the weight values become, as
the relative differences of the variances among the clusters are enhanced (suppressed).
This remark also holds for the w}, values, which are the actual coefficients used in the
relaxed objective (2.3). To demonstrate the above in detail, the ratio between any two
weights, wy/wy, can be considered as an indicator of their similarity. The more this
ratio tends to 1 the more similar the Weights. Assume a fixed clustering i.e. fixed

1
mo— (Ye) T and B = (&) 0<p <.

As p increases, the value of the 1/ (1 - p) and p/(1 — p) exponents grows, thus the

cluster variances V,, and V..

relative differences of the cluster variances are enhanced and both ratios deviate more
from 1, i.e. the weights and coefficients w} attain less similar values (the exact opposite
holds when p is decreased). In other words, p adjusts how intensely the differences of
the cluster variances are reflected on the weights.

Therefore, for a high p value, large variance clusters accumulate considerably higher
wy, and w), values compared to low variance clusters, resulting in an objective that
severely penalizes clusters with high variance. Note that an extremely high p may force
clusters with large variance to lose most, or even all their instances, as their enormous
weights will excessively distance the instances from their centers (2.5), something not
desired of course. On the other hand, for p = 0, all w} coefficients equal 1, hence the
differences of the cluster variances are ignored and actually the k-means criterion is
recovered, which permits high variance clusters. As shown in Section 2.2.1, preventing
the appearance of large variance clusters is helpful in evading poor solutions after a bad

39



initialization and also balances the clusters. However, this tactic may prove problematic
when natural groups with different amounts of variance exist in the dataset, a common
scenario in practice, as it will hinder the clustering process from unveiling the true
structure of the data. We believe that intermediate p values provide a good compromise,
since high variance clusters will be admitted up to a certain extent. In a nutshell, the
p exponent controls how strongly the relaxed objective of MinMax k-means restricts the
occurrence of large variance clusters, allowing its adaptation to the dataset. This is an
important advantage over the maximum variance objective &£,,,,, whose strictness over
large variance clusters cannot be adjusted.

2.3 Improving MinMax k-means

A crucial limitation of the MinMax k-means algorithm is the treatment of the p exponent
as a predefined constant. While from the above discussion it is clear that a moderate p
is preferable, this is a rough assessment that hardly provides an indication as to which
exact p values suit a specific dataset. Therefore, manually selecting an appropriate p is
not trivial and requires repeating the clustering for several p values. This task becomes
even harder given the dependence of the solution on the initial centers for a particular
p.

To circumvent this limitation, we devise a practical framework that extends MinMax
lk-means to automatically adapt the exponent to the dataset, while alternating between
the minimization and maximization steps as before. Specifically, we begin with a small
P (pinit) that after each iteration is increased by step pg.p, until a maximum value
is attained (pjq4.). After p,.q. is reached, clustering continues without changing p.
The idea behind this strategy is that the clusters formed during the first steps are
heavily influenced by the initialization and should be allowed to freely evolve without
considering their differences in variance, thus a small p is desirable (we set p;,;; = 0). As
clustering progresses, p is gradually increased to restrain large variance clusters that
persist in the solution and result in poor outcomes, especially after a bad initialization.
Note that such a progressive punishment of large variance clusters is not possible
when p is fixed a priori. Moreover, since clusters with high variance must not be
completely eliminated in order to correctly uncover the intrinsic structures in the data
(Section 2.2.3), extremely high values for p,,., should be avoided.

As p grows, large variance clusters are susceptible to relinquishing most of their
current instances (see Section 2.2.3). If an empty or singleton cluster appears, it
will receive zero weight in the maximization step as V, = 0. This will cause all the
dataset instances to be assigned to it in the subsequent minimization step (2.5) and
the clustering process will collapse. This situation indicates that p has attained a very
high value for the particular dataset. Whenever an empty or singleton cluster emerges,
irrespective of whether p,,,, has been reached or not, we decrease p by ps.,, revert
back to the cluster assignments corresponding to the previous p value and resume
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clustering from there. Note that p is never increased again in the following iterations.
This manipulation of the p exponent has the same effect as setting p,,.,, to be equal
to the reduced p value from the beginning (here the adjustment is done automatically
though) and actually shows that the presented framework is not very sensitive to the
choice of p,,.., as p will stop increasing when necessary.

To enhance the stability of the MinMax k-means algorithm, a memory effect could
be added to the weights:

M
w,(f) = ﬁw,(:_l) +(1-p) <Vlcllp/ Z kl'1p> , 0=f0<1, 29
k'=1

where 3 controls the influence of the previous iteration weights to the current update,
allowing for smoother transitions of the weight values between consecutive iterations.
It should be stressed that when memory is applied (5 > 0), the newly derived weights
no more correspond to their optimal values for the current partitioning, in contrast
to the case where memory is not employed (see the Maximization Step subsection in
Section 2.2.2). However, this does not negatively affect our method, as convergence to a
local optimum cannot be guaranteed, irrespective of the use of memory, since at every
iteration both a minimization and a maximization of the objective is performed. On
the contrary, our empirical evaluation has shown that memory is beneficial in several
cases and that fewer empty clusters are created.

The change of the relaxed objective’s value (2.3) between two consecutive iterations
serves as the termination criterion. When this change is less than a tiny value e,
we stop. However, as mentioned above, convergence cannot be theoretically ensured,
therefore we also stop if a predefined number of iterations %,,,, is exceeded. In practice
we observed that convergence was achieved in many of our experiments. The pseu-

docode for the complete MinMax k-means algorithm is shown in Algorithm 2.1.

2.4 Empirical Evaluation

The performance of MinMax k-means” is studied on several datasets and we wish to
investigate if indeed its relaxed objective (2.3) limits the occurrence of large variance
clusters and how effective the proposed method is in overcoming bad initializations and
attaining good solutions more regularly than k-means.

To demonstrate the above, first, a comparison to the basic k-means algorithm is
made. As already discussed, k-means does not consider the relative differences of
the clusters, allowing high variance clusters to emerge. Also, its solution is greatly
affected by the initial centers. Hence, this comparison will provide strong evidence
on the effectiveness of MinMax k-means. Moreover, we also experiment with two k-
means variants, called k-means++ and partially incremental frequency sensitive (pifs)
k-means.

4Matlab code is available at: http://www.cs.uoi.gr/~gtzortzi.
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Algorithm 2.1 MinMax k-means.

M
Input: Dataset X = {x,}fil Initial centers {m,(fo)} , Number of clusters M, Secondary

parameters (see text) Pz, Dstepr 5+ € tmag

Output: Cluster assignments {0;};_; np_; - Final centers {mk}kle

1: Sett =0

2: Set pinie = 0

3 Setw” =1/M,Vk=1,...,M

4: Set empty = false // No empty or singleton clusters yet detected.

5: P = Dinit

6: repeat

7. t=t+1

8: for i = 1 to N do // Update the cluster assignments.

9: for k =1to M do . (-\P 1)1y

Lo 52(2) _ 1, k=argming<p <y (wk, ) lx; —m,, ||
0, otherwise

11: end for

12: end for

13:  if empty or singleton clusters have occurred at time ¢ then // Reduce p.

14: empty = true
15: P =D — Dstep
16: if p < pini: then
17: return NULL
18: end if
// Revert to the assignments and weights corresponding to the reduced p.
19: 80 = APy, Yk =1,..., M,Vi=1,...,N
20: w,(f_l) =W, Ve=1,...,M
21: endif
22: forall my, k =1 to M do // Update the centers.
23 m) =¥ 0%/ SN, 6

24: end for
25:  if p < ppar and empty = false then // Increase p.

26: AP) = [52@] // Store the current assignments in matrix A®).
27: w(P) = [w,f_l)] // Store the previous weights in vector w(?),
28: P =D+ Dstep

29: endif

30: for all wg, k =1 to M do // Update the weights.
= 1
st w = BulV 4 (1-p) ((wﬁ”) T e, (V) ) ,

t N ot t
where V,g) =>. 5§k)\|xi — m,(€)||2
32: end for
33: until ‘555’ — &(5—1)‘ <eort >t

M
34: return {52(1?} , {mg)}
i=1,...N,k=1,...M k=1
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Figure 2.3: Indicative images belonging to three individuals from the Olivetti collection.

In k-means++ [3] a stochastic procedure is employed to pick the initial cluster
centers and then k-means is executed from these centers. Specifically, given that k£ — 1
centers have already been selected, instance x; may be selected as the k-th initial center
with a probability that is proportional to its minimum distance from the & — 1 centers.
The above procedure aims at selecting initial centers that cover the entire data space,
thus providing better initializations to k-means (compared to random starts), and,
therefore, constituting a worthy competitor against which to measure our method.

Pifs k-means [8] explicitly penalizes clusters in proportion to the number of in-
stances already assigned to them, according to the following cluster update rule®:

I”

dir, = { et (G el (2.10)

0, otherwise

where \Ck| is the current size of the k-th cluster. Based on (2.10), the larger the
cluster the lower the chance of an instance being acquired by that cluster. Thus,
clusters are balanced in terms of their size, which has been shown to decrease the
sensitivity to bad initializations [8, 114]. Remember (Section 2.2.3), that MinMax Ik-
means, implicitly, through its weighting strategy, operates towards clusters with similar
variances. Therefore, it is interesting to examine how these two different balancing
approaches compare against each other.

2.4.1 Datasets

Six popular datasets are utilized in our empirical study for which the ground-truth is
available. Their features are normalized to zero mean and unit variance, unless stated
otherwise.

SNote that the exact cluster update rule proposed in [8] contains an additional dIn |Cy/| term, where
d is the dataset dimensionality. However, better results were obtained without using this term in our
experiments.
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Table 2.1: Main characteristics of the tested datasets.

Dataset Instances | Features | Classes | Balanced
Coill & Coil2 216 1000 3 Yes
Coil3 360 1000 5 Yes
Multiple features -
2000 240 10 Yes
pixel averages
Multiple features -
2000 216 10 Yes
profile correlations
Pendigits 10992 16 10 Almost
Olivetti 900 2500 10 Yes
Ecoli 307 7 4 No
Dermatology 366 34 6 No

Coil-20 [81] contains 72 images taken from different angles for each of the 20
included objects. As in [56], SIFT descriptors [78] are first extracted from the images
which are then represented by the bag of visual words model using 1000 visual words
and the data vectors are normalized to unit length. For our purposes, three subsets
of Coil-20 were created, Coill (objects 3, 9 and 10), Coil2 (objects 15, 18 and 19) and
Coil3 (objects 2, 4, 7, 10 and 11). The tested objects are shown in Figure 2.2.

Multiple features & Pendigits are two collections of handwritten digits (0-9) from
the UCI repository [42]. Multiple features digits (200 per class) are described in terms
of six different feature sets and we select two of them, namely pixel averages and profile
correlations. Pendigits consists of 10992 instances (roughly 1100 samples per numeral)
in 16-dimensional space.

Olivetti is a face database of 40 individuals with ten 64 xX64 grayscale images per
individual. Based on [43], we only retain the first 100 images, belonging to ten per-
sons, and apply the same preprocessing. Specifically, each image is smoothed using
a Gaussian kernel and then rotated by -10, O and 10 degrees and scaled by a factor
of 0.9, 1.0 and 1.1, resulting in 900 images. Finally, a central 50x50 window of the
images is kept and its pixels are normalized to zero mean and 0.1 variance. A subset
of the considered images is shown in Figure 2.3.

Ecoli (UCIJ) [42] includes 336 proteins from the Escherichia coli bacterium and seven
attributes, calculated from the amino acid sequences, are provided. Proteins belong
to eight categories according to their cellular localization sites. Four of the classes
are extremely underrepresented and are not considered in our evaluation. Note that
classes differ in size, i.e. it is an unbalanced dataset.

Dermatology (UCI) [42] is comprised of 366 patient records that suffer from six
different types of the Eryhemato-Squamous disease. Each patient is described by both
clinical and histopathological features (34 in total). This dataset is also unbalanced.

A summary of the datasets is provided in Table 2.1.
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2.4.2 Experimental Protocol

All tested algorithms, apart from k-means++, are restarted 500 times from the same
randomly chosen initial centers. For k-means++, the stochastic initialization procedure
is executed 500 times. The number of clusters is set equal to the number of classes
in each dataset, throughout the experiments. To evaluate the quality of the returned
solutions, the maximum cluster variance &,,,,, defined in (2.2), and the sum of the
cluster variances &,,,,, defined in (2.1), serve as the main performance measures and
their average and standard deviation over the 500 runs is reported. Note that £y,
favors k-means and k-means++ in the comparisons, since this is the objective optimized
by these two methods. Likewise, &,,,, favors our framework which optimizes a relaxed
version of (2.2). Since the ground-truth is available, the achieved NMI score (2.1 1)% is
also reported. Higher NMI values indicate a better match between the cluster labels

and the class labels.

M c nlb np N
2 ket 2onet W l0g SN by C
P

NMI = . 2.11
o+ Ho (2.11)

Moreover, to assess the computational complexity of the algorithms, their average exe-
cution time (in seconds) is reported.

In a second series of experiments, the cluster centers derived by each execution of
MinMax k-means and pifs k-means are used to initialize a subsequent k-means run.
This allows us to determine if k-means performance can be improved when initialized
by these two approaches and also facilitates the comparison of the tested methods
under a common objective (Eyn).

For MinMax k-means, some additional parameters must be fixed prior to execution
(Pmazs Dsteps B, € and t,,4,). Our method is not particularly sensitive to either p,,,, or
Dstep- Regarding p,,q... p stops increasing when empty or singleton clusters are detected.
For pg.p, one should simply avoid a large step which will cause abrupt changes to the p
value between consecutive iterations. Thus, we do not fine-tune these two parameters
for each dataset and for all the experiments we set p,,, = 0.5 and pg., = 0.01. Note that
empty clusters appear quite often for the selected p,,,, value, indicating that it is already
set to a high value. For [, we tried three different levels of memory, 3 € {0,0.1,0.3}, and
present the corresponding results. Finally, ¢ = 107% and ¢,,,, = 500 for all experiments.

2.4.3 Performance Analysis

The comparison of the algorithms across the various datasets is shown in Tables 2.2-
2.10, where MinMax k-means and pifs k-means are abbreviated as MinMax and pifs,
respectively. Tables 2.2(b)-2.10(b), labeled as “method + k-means”, refer to the ex-
periments where k-means is initialized from the solution of the method designated by

6NV is the dataset size, M the number of clusters, C' the number of classes, nZ the number of points
in cluster k belonging to class h, and H);, Hc the entropy of the clusters and the classes, respectively.
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the corresponding row. For example, we denote as MinMax+k-means (pifs+k-means),
the method where MinMax k-means (pifs k-means) is executed first and its solution is
used to initialize a subsequent run of k-means. Of course, reinitializing k-means with
its own, or the k-means++ solution has no effect and the results are just replicated
from Tables 2.2(a)-2.10(a) for readers’ convenience. Asterisk (*¥), dagger () and double
dagger (}) superscripts denote that MinMax k-means has a statistically significant dif-
ference to k-means, k-means++ and pifs k-means, respectively, according to the t-test
(the significance level is taken as 0.05). A line above (below) these symbols stands for
a higher (lower) average.

From the tables two main observations can be made. First, all memory levels of
MinMax k-means exhibit better (smaller) &,,,, than k-means, k-means++ and pifs k-
means for every dataset (Tables 2.2(a)-2.10(a)), but Pendigits. This clearly displays that
the relaxed objective (2.3) minimizes large variance clusters and mimics the maximum
variance criterion (2.2). Note also that k-means, when initialized by our algorithm,
leads to clusters with lower &,,,, for most datasets (Tables 2.2(b)-2.10(b)). However,
lk-means optimizes the sum of the variances and does not consider the maximum
variance. Hence, it is reasonable in this case that &,,,, increases compared to that
before employing k-means and that pifs+k-means produces equal or better &,,,, scores
than MinMax+k-means for half of the datasets.

Second, our method outperforms k-means for all the metrics (apart from execution
time) reported in Tables 2.2-2.10, demonstrating its ability to attain good partitionings
on a more frequent basis. To add to the above, MinMax+k-means obtains lower &,
and higher NMI values than k-means, i.e. k-means converges to better local minima
when initialized by MinMax k-means. Actually, the main difference between k-means
and MinMax+k-means is that some restarts of the former return solutions with exces-
sively high &, (its higher standard deviation is indicative of that), while for the latter
such poor outcomes do not emerge, illustrating the robustness of MinMax k-means
over bad initializations.

Considering k-means++, its stochastic initialization process improves performance,
as lower &,,,, and &,,, (and equal NMI) values are acquired on most cases compared
to the randomly restarted k-means. When put up against MinMax k-means though,
similar conclusions to those mentioned above for kk-means can be drawn, further estab-
lishing the potential of the presented framework. It is of particular interest that Min-
Max+k-means yields better &;,,, and NMI scores on every dataset, despite k-means++
carefully picking the initial centers. This definitely reveals that the centers outputted
by MinMax k-means consist good initializations for k-means.

The proposed algorithm is also superior to pifs k-means. Specifically, it always
reaches a lower &,,,, (the exception being Multiple features-profile correlations for 5 =
0.1 and Pendigits for 7 = 0.1 and § = 0.3), while for &,,,, it gets ahead on four of the
nine datasets and it is only beaten two times. For the remaining three (Coil3, Multiple

features-profile correlations and Pendigits), there is at least one memory level for which
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Table 2.2(a): Comparative results on the Coill dataset.

Method Emax Esum NMI Time
MinMax (3 = 0) | 46.61+0.002 | 119.02 +0.001* | 0.88 +0.0011 || 0.54 (0.54)
MinMax (3 = 0.1) | 45.75+0.00%F | 119.24 +0.00%T | 0.87 +0.00%1! || 0.42 (0.42)
MinMax (3 = 0.3) | 45.04 + 0.00= | 119.40 + 0.005F | 0.87 +0.00%1 || 0.42 (0.42)
k-means 66.33 + 19.46 121.24 +£7.12 0.89 £+ 0.16 0.07
k-means++ 64.92 + 18.83 121.01 4+ 7.18 0.90 +0.16 0.09
Pifs 53.43 £ 0.00 117.82+0.00 | 1.00 =+ 0.00 0.07

Table 2.2(b): Comparative results on the Coill dataset when k-means is initialized by

the solution returned by MinMax k-means and pifs k-means.

Method + k-means Emax Esum NMI Time
MinMax (3 = 0) | 53.4340.00% | 117.82 +0.00%L | 1.00 + 0.00%" || 0.58 (0.58)
MinMax (3 = 0.1) | 53.43 +0.00*! | 117.82 + 0.00*! | 1.00 + 0.00*1 || 0.45 (0.45)
MinMax (3 = 0.3) | 53.43 +0.005" | 117.82 +0.00%f | 1.00 +0.00*T || 0.46 (0.46)
k-means 66.33 £ 19.46 121.24+£7.12 0.89 £0.16 0.07
k-means++ 64.92 + 18.83 121.01 £7.18 0.90 £ 0.16 0.09
Pifs 53.43 +£0.00 117.82 +0.00 1.00 £0.00 0.09
Table 2.3(a): Comparative results on the Coil2 dataset.
Method Emax Esum NMI Time
MinMax (3 = 0) | 58.74 4 0.36* | 154.49 + 1.041 | 0.95 + 0.14%1 || 1.94 (0.47)
MinMax (3 = 0.1) | 57.14 £ 0.35*1 | 155.09+0.85 | 0.91+£0.13*1F || 0.45 (0.44)
MinMax (3 = 0.3) | 58.73 + 0.4251F | 15456 +1.0951F | 0.94+0.14%TF | 0.52 (0.52)
k-means 77.46 + 18.74 155.49 £+ 2.26 0.80 £0.16 0.09
k-means++ 74.33 £ 16.87 155.18 £ 1.85 0.82+0.16 0.10
Pifs 59.48 £1.11 155.96 £ 1.61 0.75+0.19 0.11

Table 2.3(b): Comparative results on the Coil2 dataset when k-means is initialized by

the solution returned by MinMax k-means and pifs k-means.

Method + k-means Emax Esum NMI Time
MinMax (3 =0) | 58.95+ 0.97* | 154.38 + 0.93*™ | 0.95 + 0.13*1 || 1.97 (0.50)
MinMax (3 = 0.1) | 59.03+ 1.705F | 154.39+0.94%1f | 0.95 +0.13%1F || 0.47 (0.46)
MinMax (3 = 0.3) | 59.11+ 198 | 154.42+0.96*1 | 0.94+0.14%1 | 0.55 (0.55)
k-means 77.46 + 18.74 155.49 + 2.26 0.80 +0.16 0.09
k-means++ 74.33 4 16.87 155.18 + 1.85 0.82 4 0.16 0.10
Pifs 62.84 + 7.06 155.58 + 1.50 0.77 4+ 0.19 0.14
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Table 2.4(a): Comparative results on the Coil3 dataset.

Method Emax Esum NMI Time
MinMax (3 = 0) | 58.0040.275% | 245.95+0.7121 | 0.99 + 0.03% || 3.29 (0.74)
MinMax (3 = 0.1) | 57.90 + 0.25*1% | 245.64 +0.75*1 | 0.99 +0.03* | 5.46 (0.81)
MinMax (3 = 0.3) | 53.24 +0.405 | 249.82+0.24F | 0.94+0.01%7 | 3.36 (0.82)
k-means 101.95 + 29.81 249.64 + 5.64 0.88 £ 0.08 0.15
k-means++ 96.35 = 28.37 249.13 =+ 5.45 0.89 + 0.07 0.18
Pifs 58.39 £ 1.07 246.47 + 2.52 0.95 + 0.08 0.20

Table 2.4(b): Comparative results on the Coil3 dataset when k-means is initialized by

the solution returned by MinMax k-means and pifs k-means.

Method + k-means Emax Esum NMI Time
MinMax (3 = 0) 58.30 £ 2.85%1 | 245414 0.412F | 0.99 +0.02*F || 3.33 (0.82)
MinMax (3 = 0.1) | 58.26+2.725F | 24541 +0.413 | 0.99 +0.0271F || 5.51 (0.90)
MinMax (3 = 0.3) | 58.03 + 1.77*1* | 245.40 + 0.23™ | 0.99 +0.01%11 || 3.40 (0.89)
k-means 101.95 + 29.81 249.64 + 5.64 0.88 + 0.08 0.15
k-means++ 96.35 + 28.37 249.13 + 5.45 0.89 4+ 0.07 0.18
Pifs 64.12 +9.50 245.68 + 2.01 0.96 4 0.06 0.25

Table 2.5(a): Comparative results on the Multiple features (pixel averages) dataset.

Method Emax Esum NMI Time
MinMax (G = 0) 149.60 + 9.56%1* 1239.33 £ 6.19TF | 0.68 £0.03%1t || 2.59 (2.00)
MinMax (0 = 0.1) | 146.73 + 14.70%% 1240.49 + 8.61% | 0.68 +0.03Ht || 2.36 (1.98)
MinMax (3 = 0.3) | 145.00 + 17.17*1% | 1243.09 + 13.05%T% | 0.68 & 0.042 || 2.22 (1.50)
k-means 222.50 + 33.95 1238.36 + 12.51 0.71 £0.04 0.66
k-means++ 219.63 + 36.34 1237.24+11.18 0.71 £0.04 0.80
Pifs 150.75 £+ 4.47 1237.84 +4.31 0.72 +0.05 1.03

Table 2.5(b): Comparative results on the Multiple features (pixel averages) dataset when
kk-means is initialized by the solution returned by MinMax k-means and pifs k-means.

Method + k-means Emax Esum NMI Time
MinMax (3 = 0) | 202.03+23.73*TF | 1230.64 +5.56*% | 0.72+0.03"t || 2.87 (2.28)
MinMax (3 = 0.1) | 200.20 & 23.89=IF | 1230.52 +5.38%1% | 0.72 +0.03%1 || 2.66 (2.28)
MinMax (3 = 0.3) | 198.91 + 24.515/F | 122977 + 4.271t | 0.72 +0.03*™F | 2.55 (1.83)
k-means 222.50 + 33.95 1238.36 + 12.51 0.71 4+ 0.04 0.66
k-means++ 219.63 + 36.34 1237.24 + 11.18 0.71 4+ 0.04 0.80
Pifs 177.06 + 21.25 1232.07 + 3.53 0.74 + 0.04 1.30
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Table 2.6(a): Comparative results on the Multiple features (profile correlations) dataset.

Method Emazx Esum NMI Time
MinMax (G = 0) | 118.60 + 7.63*™ | 966.96 + 8.43*1% | 0.69+0.04% || 2.84 (1.98)
MinMax (3 = 0.1) | 150.97 & 52.71%F | 1004.81 & 52.86¥'F | 0.67 + 0.04f | 3.93 (1.82)
MinMax (3 = 0.3) | 120.21 +15.16*1f | 972.86 + 13.50""F | 0.69 +0.04} || 2.13 (1.03)
k-means 179.22 + 41.17 970.18 & 15.90 0.69 + 0.04 0.49
k-means++ 175.74 + 37.88 968.81 + 15.43 0.69 + 0.03 0.63
Pifs 133.29 4 10.57 974.54 + 5.63 0.71 +0.04 1.00

Table 2.6(b): Comparative results on the Multiple features (profile correllations) dataset

when k-means is initialized by the solution returned by MinMax k-means and pifs k-
means.

Method + k-means

Emaz Esum NMI Time
MinMax (G = 0) 155.36 + 16.13*11 | 958.28 +6.97*% | 0.70 +0.03%1L || 3.05 (2.19)
MinMax (3 = 0.1) | 154.59+13.081f | 957.78 + 6.5421% | 0.70 +0.03%TF || 4.17 (2.04)
MinMax (3 = 0.3) | 153.97 + 12.22*1 | 957.63 + 6.28%1 | 0.70 + 0.037% | 2.37 (1.26)
k-means 179.22 4 41.17 970.18 + 15.90 0.69 = 0.04 0.49
k-means++ 175.74 4 37.88 968.81 + 15.43 0.69 = 0.03 0.63
Pifs 160.16 4 11.63 962.93 + 3.56 0.72 + 0.04 1.26
Table 2.7(a): Comparative results on the Pendigits dataset.
Method Emazx Esum NMI Time
MinMax (3 = 0) | 7769.50 + 1249.80%'f | 61140.86 = 659.817F | 0.68 £ 0.01211 || 2.72 (2.23)
MinMax (5 = 0.1) | 17497.21 + 5431.6571F | 71599.61 = 5066.73%F | 0.64 +0.03*% || 4.79 (1.47)
MinMax (3 = 0.3) | 8849.21 + 1706.73*1F | 62345.44 +1266.36"7F | 0.69+0.01% || 2.27 (0.91)
k-means 11576.43 + 3125.47 61024.17 4 1333.92 0.69 4 0.02 0.55
k-means++ 11857.89 + 3039.04 | 60940.96 +1294.01 | 0.69 +0.02 0.56
Pifs 8623.37 & 329.35 61895.12 + 643.98 0.70 £ 0.01 3.06

Table 2.7(b): Comparative results on the Pendigits dataset when k-means is initialized
by the solution returned by MinMax k-means and pifs k-means.

Method + k-means Emax Esum NMI Time
MinMax (5 = 0) 9403.21 + 2760.33*L 60681.71 + 710.50%L 0.69 + 0.01% 2.88 (2.39)
MinMax (7 = 0.1) 9835.21 + 2444.54*11 60447.71 4+ 751.37*1F | 0.70 £ 0.01*7% || 4.99 (1.60)
MinMax (3 = 0.3) | 9258.11 + 2590.49*" | 60366.92 + 731.99*1% | 0.69 +0.01% 2.50 (1.07)
k-means 11576.43 + 3125.47 61024.17 + 1333.92 0.69 £+ 0.02 0.55
k-means++ 11857.89 £ 3039.04 60940.96 + 1294.01 0.69 £ 0.02 0.56
Pifs 9289.79 + 672.91 60722.65 + 684.59 0.71 £ 0.00 3.25
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Table 2.8(a): Comparative results on the Olivetti dataset.

Method Emazx Esum NMI Time
MinMax (3 =0) | 1217.72+55.18*F | 11016.58 + 44.35%1 | 0.34 +0.04 || 7.80 (7.43)
MinMax (G = 0.1) | 1207.91 +86.61%% | 11019.11+83.40*T | 0.34 +0.04 | 7.26 (7.10)
MinMax (G = 0.3) | 1198.19 +92.13*T* | 11019.25 +69.03*" | 0.34 +0.04 | 6.50 (6.22)
k-means 1610.49 + 152.77 11034.374+61.38 | 0.34+0.03 2.40
k-means++ 1624.46 + 158.38 11031.70 4+ 64.07 | 0.34 +0.03 2.82
Pifs 1305.87 + 36.61 11024.36 £45.72 | 0.34 4+ 0.03 2.97

by the solution returned by MinMax k-means and pifs k-means.

Table 2.8(b): Comparative results on the Olivetti dataset when k-means is initialized

Method + k-means Emax Esum NMI Time
MinMax (3 = 0) | 1383.35+ 120.4557 | 10985.52+41.705F | 0.34+0.04 || 8.61 (8.24)
MinMax (G = 0.1) | 1374.73+117.89*T | 10984.49 + 41.86*% | 0.34 +0.04 || 8.04 (7.88)
MinMax (3 = 0.3) | 1367.46+ 116.57*1 | 10980.86 + 42.48"T% | 0.34 +0.04 || 7.33 (7.05)
k-means 1610.49 & 152.77 11034.37 £ 61.38 | 0.34 4+ 0.03 2.40
k-means++ 1624.46 + 158.38 11031.70 £ 64.07 | 0.34+0.03 2.82
Pifs 1362.69 + 101.90 10993.37+40.90 | 0.34+0.03 3.91
Table 2.9(a): Comparative results on the Ecoli dataset.
Method Emax Esum NMI Time
MinMax (3 =0) | 5.294+0.1555 | 15.94 +0.24%% | 0.58 £ 0.012F || 0.18 (0.06)
MinMax (3 = 0.1) | 5.02+0.25*F | 15.724+0.04" | 0.57 +0.01F | 0.11 (0.05)
MinMax (3 = 0.3) | 4.80 +0.00%1f | 15.73£0.00f | 0.58 £ 0.00=F || 0.05 (0.05)
k-means 6.38 + 0.88 15.68 +0.54 | 0.61+0.02 0.02
k-means++ 6.60 4 1.58 15.794+1.02 | 0.61+0.03 0.01
Pifs 5.30 & 0.28 16.19 +0.15 0.55 4 0.01 0.04

the solution returned by MinMax k-means and pifs k-means.

Table 2.9(b): Comparative results on the Ecoli dataset when k-means is initialized by

Method + k-means Emax Esum NMI Time
MinMax (3 =0) | 6.29 +0.1121F | 1540 +0.03*1f | 0.63 £ 0.007" || 0.19 (0.06)
MinMax (3 = 0.1) | 6.29+0.00%1f | 15.39 +0.00*! | 0.63 +0.007% || 0.12 (0.06)
MinMax (3 = 0.3) | 6.29+0.0051F | 15.39 + 0.00%f | 0.63 +0.007F || 0.05 (0.05)
k-means 6.38 4 0.88 15.68 4 0.54 0.61 4 0.02 0.02
k-means++ 6.60 + 1.58 15.79 + 1.02 0.61 4 0.03 0.01
Pifs 6.04+0.35 15.65 4 0.19 0.61 4 0.02 0.05
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Table 2.10(a): Comparative results on the Dermatology dataset.

Method Emax Esum NMI Time
MinMax (3 = 0) | 1513.85+ 316.421t | 5672.82 + 272.21%1f | 0.82 +0.03% || 0.37 (0.18)
MinMax (5 = 0.1) | 1439.76 +296.765F | 5685.16 +237.35%% | 0.82+0.03" || 0.37 (0.16)
MinMax (5 = 0.3) | 1368.05 + 347.04*1f | 5703.26 +195.8751 | 0.82+0.01% | 0.49 (0.16)
k-means 2247.59 + 804.75 5885.92 + 542.49 0.82 +0.07 0.10
k-means++ 2134.54 + 681.34 5800.23 4 448.38 0.82 +0.07 0.11
Pifs 1650.13 4 91.99 6057.18 + 50.62 0.80 4 0.01 0.08

Table 2.10(b): Comparative results on the Dermatology dataset when k-means is ini-

tialized by the solution returned by MinMax k-means and pifs k-means.

Method + k-means Emazx Esum NMI Time
MinMax (3 = 0) 1683.33 + 402,518 | 5578.95+ 295.56:1F | 0.86 +0.04%1% || 0.42 (0.23)
MinMax (3 = 0.1) | 1609.88 +379.81%1% | 554856+ 263.49*11 | 0.86+0.03" || 0.42 (0.21)
MinMax (3 = 0.3) | 1395.32 + 109.48*" | 5441.13 + 107.40% | 0.87 +0.01% || 0.54 (0.21)
k-means 2247.59 + 804.75 5885.92 + 542.49 0.82 + 0.07 0.10
k-means++ 2134.54 + 681.34 5800.23 + 448.38 0.82 + 0.07 0.11
Pifs 1761.13 + 358.36 5496.97 + 207.25 0.87 +0.02 0.10

pifs k-means is outperformed. As &,,,, is biased towards MinMax k-means and &,,, is
optimized by neither algorithm, to get a more meaningful and fair comparison we should
focus on MinMax+k-means and pifs+k-means. In this case, &, is the most informative
measure, since it coincides with the k-means objective, and consistently MinMax+Ic-
means edges ahead (apart from Dermatology when 3 = 0 or 3 = 0.1), signifying that
the MinMax k-means solutions are of higher quality and thus when fed to k-means
improved local optima are attained. In terms of NMI, they are closely matched, each
achieving a better score than the other on half of the datasets (Tables 2.2-2.10). Note
that apart from Ecoli and Dermatology, all other datasets consist of classes of equal
size, thus we would expect pifs k-means, which explicitly balances the cluster sizes,
to have the upper hand for this metric. Therefore, we can conclude that balancing the
variance of the clusters is a more effective strategy.

By examining how memory affects the results, the following pattern arises. As the
amount of memory grows, a greater reduction of &,,,, is possible, which is usually ac-
companied by an increase over &, (Tables 2.2(a)-2.10(a)). This can be explained from
Table 2.11, which depicts a remarkable rise on the number of restarts that are free of
empty or singleton clusters as memory increases. When no empty or singleton clusters
are detected, p reaches p,,,, in our framework and, remember, that for higher p values
large variance clusters are heavily punished, while less effort is put into minimizing the
sum of the cluster variances. Two datasets severely deviate from the previous pattern,
Multiple features-profile correlations and Pendigits, for which the use of memory (es-
pecially 3 = 0.1) yields partitionings of very poor quality. NMI-wise, 7 = 0.1 seems to
be slightly worse than 3 = 0 and # = 0.3. For MinMax+k-means, the setting where
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Table 2.11: Percentage (%) of MinMax k-means restarts over all nine datasets for which
empty or singleton clusters never occur, in relation to the memory level.

Memory Level | Percentage
=0 14.96
8=0.1 54.37
=03 91.19

# = 0.3 always displays (apart from Coil2) a better or, at least, equal score for &,,,.,
Esum and NMI than the other two (3 settings. However, the performance differences
between the memory levels for MinMax+k-means are small and, in general, not statis-
tically significant on most datasets. Hence, larger memory seems to only slightly boost
efficacy when initializing k-means.

The average execution time per run (in seconds) unveils, as anticipated, that k-
means is the fastest method, followed by k-means++, pifs k-means and MinMax k-
means. MinMax k-means is slower than k-means by a factor ranging between 3-6,
depending on the dataset. This higher execution time is a direct consequence of our
method requiring more iterations to converge, due to the process employed for adapting
p to the data, and also the fact that for some restarts convergence is not achieved, hence
tmae iterations are performed. Note that ¢,,,, is set to a high value in the experiments
(tmae = D00). For this reason, the execution time for only those restarts that do converge
is also shown (in parentheses) and for Coil3, Multiple features-profile correlations,
Pendigits, Ecoli and Dermatology a significant reduction is observed. However, MinMax
le-means is still more time consuming.

Overall, the experimental evaluation has revealed that MinMax k-means is superior
to k-means, k-means++ and pifs k-means, although it incurs a higher computational
cost. Importantly, our method guards against large variance clusters and evades poor
solutions after bad initializations. Furthermore, it constitutes a sound approach for
initializing k-means. This superior performance has been attained for general p,,,, and
Dstep Values that were not tailored to each particular dataset, which greatly enhances
the applicability of the presented algorithm. Regarding the use of memory, a higher
memory further limits large variance clusters as well as the occurrence of empty or
singleton clusters, but increases &,,,, and its gains when used to initialize k-means are
small. We could argue that memory is helpful, but not considerably, and even without
memory (3 = 0) solutions of very good quality can be obtained. As already discussed,
the convergence of MinMax k-means cannot be theoretically guaranteed. However, for
the conducted experiments about 60% of the restarts across all datasets do converge,
empirically validating that runs which stop at a local optimum of the relaxed objective
(2.3) are frequently encountered. Finally, a note on the Olivetti dataset, where the
compared methods attain identical NMI scores (Tables 2.8(a)-2.8(b)): despite the NMI
being equal on average, many of the individual restarts exhibit significant differences
across the different methods.
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2.5 Extension to Kernel Space

The MinMax k-means algorithm can be readily extended to perform kernel-based clus-
tering [41], so that nonlinearly separable clusters are detected in the data. Analogously
to kernel k-means’ [37,90], which generalizes k-means to kernel space, the dataset
X = {Xz}f\il x; € R is mapped from input space to a higher dimensional reproducing
kernel Hilbert space H, a.k.a. feature space, via a nonlinear transformation ¢ : X — H.
The MinMax k-means relaxed objective becomes:

M

M N
Evw =Y wl> Sullo(x) —myl’, wp >0, Y wp=1,0<p<1, (2.12)
k=1 i=1 k=1

where m;, = Zf\il dird(x;)/ Zf\il 0;r is the center of the k-th cluster in feature space.
The cluster indicator variables J;;, the weights w; and the p exponent are defined as
in (2.3). To obtain a partitioning of the data, we must solve the min-max optimization
problem of (2.4), but with &, defined according to (2.12).

As for kernel k-means, a kernel function K : X x X — R [41] is applied to directly
provide the inner products in feature space without explicitly determining transforma-
tion ¢, giving rise to the kernel matrix K € RV, K;; = K(x;,x;) = ¢(x;)T¢(x;). The
squared Euclidean distances in (2.12) can now be computed using solely the kernel
matrix entries:

230, 0k N S Yo Okl
Z;'V:I djk Z;‘V:I 1 Ok

Note that although the centers m; cannot be analytically calculated, since ¢ is un-

||¢(Xz') - mk”2 = K —

(2.13)

known, Algorithm 2.1 requires only a few, tiny modifications in order to conduct clus-
tering in feature space, giving rise to the MinMax kernel k-means algorithm.

2.5.1 Empirical Evaluation

To investigate whether the potential observed in input space for MinMax k-means
carries over to feature space, MinMax kernel k-means is compared to kernel k-means
[37,90] on the Multiple features and Pendigits handwritten numerals, the Olivetti face
database, and the artificial, Ten rings, dataset shown in Figure 2.4. The description of
the first three datasets and their preprocessing details can be found in Section 2.4.1.
Ten rings consists of five copies of two rings, where the inner ring is dense and has
700 points, while the outer ring has 300 points, yielding a total of 5000 points and ten
clusters.

For all experiments we employ the rbf kernel function. The same experimental
protocol as for the input space case is adopted (Section 2.4.2), however, &,,,, and g,y

are appropriately redefined to reflect the maximum cluster variance and the sum of

"For details on kernel k-means see Chapter 1, Section 1.1.3.
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Figure 2.4: The Ten rings dataset.

the cluster variances in feature space, respectively. Similarly to MinMax k-means, we
execute an additional series of experiments, where the solution returned by MinMax
kernel k-means is used to initialize a subsequent run of kernel k-means.

Results are reported in Tables 2.12-2.16, where MinMax kernel k-means is abbre-
viated as Kernel MinMax. It can be observed that our method attains lower &,,,, values
for all datasets, demonstrating, once again, its ability to penalize large variance clus-
ters. It also outperforms kernel k-means in terms of £,,,, and NMI, hence higher quality
solutions are located on a more regular basis. Importantly, kernel k-means converges
to better local minima when initialized by MinMax kernel k-means (Tables 2.12(b)-
2.16(b)). Let us stress that for the Ten rings dataset, kernel k-means uncovers the
correct partitioning three times over the 500 restarts, while, when initialized by our
approach it does so for 11 (8 = 0), 26 (3 = 0.1) and 29 (3 = 0.3) times. Of course,
kernel k-means is faster on all tested data for the same reasons k-means is faster than
MinMax k-means (Section 2.4.3).

Overall, the superior performance of MinMax k-means in input space is carried over

to feature space and similar conclusions can be drawn for our method.

2.6 Summary

In this chapter, we have presented the MinMax k-means algorithm, a principled ap-
proach to circumvent the initialization problem associated with k-means [108]. Weights
are assigned to the clusters in proportion to their variance and a weighted version of the
lk-means objective is optimized to restrain large variance clusters from appearing in the
solution. A user specified p exponent is utilized to control the strictness of our method
over large variance clusters. By punishing large variance clusters, bad initializations
can be readily overcome to consistently uncover partitionings of high quality, irrespec-
tive of the initial choice of the cluster centers. Additionally, clusters are balanced in
terms of their variance, which may prove useful as many data analysis scenarios re-
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Table 2.12(a): Comparative results on the Ten rings dataset.

Method Emax Esum NMI Time
oc=1.8
Kernel MinMax (3 = 0) | 671.824 390.04* | 1290.80 + 175.90% | 0.8540.03* || 119.63 (13.02)
Kernel MinMax (3 = 0.1) | 297.43 +272.89* | 1103.29+113.92 | 0.88 £ 0.01* || 80.28 (14.77)
Kernel MinMax (6 = 0.3) | 150.81 +£95.40* | 1062.91 +47.54* | 0.88+ 0.01* 32.71 (15.30)
Kernel k-means 337.63 £+ 225.56 1092.89 + 165.66 | 0.91 + 0.04 5.05

Table 2.12(b): Comparative results on the Ten rings dataset when kernel k-means is
initialized by the solution returned by MinMax kernel k-means.

Method + kernel k-means
gma:z: gsum NMI Time
c=1.8
Kernel MinMax (G = 0) 280.59 4+ 85.07% 1052.48 + 67.93* 0.92 4+ 0.03* 124.00 (15.99)
Kernel MinMax (G = 0.1) 249.04 + 66.71* 1028.55 + 51.96* 0.93 4+ 0.03* 83.45 (18.18)
Kernel MinMax (G = 0.3) 208.90 + 42.50* | 1011.98 +47.74* | 0.95 + 0.03* 36.27 (18.92)
Kernel k-means 337.63 & 225.56 1092.89 + 165.66 0.91 £0.04 5.05

Table 2.13(a): Comparative results on the Multiple features (pixel averages) dataset.

Method Emax Esum NMI Time
o=15
Kernel MinMax (G = 0) 109.18 £ 6.22* 937.11+4.10 | 0.70 4 0.04* || 4.30 (3.80)
Kernel MinMax (6 = 0.1) | 106.48 £ 4.73* 937.26 £3.98 | 0.70 4+ 0.05* || 4.36 (3.86)
Kernel MinMax (G = 0.3) | 103.70 +£ 6.53* | 937.41 +3.55 | 0.70 £ 0.05% || 4.06 (3.33)
Kernel k-means 172.10£27.68 | 937.04+7.13 | 0.72+0.04 1.18

Table 2.13(b): Comparative results on the Multiple features (pixel averages) dataset
when kernel k-means is initialized by the solution returned by MinMax kernel k-means.

Method + kernel k-means .
Emax Esum NMI Time
o=15
Kernel MinMax (G = 0) 150.30 £ 17.19* 931.87 £3.47% | 0.74 4 0.04% || 4.99 (4.49)
Kernel MinMax (6 = 0.1) 148.84 £ 17.40* 931.76 £+ 3.22% | 0.74 4 0.04* || 5.07 (4.58)
Kernel MinMax (3 = 0.3) | 145.24 +17.27* | 931.66 & 3.15* | 0.74 4 0.04* || 4.76 (4.02)
Kernel k-means 172.10 £ 27.68 937.04 £7.13 0.72 £0.04 1.18

Table 2.14(a): Comparative results on the Multiple features (profile correlations)

dataset.
Method Emax Esum NMI Time
c=9
Kernel MinMax (G = 0) 154.81 £+ 7.88* 1328.24 + 7.83* 0.74 £ 0.05* 4.65 (3.94)
Kernel MinMax (G = 0.1) 152.03 +£9.64* | 1328.23+7.63* | 0.74 + 0.05% 4.19 (3.96)
Kernel MinMax (G = 0.3) | 146.88 + 6.63* 1328.34 £+ 6.83% 0.75 + 0.05% || 4.01 (3.30)
Kernel k-means 263.28 +57.90 1332.17 £ 12.37 0.72 +0.03 1.02

55



Table 2.14(b): Comparative results on the Multiple features (profile correlations) dataset
when kernel k-means is initialized by the solution returned by MinMax kernel k-means.

Method + kernel k-means .
9 Smaac Ssum NMI Time
g =
Kernel MinMax (5 = 0) 213.95 4+ 14.14* 1320.24 £ 7.16* 0.75 £ 0.03% 5.26 (4.56)
Kernel MinMax (G = 0.1) 213.23 + 12.83* 1319.68 £ 6.95% 0.75+£0.03* || 4.81 (4.58)
Kernel MinMax (G = 0.3) 212.91+11.86* | 1318.93 +£6.23* | 0.76 +0.03* || 4.64 (3.93)
Kernel k-means 263.28 +57.90 1332.17 £+ 12.37 0.72£0.03 1.02
Table 2.15(a): Comparative results on the Pendigits dataset.
M
ethod Emazx Esum NMI Time
c=21
Kernel MinMax (G = 0) 770.06 &+ 26.33% | 6622.69 +12.46% | 0.74+0.01* | 90.71 (86.48)
Kernel MinMax (6 = 0.1) 753.16 +49.07% 6627.69 &= 12.52* 0.74 £0.01% | 94.08 (89.68)
Kernel MinMax (5 = 0.3) | 728.18 + 46.54* 6632.42 4+ 8.12* 0.75+0.01% || 79.13 (64.87)
Kernel k-means 1712.13 + 291.25 6659.10 4+ 108.98 0.74 +0.03 27.75

Table 2.15(b): Comparative results on the Pendigits dataset when kernel k-means is
initialized by the solution returned by MinMax kernel k-means.

Method + kernel k-means
Emax Esum NMI Time
oc=21
Kernel MinMax (G = 0) 1568.09 + 34.37* | 6515.30 +4.46* | 0.78 - 0.00* || 100.51 (96.31)
Kernel MinMax (G = 0.1) 1570.27 £+ 43.60= 6516.96 + 11.03% | 0.78 + 0.00* || 103.72 (99.30)
Kernel MinMax (G = 0.3) 1568.22 + 17.76= 6515.51 + 5.46% | 0.78 &+ 0.00* 88.25 (73.83)
Kernel k-means 1712.13 £ 291.25 6659.10 4= 108.98 0.74 +£0.03 27.75
Table 2.16(a): Comparative results on the Olivetti dataset.
Method Emax Esum NMI Time
oc=26.5
Kernel MinMax (G = 0) 24.42 +1.04% 223.48 +0.80* | 0.35 +0.04 || 0.52 (0.49)
Kernel MinMax (6 = 0.1) | 24.18 +£0.86* 223.4740.81* | 0.35 £0.04 || 0.49 (0.47)
Kernel MinMax (6 = 0.3) | 23.96 + 0.95* | 223.44 + 0.80* | 0.35+0.04 || 0.44 (0.43)
Kernel k-means 32.69 £+ 3.40 223.88 +1.19 0.35+0.03 0.18

initialized by the solution returned by MinMax kernel k-means.

Table 2.16(b): Comparative results on the Olivetti dataset when kernel k-means is

Method + kernel k-means
gmam gsum NMI Time
oc=6.5
Kernel MinMax (G = 0) 27.66 + 2.33* 222.914+0.76* | 0.35+0.04 || 0.60 (0.56)
Kernel MinMax (5 = 0.1) 27.52 + 2.40* 22290+ 0.77* | 0.35£0.04 || 0.57 (0.55)
Kernel MinMax (6 = 0.3) 27.37 +2.38% | 222.874+0.75% | 0.354+0.04 || 0.52 (0.50)
Kernel k-means 32.69 + 3.40 223.88 +1.19 0.35 +£0.03 0.18
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quire groups of roughly the same size. Training involves a min-max problem that is
iteratively solved, where the weights are updated in the maximization step to accurately
reflect the variances of the clusters at each iteration. Moreover, we have presented a
methodology for adjusting the p exponent to the underlying dataset properties, so that
the intrinsic group structures can be identified, which greatly facilitates the applica-
tion of our algorithm. Furthermore, we have developed the MinMax kernel k-means
algorithm, which locates nonlinearly separable clusters by extending MinMax k-means
to perform clustering in kernel space.

To draw reliable conclusions, MinMax k-means was extensively tested on various
datasets. Results demonstrate its robustness over bad initializations and its efficacy,
as for most cases it outperforms (in terms of clustering quality) all three compared
methods, namely k-means, k-means++ [3] and pifs k-means [8]. Furthermore, we no-
ticed that k-means solutions can be significantly improved when initialized by MinMax
k-means, suggesting an important additional usage of our approach. Similar observa-
tions to the above can be also made for MinMax kernel k-means, which was compared
to kernel k-means. Overall, MinMax k-means appears to be a very competitive and
easy to employ method for dealing with the sensitivity to initialization of k-means.

57



CHAPTER 3

MuLTIPLE VIEW CLUSTERING USING
EXEMPLAR-BASED MIXTURE MODELS

3.1 Convex Mixture Models

3.2 Multi-view Convex Mixture Models

3.3 Weighted Multi-view Convex Mixture Models
3.4 Empirical Evaluation

3.5 Summary

The most common approach for the machine learning and data mining settings is to
assume that instances are represented in a single, vector or graph, space. However,
in many real-life problems data with multiple views naturally arise. Multi-view data
consist of instances that have multiple representations (views) from different feature
spaces. Usually these multiple views are from different vector spaces, or different
graph spaces, or a combination of vector and graph spaces. The most typical example
are web pages. Web pages can be represented using the text of the web page and the
hyperlink graph among the web pages. Another example is scientific articles, which
can be represented by utilizing the text appearing in the abstract and the title, as well
as the co-author and citation graphs.

The natural and frequent occurrence of multi-view data has raised interest in the so
called multi-view learning'. The main challenge of multi-view learning is to develop al-
gorithms that use multiple views simultaneously, given the diversity of the views. Most
studies on this topic address the semi-supervised classification problem and multi-
view classification algorithms have often proven to utilize unlabeled data effectively and
substantially improve classification accuracy (e.g. [14, 17, 80, 84]).

'For details on multi-view learning see Chapter 1, Section 1.2.

58



This chapter focuses on multi-view unsupervised learning and particularly in multi-
view clustering. Multi-view clustering explores and exploits multiple representations
simultaneously, in order to produce a more accurate and robust partitioning of the data.
The intuition behind this approach is that the different representations are potentially
more informative regarding the correct partitioning of the dataset, than a single view.
Therefore, by taking advantage of all the available views, we expect to locate a better
split of the data. The available literature for this topic is growing fast (e.g. [10, 13, 24,
34,50,77,131]), with encouraging results.

On the following, we present a multi-view clustering algorithm based on the convex
mixture models (CMMs) of Lashkari and Golland [71]. CMMs (a.k.a. exemplar-based
mixture models) are a special case of mixture models that identify exemplars in the
dataset (i.e. instances that serve as the representatives of the clusters), by optimizing
a convex criterion whose global optimum solution can be found. Hence, they avoid
the initialization and local optima problems of standard mixture models, which require
multiple executions of the EM algorithm [12, 35]. Moreover, they can be applied to
problems where only the pairwise distance matrix of the data is available and not the
instances. The proposed multi-view convex mixture model (multi-view CMM) generalizes
CMMs? to data with multiple representations and locates exemplars, through a convex
optimization, by equally considering all available views [104]. The aforementioned ad-
vantages of the single view CMM are retained and, additionally, the different statistical
properties of the views are taken into account.

An important observation is that most multi-view algorithms rely equally on every
view in order to compute a clustering. However, the useful information conveyed by
the available views can vary significantly. For example, some views may contain noise,
or outliers, or be irrelevant to the underlying task. Including such views in the parti-
tioning process may result in performance degradation. Identifying and removing such
views beforehand is not easy though. For this reason, we also present a multi-view
clustering method that assigns different weights to the views and learns those weights
automatically [106]. The weights reflect the quality of each view and, therefore, affect its
contribution to the final clustering solution accordingly. Specifically, we extend multi-
view CMMs to accommodate weights for the views. This weighted multi-view convex
mixture model (weighted multi-view CMM) is actually a weighted combination of CMMs
(one for each view) that incorporates most of the advantages of multi-view CMMs, plus
the ability to spot irrelevant views through the weights. As we shall see, this model has
also a probabilistic interpretation.

Experiments with our two algorithms on noisy artificial datasets and two real
datasets, demonstrate in most cases a considerable improvement on the clustering
performance, especially for the weighted multi-view CMM, when compared to: i) the
single view CMM [71] applied on the individual views, ii) the single view CMM that uses

2We shall refer to CMMs as single view CMMs, whenever it is necessary to make the distinction to

their multi-view counterparts explicit.
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the concatenation of the views and iii) the multi-view clustering method of [13] that
first combines the views through kernel canonical correlation analysis projection [51]
and then clusters the derived projections. Moreover, results confirm the ability of the
weighted multi-view CMM to correctly measure the quality of the views and adjust the
weights so as to get good clustering solutions, not affected by the presence of noisy or
non-informative views.

The rest of this chapter is organized as follows. Section 3.1 reviews single view
CMMs. The proposed algorithms follow in Section 3.2 and Section 3.3. The experimen-
tal evaluation on artificial and real data is discussed in Section 3.4. Finally, Section 3.5
summarizes the chapter.

3.1 Convex Mixture Models

This section briefly describes convex mixture models (CMMs) [71], also called exemplar-
based mixture models, since they consist a key part of our new algorithms. CMMs are
simplified mixture models which result in probabilistic (soft) assignments of data points
to clusters and in the extraction of representative exemplars from the dataset. When
training these models, which is done by maximizing the log-likelihood, all instances
compete to become cluster representatives (i.e. exemplars), since the number of the
CMM components is equal to the number of data points and each component distribution
is centered at a distinct dataset point. In the end, the instances corresponding to
the components that have received during training the highest priors are selected as
exemplars.
Given a dataset X = {Xl}f\il x; € R, the CMM distribution is:

N
Qx) =Y qfi(x), x € R, (3.1)
j=1

where ¢; > 0 denotes the prior probability of the j-th component, satisfying the con-
straint Zjvzl ¢; = 1, and f;(x) is an exponential family distribution, with its expectation
parameter equal to the j-th data point x;. Note that the same exponential family is
used for all components. Taking into account the bijection between regular exponential
families and Bregman divergences [9], we can write:

fi(x) = Cy(x) exp(—fd,(x, %;)), (3.2)

with d, denoting the Bregman divergence corresponding to the components’ distribu-
tions, C,(x) being independent of x; and ( being a constant controlling the sharpness
of the components [71].

A clustering is produced by maximizing the dataset log-likelihood (3.3) over the prior
probabilities {¢; }jvzl s.t. ¢; > 0, Z;VZI ¢; = 1. Note that the priors of the components are
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the only adjustable parameters of a CMM.

N N
1 —Bd (% X
(X {a;} j= 1) - ZIOg (E q; f5(xs) ) - NZ:IOg <§ q;e P (xi, J)> + const.
i=1 j=1

(3.3)

If we define P(x) = 1/N, x € X to be the empirical dataset distribution, we can equiv-
alently formulate the above likelihood maximization problem in terms of the Kullback-
Leibler (KL) divergence between P(x) and Q(x), since their KL distance is:

=

D(P||Q) = Z (x;) log Q(x;) — H(P) = —L (X; {q‘j}j-\[::L) + const. , (3.4)

where ]I-]I(p) is the entropy of the empirical distribution that does not depend on the
parameters ¢; of the CMM. Now the maximization of (3.3) is equivalent to the minimiza-
tion of (3.4). This minimization problem is convex and can be solved with an iterative
algorithm, whose updates for the components’ prior probabilities are given by:
N A
t+1) (1) Z P(x;) f;(x:) (3.5)
qj =4 N (t) ) .
i=1 Zj’:l q; fir(x3)

and the algorithm is guaranteed to converge to the global minimum as long as q](-o) >0,V
[31]. Updating the priors costs O(N?7) scalar operations, where 7 is the number
of iterations until convergence. Importantly, the prior probability ¢; associated with
instance x; is a measure of how likely this instance is to become an exemplar.

The ability of always being able to locate the global optimum makes this model
attractive as it avoids the initialization and local optima problems of standard mixture
models, which demand multiple executions of the EM algorithm [12, 35]. Another
important feature is that only the pairwise data distances d,(x;,x;) take part in the
calculation of the priors (3.5) as C,(x;) cancels out, thus the values of the instances
are not required if we are given the distances.

Splitting the dataset into M disjoint clusters is done by requiring the instances
with the M highest ¢; values to serve as exemplars and then assigning the remaining
instances to the exemplar with the highest posterior probability.

Finally, when clustering with a CMM we must select an appropriate value for the
constant 3 (0 < # < 00). It is possible to identify a reasonable range of  values by
determining a reference value 3,. Lashkari and Golland [71] proposed the following

empirical rule for (y:

N
By = N%log N/ Z dy(xi,%;). (3.6)

1,j=1
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3.2 Multi-view Convex Mixture Models

Motivated by the potential of CMMs, here, we extend them to data with multiple rep-
resentations [104]. Suppose we are given a dataset with /V instances and V' views,
X = {ml}f\il where x; contains the representations of the i-th instance across the

14
views, i.e. x; = {x(v)} , ng) € R Define for each view a CMM distribution:
v=1

7

N N
v v v) v

— quf;-’(x(“)) = C,, (x™) que—ﬁ dipy (x() x§ ) x® g jd® (3.7)

and a uniform empirical dataset distribution P¥(x®) = 1/N,x® e {x{") x{". .. (Nv)}

analogously to Section 3.1. Note that all QV(x(")) distributions share the same prior
probabilities q; to allow the views to interact, but have different component distributions
f7 ).

Our aim is to locate high quality exemplars (cluster centroids) in the dataset, by con-
sidering all views simultaneously, around which the remaining instances will cluster.
To achieve this, the proposed multi-view convex mixture model (multi-view CMM) gen-
eralizes (3.4) by minimizing the sum of KL divergences between P(x(*)) and Q¥(x®)

across all views:

min ZD (PY)|QY), s.t. q; >0, Zq]—l

qJlel

|4

N
= min —ZZP” ) log Q" (%) — > H(PY), stog;>0,> ¢=1, (3.8)

AN
{a5}5= v=1 i=1 v=1 j=1

where H(P”) is the entropy of the empirical distribution of the v-th view, that does not
depend on the parameters ¢; of the multi-view CMM.

It is quite straightforward to see that the optimized objective is convex, since it is the
sum of the single view objectives which are convex functions (Section 3.1). The same
iterative algorithm as for the single view CMM can be used to find the global minimum
of (3.8) and it can be shown that the rule for updating the priors is given by:

(t

vV N U v (V)
t+1 ZZ f( 7, ) : (39)

v=1 i=1 ’1quv( )

which is a generalization of the single view case (3.5). Obviously, the prior ¢; associated

with the j-th instance is a measure of how likely this instance is to be an exemplar,
taking into account all views.

The multi-view CMM has some very important characteristics. To capture the di-
versity among the views, they are allowed to have distributions f]” (x(“)) coming from
different exponential families, i.e. have different 3 values and Bregman divergences
d,,. For example, a Gaussian CMM can be used for one view and a Bernoulli CMM for
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another. A key property of single view CMMs is convexity, which enables the identi-
fication of the global optimum ¢; values, and we wish to preserve this property in the
multi-view setting. As a result, summing the single view objectives to construct the
multi-view objective is a natural choice. Moreover, the priors ¢; are the same across all
views, to allow the extraction of representative exemplars based on every view. There-
fore, an instance whose corresponding prior has a high value, will more or less be a
good exemplar for all views. Finally, for the ¢; updates (3.9) only the pairwise distances
(v)

)

dy, (x\, xg»v)) in each view are required, as C,, (x

the multi-view CMM even when the actual data points are unknown.

) cancels out. Hence, we can apply

Splitting the dataset into M disjoint clusters, {Ck}ivil, is done by selecting the
instances with the M highest ¢; values to serve as exemplars. To find the exemplars, we
iteratively update the priors (3.9) until the M highest ¢; values correspond to the same
instances for a number of consecutive iterations. Moreover, we require that the order
among the M highest ¢; values remains the same during these iterations. Afterward,
we assign each of the remaining N — M instances to the cluster C, associated with the
k-th exemplar, that has the largest sum of posterior probabilities over all views (3.10).
Notice that we denote by X'¥ = {:BE }24:1 C X the set containing the exemplars and
refer to the prior probabilities and component distributions (in the v-th view) of the
exemplars, as ¢~ and f'¥(x")), k =1,..., M, respectively.

v v |4 v v
RPN~ PR )

N v v N v v
v=1 Zj:l quj (Xz( )) v=1 Zj:l quj (XE ))

To employ multi-view CMMs, appropriate values for the 3 constants must be cho-

Cr={z/} U {wl

N Ak xz; ¢ XE} (3.10)

sen. Since a separate CMM is defined for each view, we can identify a reasonable range
of 3Y values by following the ideas of the single view case (Section 3.1), leading to the
derivation of the following empirical 3 value:

N
By = N?log N/ > d,, (", x{"). (3.11)

ij=1

As for the complexity of multi-view CMMs, the update of the priors costs O(N?V'7)
scalar operations, where 7 is the number of iterations until convergence. If the pairwise
distances d,, (xgv), X§v)) of the views are not given, their calculation usually costs an

extra O(N?Vd), d = max {dV,d® ... d")}, scalar operations.

3.3 Weighted Multi-view Convex Mixture Models

In this section, we present another CMM-based multi-view clustering approach, where
weights are assigned to the views and adjusted through training [106].
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3.3.1 Model Description

From the multi-view CMM objective (3.8), it can be observed that all views contribute
equally to the sum, regardless of how “good” each view is for the problem at hand.
Our target is to locate exemplars in the dataset by allowing the views to participate
with different weights to the objective function, measuring how “informative” is the
corresponding view, and by learning those weights automatically, i.e. as part of the
learning process. Such an approach generalizes the previous one and could be helpful
in cases where a view is irrelevant to the clustering task, or contains noise.

To accomplish our target we introduce a weighted combination of exemplar-based
models. For the v-th view a CMM distribution Q“(X(”)), of the same form as in (3.7),
is defined and a positive weight 7* is associated with it. The views are combined by
summing the corresponding weighted CMMs.

In more detail, suppose we are given a dataset with /N instances and V views,

v
X = {z;},, where x; = {xgv)} . XEU) € R4, Our model, to which we will refer to
v=1

as weighted multi-view convex mixture model (weighted multi-view CMM), is given by:

v v N
F(z={x"x® .. x"})= ZW”QU(X(”)) = Z?Tv ¢, f; (x"), x*) e R
v=1

v=1 j=1
(3.12)

14 N
v v (v)
where f;’(x(”)) =C,, (x")e™” dow XX v >, ZWU =1,¢; 20, Z%’ =1
v=1 J=1

Note the imposed constraints on the weights 7. Due to these restrictions, F'(x) has a
probabilistic interpretation. Specifically, it is a mixture model, whose number of com-
ponents is equal to the number of the views and each component is a CMM distribution
Q"(x™), corresponding to the v-th view. Hence, the weights can also be seen as the
prior probabilities of the views under the mixture model.

The above formulation has some rather attractive characteristics. Similar to the
multi-view CMM (Section 3.2), as the statistical properties of individual views may
differ substantially, different views are allowed to have component distributions f;’(x(”))
coming from different exponential families, i.e. have different 3” values and Bregman
divergences d,, . Moreover, all views share the same priors ¢; in order to interact and
allow the extraction of representative exemplars based on every view. Since a CMM is
used for each view, all instances will be considered as possible cluster centroids (i.e.
exemplars) during training. Finally, a low 7" value indicates that the v-th view conveys
little information regarding the partitioning of the dataset.

3.3.2 Model Training and Multi-view Clustering

Since F(x) can be viewed as a mixture model, to partition the dataset X', we must
N

j=1» s-t. the con-

maximize the log-likelihood (3.13) w.r.t. the parameters {7"}'_,, {¢;}
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straints 77 > 0, Zz‘)/:l ™ =1¢q >0, Zjvzl g; = 1. It must be stressed that in contrast
to multi-view CMMs, this optimization task is not convex due to the introduction of the
weights 7. However, we hope to compensate for the lost convexity by the ability to

estimate different weights for the views.

N 14 N v N
L (X, {71'”}1‘)/:1 7 {Qj}j'vzl) = Z; log (Z} WUQU<X§’U)>> _ Z_; log (Z; - Z; %f;(xz('v)))
(3.13)

Local maxima of the log-likelihood can be found by applying the EM algorithm
[12,35]. This algorithm uses an initial guess for the parameters and iteratively adjusts
them, such that the likelihood always increases, until a local optimum is reached.
Our model has only prior probabilities that can be adjusted, hence initializing them
uniformly and avoiding multiple restarts for EM is a natural choice (this approach is
followed in the experiments), i.e. 7°©) = 1/V, qj(-o) = 1/N. Of course, if prior knowledge
for the quality of the views exists, this can be directly incorporated into the optimization
by initializing 7% accordingly. To briefly illustrate the steps of EM, define {X’, Z} to be
the complete dataset, where Z = {zi}ﬁ\il contains the latent variables indicating the
mixture component responsible for generating each instance, i.e. z; € {1,2,...,V}.
The analytical derivation of the EM equations can be found in Appendix A.

E-step

In practice we are not given the complete dataset, but only the observations X. Our
state of knowledge for the latent variables is described through the posterior proba-
bilities P(z; = v|x;) (3.14), which at iteration ¢ are calculated Vi € {1,2,..., N}, Vv €
{1,2,...,V} as:

() Qv(t) (Xzﬁv))

S Qe (xY)

M-step

The posterior probabilities of the E-step are useful in estimating new values for the
parameters during the M-step. By setting to zero the derivatives of the constrained

complete dataset log-likelihood expectation (see equation (A.7) in Appendix A), under
N

the posterior probabilities distribution, w.r.t. {7*}"_ , {¢; },—, and a little manipulation,

we get the updates for the parameters:

N
1
R = 23 POz = of), (3.15)
i=1
) N v (V)
1 q.; (XZ )
@-”I#ZZP(”(%:UW) e (3.16)



Some remarks on the optimization process, whose pseudo-code is illustrated in
Algorithm 3.1, follow. First, the new estimation qj(-t )
qj(.t/), therefore a nested loop in the M-step of the EM algorithm is required to perform

depends on the previous value

multiple updates on ¢; for the same set of posterior probabilities values in order to
get qj(»Hl). This loop finishes when the change on ¢; values between two iterations
is less than a small value € (line 21). Second, EM terminates when the likelihood
between consecutive pairs of E and M steps changes less than a small value ¢ (line 24).
Third, we must explicitly incorporate into the calculation of the posterior probabilities
(3.14) the C,,, (xz(-v)) values (for the ¢; estimations (3.16) the C,, (xgv)) values still cancel
out). Hence, the pairwise distances alone do not suffice to compute the updates and
the dataset instances are required in the general case, contrary to the single view
and multi-view CMMs, but for certain distributions f;’(x(”)) this is not necessary, as
demonstrated in the experimental section for the Gaussian distribution. Fourth, the
same empirical ) values (3.11) as in Section 3.2 can be adopted to guide the search
for appropriate 3" values. Finally, it is obvious that the view weights 7¥ are determined
automatically during the M-step.

If we wish to split the dataset X' into M disjoint clusters, {Cy} ., after EM ter-
mination, we must select the instances that will act as exemplars. For this pur-
pose the instances with the M highest ¢; values are chosen, denoted by the set
Xt = {m,’f }l]:il C X. The remaining N — M instances are assigned to the cluster Cy,
associated with the k-th exemplar, that has the largest posterior probability P(Cy|x;):

14 v LU v

P C N qu Zv:lﬂ- kE<Xz( ))
Culr) = =
Dot T Zj:l a;f; (x;")

where we refer to the prior and the component distribution (of the v-th view CMM)

: (3.17)

corresponding to exemplar :ckE , as q,;E and f,;’E (x(”)) respectively (the proof of (3.17) can
be found in Appendix A). Hence, the cluster assignments are given by:

Co = {x } U {x: |P(Cilw;) > P(Clla;), VI # k,w; ¢ X7} (3.18)

3.3.3 Additional Aspects

If the data points of each view are mapped from input space to a higher dimensional
feature space (i.e. kernel space), through a nonlinear transformation ¢, our method
can be readily applied to the mapped data {gb(l)(xgl)), »? (XZ@)), e (xl(-v))} o=
1,2,..., N and thus perform multi-view clustering in feature space. By representing
the instances in a new space, a clearer group structure may emerge. A kernel function
Kk (ng) ) XS—U)) [41] can be employed to get the inner products in feature space without
explicitly determining ¢(*), giving rise to the kernel matrix K*) € RV*N where KZ-(;-’) =
KO (=, xg»v)) = ¢ (x!")Tp® (xg»v)). Hence, it is not necessary to define ¢(*), when the
calculations of the underlying algorithm only involve inner products in feature space
(for certain kernel functions the corresponding transformation is intractable). This is
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Algorithm 3.1 EM for weighted multi-view CMMs.

Input: Multi-view dataset X = {w;} |, where x; = {ng) }:/ ,
Output: Model parameters estimation: {77”}1‘)/:1, {qj}j.vzl
// Initialize the parameters.
1: Set 70 =1/V, Yo =1,...,V
2: Setq\”) =1/N.¥j=1,...,N
3: Sett =0
4: repeat
5: // E-step.
6: fori=1to N do
7: forv=1toV do g ) o~ q(t)f”(x(v )
8: PO (z = v|z;) = E‘{:ﬂ’”@Q”‘tj(xE”)) ST EN, q(t)f =
9: end for
10: end for
11: // M-step.
12: forall 7%, v =1to V do // Update the weights 7".
13: ot = L Z PO (z; = v|x;)
14: end for
15: Sett' =t
16: repeat // Update the priors g;.
17: forallg;, j = 1to N do
, (" v
18: qj(-t =i Zz 12 Pt (2 = v|m2)z v lf ((t )f )( ©)y
19: end for
20: t'=t+1
21:  until ZJ 1‘ —q] ‘ <€

22: t=t+1

23:  Set { (t)}jzl - {qﬁ('tl)};vﬂ
(et 1) o (et )

25: return {77“}},/:1 {Wv(t }v 1’ {qJ}J L {q](t)}jzl

24: until (L <€
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the case for our approach when considering Gaussian CMMs in the feature space of
each view, as d,,, () (x{"), o) (x!")) = [|6@ (x{")) — oW (x> = K + K[ — 2K
Consequently, the required pairwise distances are expressed using only the entries of
the kernel matrices. This also makes our method directly applicable for unsupervised
multiple kernel learning® [110], in case we are given multiple kernels for the instances
of a single view dataset and wish to find an appropriate combination of the kernels that
clusters the data efficiently, i.e. our algorithm will treat each kernel as being a distinct
view, will compute the pairwise distances as shown above and a combination of the
kernels will be obtained through the weights 7*.

As for the complexity of the EM for our model, the calculation of the posteriors
P(z; = v|z;) requires O(N?V') scalar operations, while the updates on the weights 7°
and the priors ¢; cost O(NV) and O(N?V) scalar operations respectively. Assuming 7
EM iterations are performed until convergence and 7’ iterations in each nested loop of
the M-step when estimating the priors ¢;, the overall complexity is O(N*VT + NV 1 +
)
of each view, their computation usually costs an extra O(N?Vd) scalar operations,
where d = max{dV,d®, ... d")}.

N2Vr7") = O(N*V77’). Finally, if we are not given the pairwise distances d, (x

3.4 Empirical Evaluation

3.4.1 Experimental Setup

The performance of the multi-view CMM and the weighted multi-view CMM is studied
on both synthetic and real data. The real datasets are a collection of academic web
pages and a set of images on Internet pages, where multiple views occur naturally.

Our focus is to conduct a comparison between the two proposed methods, to inves-
tigate whether assigning different weights to views (weighted multi-view CMM) provides
any gains over an unweighted combination of the views (multi-view CMM). Moreover, a
single view CMM (Section 3.1) is applied to each of the individual views of the datasets,
to examine if multiple views boost the clustering quality. Note that both our algorithms
reduce to the single view CMM when only one view is present. Since the easiest way
to partition data with multiple representations is to concatenate the views (e.g. by ap-
pending the vectors) and then apply a single view algorithm on this concatenation, the
single view CMM is also tested using the concatenated view, in order to explore if our
multi-view approaches lead to improved performance.

Gaussian CMMs are adopted for all cases and views, i.e. d,, (xgv),xgp)) = ||XZ(-U) -
XE—U) |>. Remember that for the single view and the multi-view CMM only the pairwise
distances are required to calculate the updates (equations (3.5) and (3.9)), as C’w (xiv))
always cancels out, but this does not hold for the weighted multi-view CMM in general.

SFor details on multiple kernel learning see Chapter 1, Section 1.3.
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vy d®) /2
However, for Gaussian components, C U(X(v)) = (g—ﬂ) /

; , hence C,, (x'")) does not
depend on the instance values XZ(-U). Therefore, the pairwise distances along with each
view’s dimensionality d*), suffice to calculate the updates of the weighted multi-view
CMM (see equations (3.14)-(3.16)), without needing the instance values. In our experi-
(v)

ments we have removed C,, (x; ') from the update rule (3.14), as if it is canceling out.
This is done as we wish to treat problems where only the pairwise distances are avail-
able for each view and not the instances themselves. In such cases, the dimensionality
of the views is not known in order to compute C,, (ng)). Such problems are very com-
mon in practice and we would like to test weighted multi-view CMMs under this setting.
Moreover, for the weighted multi-view CMM a single execution of the EM algorithm has
been always performed using a uniform initialization (7% = 1 /V, q](-o) = 1/N), since
no prior information for the quality of the views exists in any of the datasets. The
multi-view CMM is also executed once (qj(-o) = 1/N), as the prior updates converge to
the global optimum (Section 3.2).

Additionally, in each experiment the partition returned by all the aforementioned
clustering methods is used to initialize an execution of the kernel k-means algorithm*
[37,90]. Such a run is conducted in order to determine whether there is room for
improving CMMs results, or they are already close to a very good solution that cannot
be further fine tuned. A linear kernel, in order to be consistent with the choice of
A, (7,57 = I = 77

i — X, ||%, is selected for each view and since kernel k-means is
a single view method, a final kernel is built as a weighted sum of the individual view

(x

kernels. Those weights when fine tuning the weighted multi-view CMM are the final
7" values, while for the multi-view CMM they are set equal to 1/V. For the single
view cases no weight is used. Note that for the concatenated case the linear kernel is
calculated on the appended view vectors.

To further explore the potential of our two methods, we compare them to a multi-
view algorithm from the literature [13], namely correlational spectral clustering (CSC),
which is built upon kernel canonical correlation analysis (KCCA) [51]. This approach
simultaneously uses all views, which are all thought of as being of the same quality (i.e.
no view weights are available), to find appropriate projection directions that maximize
the correlation between the projected views and then applies k-means to the projections
of the views to get a partitioning of the instances. For the experiments with CSC we
use the algorithm implementation made available by the authors of [13] and adopt a
very similar experimental protocol to [13]. Specifically, the number of projection axes
is set equal to the cluster number, a linear kernel is selected (for the same reason as
for kernel k-means), the KCCA regularization parameters are determined automatically
using grid search, and k-means is restarted 30 times with random initializations and
the run with the smallest k-means objective is kept. Note that the grid search steps
grow exponentially with the number of views and together with the fact that KCCA
requires solving a generalized eigenvalue problem (which is a timely procedure), make

4Kernel k-means is outlined in Chapter 1, Section 1.1.3.
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Figure 3.1: Examples of the synthetic dataset: (a) the original dataset generated from
three 2-d Gaussian distributions; (b) one of the “corrupted” views for m = 50 and zero
translation. The circled point in (a) (blue class) is wrongly represented here as belonging
to the black class (circled point); (c) one of the noisy views.

the application of CSC prohibitive for datasets with many views. Also note, that since
it is not clear which view’s projections to use to get the final clustering with k-means,
we cluster each of the available views’ projections and report results for the best and
worst performing ones.

For each dataset the ground-truth class of every instance is available and the num-
ber of clusters is set equal to the true class number, unless stated otherwise. To assess
the returned clusters quality the average entropy metric [10, 11, 34], which measures
the impurity of the partitions w.r.t. the ground-truth classes, is used. Average entropy
is given by (3.19), where N is the dataset size, M the number of clusters, C' the number
of classes, n} the number of points in cluster k from class h and n; the size of the k-th
cluster. Lower average entropy values indicate that each cluster consists of instances
belonging to the same class.

Mo ¢ nh np
H=S L[N Ejpg—- 3.19
kz—; N ( Z_: e 519
It must be emphasized that in all tested methods the ground-truth labels have not been

used during training. They are used only to compute the performance measures after
training.

3.4.2 Synthetic Datasets

The muli-view and weighted multi-view CMMs are first tested on a dataset with 700
instances, generated from three two-dimensional Gaussian distributions (Figure 3.1(a)).
Each of the distributions represents a distinct class and this serves as the ground-truth.
From this (original) dataset seven artificial views were created. For each of the first five
views, as an initial step, all original instances were equally translated and, then, m
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of them were randomly selected and replaced by new ones. To replace each of the m
instances, we randomly picked a class, different from the one that the instance belongs
to in the original dataset, and generated a new point from the corresponding class
distribution. Therefore, each view is “corrupted”, as according to the ground-truth m
points belong to an incorrect class. For the experiments we set m = 50 and an example
is illustrated in Figure 3.1(b). For the remaining two views, a high amount of zero-mean
Gaussian noise was added to the original instances (noise std = 2.5), making it hard to
separate the classes (Figure 3.1(c)).

Independently clustering any of the five “corrupted” views will probably result in
misclassifing all m misplaced instances. We wish to examine if the simultaneous
consideration of multiple views helps to “fix” some of these errors. The noisy views
contain little useful information for the problem at hand and we want to explore how
that fact is reflected by the weights 7V of the weighted multi-view CMM. Note that the
original dataset is correctly separated by a CMM, i.e. H = 0.

Four noise-free datasets were constructed, including 2, 3,4 and 5 “corrupted” views
respectively. Also, four noisy datasets were created by adding the two noisy views to
the noise-free datasets. Results for the noise-free and noisy datasets are reported in
Table 3.1 and Table 3.3, respectively, for three clusters and 3" = [ (3.11).

From Table 3.1 we see that the multi-view methods (on the rest of this section
(Section 3.4.2), when writing multi-view methods we refer to the CMM-based ones
and not CSC) always outperform the best single view (apart from one case), indicating
that multiple views contribute to the correction of the errors in the individual views.
The concatenated view is always inferior or equal to at least one of the multi-view
approaches. When no kernel k-means fine tuning is used, both multi-view approaches
are ahead. Therefore, appending the view vectors is not a good strategy, something
widely mentioned in the literature (e.g. [11, 34]).

Moreover, from Table 3.2 we observe that the weighted multi-view CMM roughly
assigns the same weights to the views, something expected given that all views are of
similar quality, hence it behaves like the multi-view CMM. This observation is in accor-
dance with the results, where the two methods exhibit similar performance. Also, the
multi-view schemes take advantage of every available view, since the entropy constantly
drops as the number of views increases. Note that kernel k-means always degrades the
performance of the multi-view methods. Finally, CSC® is systematically beaten by a
large margin by all CMM-based methods and its performance barely increases as more
views become available, highlighting the strength of CMMs.

When noise comes into play, the true potential of the weighted multi-view CMM
becomes apparent, since it achieves by far the least entropy in all cases (Table 3.3).
This happens because it assigns very small weights to the noisy views (as can be seen
in Table 3.4), hence they are almost eliminated from the clustering process, while the

5We stress that in none of the experiments of this or the following sections we have applied kernel

kk-means to the partitions returned by CSC.
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Table 3.1: Results on the noise-free artificial datasets with Gaussian CMM-based meth-
ods, in terms of entropy and three clusters (m = 50, 5 = [3;). The “Yes”, “No” columns
indicate whether kernel k-means fine tuning is applied or not. Results for the CSC
approach are also reported.

2 views 3 views 4 views 5 views
Method Kernel k-means | Kernel k-means | Kernel k-means | Kernel k-means
No Yes No Yes No Yes No Yes

Worst single view CMM 0.300 | 0.300 | 0.572 | 0.300 | 0.572 | 0.303 | 0.572 | 0.303
Best single view CMM 0.299 | 0.299 | 0.299 | 0.299 | 0.299 | 0.299 | 0.299 | 0.299
Concatenated view CMM | 0.322 | 0.320 | 0.265 | 0.262 | 0.147 | 0.191 | 0.130 | 0.124

Multi-view CMM 0.289 | 0.320 | 0.133 | 0.262 | 0.097 | 0.195 | 0.081 | 0.124
Weighted multi-view CMM | 0.289 | 0.326 | 0.176 | 0.266 | 0.086 | 0.191 | 0.060 | 0.124
CSC - worst view 0.745 0.766 0.766 0.766

CSC - best view 0.743 0.741 0.739 0.735

Table 3.2: Indicative weights assigned to the views by the weighted multi-view CMM
for the noise-free artificial datasets.

2 views | 3 views | 4 views | 5 views
View 1 0.502 0.336 0.251 0.201
View 2 0.498 0.333 0.249 0.199

View 3 - 0.331 0.248 0.198
View 4 - - 0.252 0.201
View 5 - - - 0.201

noise-free views are equally treated. Therefore, this method works as if the noise does
not exist. Indeed, note that its performance is relatively close to that of the noise-
free setting. The advantages of automatically determining the view weights are now
clearly exposed, as the weighted multi-view CMM exhibits robustness to noise and to
non-informative views in general.

In contrast, the multi-view CMM splits are greatly affected by the noise, due to the
equally weighted views, and are considerably inferior to the corresponding noise-free
ones and to those of the best single view (which is a noise-free view). CSC is also affected
by the presence of noise, as the entropy has increased compared to that reported in
Table 3.1, and is largely outperformed by the weighted multi-view CMM, demonstrating
the need for methods that distinguish noisy views. Once again, CSC is beaten by
the multi-view CMM and the best single view. Additionally, the computational time
concerns regarding CSC (see Section 3.4.1) became evident when handling more than
four views, when it took several hours to find the clusters, while our two frameworks
required a few minutes. Finally, similar conclusions as above can be drawn regarding
the concatenated view and the application of kernel k-means.

To further investigate the behavior of the weighted multi-view CMM, we studied

the sensitivity of the weights on the noise level present on the views. Analytically, we
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Table 3.3: Results on the noisy artificial datasets with Gaussian CMM-based methods,
in terms of entropy and three clusters (m = 50, 8 = ;). The “Yes”, “No” columns
indicate whether kernel k-means fine tuning is applied or not. Results for the CSC
approach are also reported.

2 views 3 views 4 views 5 views
+ noisy views + noisy views + noisy views + noisy views
Method Kernel k-means | Kernel k-means | Kernel k-means | Kernel k-means
No Yes No Yes No Yes No Yes

Worst single view CMM 0.935 | 0.943 | 0.935 | 0.943 | 0.935 | 0.943 | 0.935 | 0.943
Best single view CMM 0.299 | 0.299 | 0.299 | 0.299 | 0.299 | 0.299 | 0.299 | 0.299
Concatenated view CMM | 0.960 | 0.748 | 0.477 | 0.631 | 0.472 | 0.496 | 0.377 | 0.402

Multi-view CMM 0.385 | 0.751 | 0.655 | 0.631 | 0.147 | 0.478 | 0.576 | 0.601
Weighted multi-view CMM | 0.256 | 0.281 | 0.220 | 0.242 | 0.127 | 0.206 | 0.116 | 0.157
CSC - worst view 1.001 1.078 1.078 1.078

CSC - best view 0.833 0.814 0.800 0.745

Table 3.4: Indicative weights assigned to the views by the weighted multi-view CMM
for the noisy artificial datasets.

2 views 3 views 4 views 5 views
+ noisy views | + noisy views | + noisy views | + noisy views
View 1 0.442 0.304 0.224 0.182
View 2 0.435 0.300 0.223 0.181
View 3 - 0.299 0.222 0.180
View 4 - - 0.226 0.184
View 5 - - - 0.183
Noisy view 1 0.064 0.051 0.054 0.046
Noisy view 2 0.059 0.046 0.051 0.044

created several datasets for various amounts of noise that each consisted of two noise-
free views (for all cases these are the ones used for the two-view experiment above) and
two noisy views with the same amount of noise. To construct the noisy views, random
zero-mean Gaussian noise with a different standard deviation for each noise level was
added to the original dataset. In order to alleviate randomness in our experiments,
for each noise level we created ten datasets and repeated the clustering. The average
and standard deviation of the weight values, corresponding to the four views, over the
ten runs are depicted in Figure 3.2. It can be seen that, as the noise increases, the
differences between the weights of the noise-free and the noisy views become greater,
which is something that we would naturally expect. Note that for noise std = 0.3 the
weight values of the noisy views approach those of the noise-free ones as a low amount
of noise is present, while for noise std = 2.5 they attain very small values.

Finally, a dataset which combines views with two different noise levels (two views for
each noise level) and two noise-free views was constructed. The average and standard
deviation of the weights over ten trials are shown on the right-most corner of Figure 3.2.

73



0.35+ %
" Noise free view
2 03f § Noise free view
=) i i
2 o) Noisy view
= 025+
E % Noisy view std=0.5
S 02r Noisy view

st
i -

0.051 Noise

|
\
|
\
|
\
|
O |
o) |
% \
*  Noisy view ‘ %
ES o I'| Noise
|
¢ |
|
\
|
\
|
\
| | std=1.0

1 1 1 1 1 1

0 1 1
0 0305 081 131. 2 2.5
Noise std

Figure 3.2: View weights (average and std over 10 trials) assigned by the weighted
multi-view CMM to datasets consisting of two noise-free and two noisy views (both with
the same amount of noise), for various noise levels. On the right, the weight averages
and std for a dataset where views with different amounts of noise simultaneously exist,
are shown.

We observe, that the less informative a view is, the smaller its weight. Also, views with
the same amount of noise are assigned very similar weights. From Figure 3.2, we
can conclude that the weighted multi-view CMM identifies noisy views and treats them
according to their noise level.

3.4.3 WebKB Dataset

The WebKB dataset is a popular collection for testing multi-view algorithms [10,11, 14,
34, 80], made up of web pages related to the computer science departments of various
universities. Here the version described in [11] is used, consisting of six classes (course,
department, faculty, project, staff and student) and two views. The views are the text of
the pages and the anchor text of all inbound links. As all web pages do not have inbound
links, such instances were removed from the dataset, resulting in 2076 instances with
both views available.

Term frequency inverse document frequency (tfidf) vectors were constructed for each
view and normalized to unit length, so that the squared Euclidean distances of the
Gaussian CMMs reflect the cosine similarity, which is usually employed to document
clustering. The number of clusters was always set to six. Experiments with the CMM-
based methods were performed for 5 = 3] (3.11). We also considered other [3* values
for each tested method, by setting 3” = o3 and repeating the clustering for several o
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Table 3.5: WebKB results with Gaussian CMM-based methods for ¥ = 3§ and 3" =
a*f3y, in terms of entropy and six clusters. The “Yes”, “No” columns indicate whether
kernel k-means fine tuning is applied or not. Results for the CSC approach are also

reported.
B =5y B” = a"By
Method Kernel k-means Kernel k-means
No Yes No Yes

Single view CMM - text 1.536 1.513 1.485 (a* = 1.5) | 1.492 (o* = 1.5)
Single view CMM - anchor text | 1.554 1.471 1.440 (o* = 3.5) | 1.329 (o* = 3.5)
Concatenated view CMM 1.559 1.537 1.481 (a* = 1.7) | 1.490 («* = 1.7)
Multi-view CMM 1.498 1.450 1.396 (a* = 1.5) | 1.316 (a* = 1.5)
Weighted multi-view CMM 1.431 1.427 | 1.299 (" = 3.5) | 1.307 (o™ = 3.5)

CSC - text 1.411

CSC - anchor text 1.309

Table 3.6: Indicative weights assigned to the views by the weighted multi-view CMM
(6Y = 3)) for the WebKB dataset.

Text view 0.126
Anchor text view | 0.874

values. The value of « that yields the least entropy (denoted as o) was selected as the
best solution and its results are reported here. This was done in order to show that
results can be possibly improved by trying 3* values around (3j. Note that a common
value o« was used for all views in the multi-view algorithms. When applying kernel
k-means, the 3" values already picked by the CMMs were retained. Obviously, for CSC
no 3" parameter to fine tune exists.

From Table 3.5 it is apparent that the weighted multi-view CMM is only beaten by
CSC and only when 3¥ = [3j. It is superior though when (3 is fine tuned, demonstrating
that gains in performance are possible by searching around (3j (such gains are observed
for all CMM-based methods). The multi-view CMM is constantly overcome by both its
weighted counterpart and CSC. Comparing the two proposed approaches, the gap in
performance mainly emanates from the different view weights. Table 3.6 contains the
weights returned by the weighted multi-view CMM when 3 = 3}, where a higher value
is given to the anchor text view. Note that the weighted multi-view CMM achieves its
best entropy (H = 1.299) for the optimum 3" and no kernel k-means post-processing
(fourth column). This is lower than the multi-view CMM best (H = 1.316), which is
achieved for the optimum 3" with kernel k-means post-processing (fiftth column). This
indicates that for the WebKB dataset our weighted algorithm provides higher gains,
without needing fine tuning of the returned clusters. The multi-view approaches are
always ahead of the single views and the concatenated view, demonstrating once again
the advantages of incorporating multiple views to the clustering task and the inefficiency
of naive vector merging. The concatenated view in most cases is even worse than the
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Table 3.7: IntAd results with Gaussian CMM-based methods for 5’ = 3§, in terms of
entropy and different number of clusters. The “Yes”, “No” columns indicate whether
kernel k-means fine tuning is applied or not. Results for the CSC approach are also

reported.
2 clusters 4 clusters 6 clusters
Method Kernel k-means | Kernel k-means | Kernel k-means
No Yes No Yes No Yes
Worst single view CMM 0.517 | 0.497 | 0.513 | 0.474 | 0.478 | 0.460
Best single view CMM 0.366 | 0.382 | 0.316 | 0.314 | 0.366 | 0.344
Concatenated view CMM | 0.496 | 0.496 | 0.489 | 0.489 | 0.472 | 0.474
Multi-view CMM 0.481 | 0.362 | 0.393 | 0.284 | 0.393 | 0.290
Weighted multi-view CMM | 0.468 | 0.349 | 0.403 | 0.347 | 0.404 | 0.267
CSC - worst view 0.517 0.425 0.389
CSC - best view 0.459 0.386 0.343

single views. Finally, for 3° = [ kernel k-means improves the results, while for the
best 3" it does so in half of the cases.

3.4.4 Internet Advertisements Dataset

The Internet advertisements dataset (IntAd) [42] contains images from various web
pages that are characterized either as advertisements or non-advertisements (i.e. the
ground-truth consists of two classes). The instances are described in terms of six views,
which are the geometry of the images (width, height, aspect ratio), the phrases in the url
of the pages containing the images (base url), the phrases of the images’ url (image url),
the phrases in the url of the pages the images are pointing at (target url), the anchor
text and the text of the images’ alt (alternative) html tags (alt text). All views have binary
features, apart from the geometry view whose features are continuous. Details for the
construction of the dataset can be found in [67]. Note that there are several missing
views in this dataset. Specifically, the anchor text view is missing for 94% of the images
and the geometry view for 30%, therefore we decided not to include those views in our
empirical evaluation. After removing the instances that were missing any of the four
remaining views, 2369 images were retained for the experiments.

Similarly to WebKB, we generated normalized tfidf vectors to reflect the cosine sim-
ilarity and performed experiments both for 3 = 3§ (8.11) and ¥ = «a*/3j. Different
cluster numbers were tried, specifically two, four and six.

The results in Tables 3.7-3.8°% show that one of the two proposed methods achieves
the least entropy in most cases (in eight out of 12). In the other cases, the best single
view (two times for 3 = 3§ and one for 3" = a*[3j) and CSC (only once, for six clusters
and 3" = [3) are superior. Note that our two multi-view approaches are always ahead

5The values reported for CSC are the same in both tables, since for CSC no (¥ parameter to fine tune
exists.
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Table 3.8: IntAd results with Gaussian CMM-based methods for 5 = «o*3], in terms
of entropy and different number of clusters. The “Yes”, “No” columns indicate whether
kernel k-means fine tuning is applied or not. Results for the CSC approach are also

reported.
2 clusters 4 clusters 6 clusters
Method Kernel k-means Kernel k-means Kernel k-means
No Yes No Yes No Yes
Worst single view CMM 0.517 0.497 0.472 0.460 0.450 0.422
(a*=1) (a*=1) (a*=1) a*=1) | (*=1.2)]| (a* =1.2)
Best single view CMM 0.366 0.382 0.316 0.314 0.353 0.318
(a*=1) (a*=1) (a*=1) (a*=1) (a* =3) (a* =3)
Concatenated view CMM 0.462 0.456 0.391 0.356 0.402 0.366
(a* =2) (@*=2) |(@*=05)]| (@ =0.5)]| (@ =0.5 | («*=0.5)
Multi-view CMM 0.386 0.288 0.362 0.324 0.339 0.283
@ =15 =13 |(e*"=12) | (a*=12) | *=12) | (o* =1.2)
Weighted multi-view CMM 0.337 0.299 0.357 0.295 0.331 0.271
(=35 | (a*=3D5]| (=3 @*=3) |(*=12)]| (a* =1.2)
CSC - worst view 0.517 0.425 0.389
CSC - best view 0.459 0.386 0.343

Table 3.9: Indicative weights assigned to the views by the weighted multi-view CMM
(6Y = 3)) for the IntAd dataset.

2 clusters | 4 clusters | 6 clusters
Image url view 0.047 0.047 0.047
Base url view 0.237 0.237 0.237
Target url view 0.355 0.355 0.355
Alt text view 0.361 0.361 0.361

of the worst single view. Therefore, for the IntAd dataset, if we test the views one by
one, we sometimes get a better partitioning than simultaneously using all of them,
particularly for 3 = 3. The two aforementioned multiple view algorithms though,
provide higher quality solutions more systematically, especially if the ¥ values are
fine tuned, since in Table 3.8 the best single view is ahead for only one setting. It is
important to stress that CSC is inferior to both the weighted multi-view CMM and the
multi-view CMM when 3* = o*3] and also for 3” = [ when kernel k-means is applied.
Moreover, it is worse than the best single view CMM most of the times (in nine out of
12). This result shows that CMMs are a powerful clustering technique and support our
decision to adopt them for multi-view learning.

Once again the concatenated view is always inferior to the multi-view schemes (only
CSC performs worse in a few cases) and also to the best single view (sometimes even
to the worst single view). The weighted multi-view CMM is superior to the multi-view
CMM for eight out of 12 cases and is the best overall performer six times out of 12. The
difference among the two methods is greater in Table 3.8, where the weighted multi-

77



view CMM is ahead for all but one case. As an indication of how our weighted algorithm
handles this dataset, its view weights for the run with 3” = (3] are given in Table 3.9.
Note that the weight values are identical for the different cluster numbers, since they
do not depend on this parameter. Finally, the application of kernel k-means seems to
be beneficial for all cases.

3.5 Summary

In this chapter, we have presented two multi-view approaches that identify exemplars
in the dataset by simultaneously exploiting all available representations (views) of the
instances and are built upon the convex mixture models (CMMs) proposed in [71].
The first, called multi-view CMM, considers all views as being equally important (i.e.
of equal quality) and is characterized by convexity, thus the global optimum solution
can be uncovered, as well as by the ability to handle views with different statistical
properties. The second, called weighted multi-view CMM, assigns different weights to
the views which are automatically determined during training, providing robustness
against noisy or low quality views. This method can be interpreted as a mixture model
whose components are CMMs (one for each view) and, like the multi-view CMM, takes
into account the different statistical properties of the views (convexity, however, is lost
in this case). Both our algorithms are computationally efficient and involve simple
iterative updates of the parameters during optimization, which for the weighted multi-
view CMM are executed using the well known EM procedure.

The two multi-view frameworks have been tested on several diverse datasets and
compared to the single view CMM [71] (applied to each individual view and the concate-
nated view), as well as to the correlational spectral clustering method (CSC) of [13]. In
general, the results verify the superiority of our approaches, with the weighted multi-
view CMM emerging as the best method. Its performance is constantly the best for
the noisy versions of the synthetic datasets. When no noise is present in the syn-
thetic data, it is only matched by the multi-view CMM. This is expected, as all views
are approximately of the same quality and therefore the impact of weights is minimal.
Also, experiments with varying amount of noise on the views, showed that the weights
assigned to them are in direct association with their noise level. For the real datasets,
our methods are ahead for most of the cases, especially for 3* = o*3], providing high
quality solutions more systematically than the compared clustering schemes.

Overall, the experiments have shown that multiple views are beneficial in identifying
good partitions, particularly if the views participate with different weights. Moreover, it
has been demonstrated that the concatenation of the representations is not an effective
multi-view strategy and that the success of fine tuning the solutions of the CMM-based
methods with kernel k-means is dataset dependent.
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CHAPTER 4

KERNEL-BASED WEIGHTED MULTI-VIEW
CLUSTERING

4.1 Kernel-based Clustering
4.2 Multi-view Kernel k-means and Multi-view Spectral Clustering
4.3 Empirical Evaluation

4.4 Summary

Multi-modal datasets are very common in practice due to the use of different measur-
ing methods (e.g. infrared and visual cameras), or of different media, like text, video
and audio. Each instance in these datasets has multiple representations, called views,
from various feature spaces. Typical examples include web pages, represented by
both text and hyperlinks, and images, where color and texture information can be uti-
lized. The existence of such data has raised interest in the so called multi-view learn-
ing', which has been extensively studied under the semi-supervised classification set-
ting [14,17,33,84,125]. This chapter focuses on multi-view clustering [10,13,50,65,77],
where the absence of a ground-truth to guide the learning process makes the under-
lining task much harder. The main challenge that arises is to find a suitable way
of simultaneously exploiting the, possibly, complementary information of all available
views in order to derive a robust partitioning, considering the diversity (e.g. different
statistical properties) and the disagreement (i.e. different views produce different parti-
tionings) of the views.

Surprisingly, most multi-view methods rely equally on every view, something that
may lead to performance degradation in the case of degenerate views (e.g. noisy or
irrelevant views). Identifying and appropriately handling such views is difficult though.
The approach presented in this chapter [107] tackles this problem from the kernel

IFor details on multi-view learning see Chapter 1, Section 1.2.

79



perspective, i.e. data points are mapped to a nonlinear high-dimensional space through
a kernel function [41]. Each view is represented by a kernel matrix and views are
combined using a weighted sum of the kernel matrices, accompanied by an appropriate
constraint on the weights. The weights express the quality (importance in clustering) of
the views and determine their degree of contribution to the final solution accordingly.
They are learned automatically, along with the inference of the cluster labels, through
closed-form expressions, by minimizing the typical intra-cluster variance objective of
lk-means in the space induced by combining the individual kernels. Two iterative
optimization strategies are developed, one based on kernel k-means [37,90] and the
other on spectral techniques [37].

Our strategy of mixing the kernels is inspired by multiple kernel learning® [62, 88,
110, 126, 130], where for a singly represented dataset a, usually linear, combination
of basis kernels is sought along with the partitioning, to solve the kernel selection
problem. In our case those kernels are derived from the views. Thus a connection
between these popular machine learning problems emerges. There appears to be some
dispute over the sparsity® of the combination weights, with some authors favoring high
sparsity [88,110, 126] and others a more uniform solution [62, 130]. We believe that
a good choice lies somewhere between the two ends, such that an algorithm is flexible
enough to allow the data to harness the kernel weights, without being too prone to either
end. For this reason, the proposed methodology incorporates a parameter controlling
this flexibility that must be specified prior to execution. Experiments on synthetic and
real world datasets support the above claim and indicate that view weighting under our
framework is successful in reflecting the underlying properties of the studied data. The
main contributions of the presented approach can be summarized in:

1) The estimation of view weights, a subject generally overlooked in multi-view clus-

tering.
2) The inclusion of a parameter that controls the sparsity of the weights.

3) The use of kernels to represent the views and the way they are combined, which

connects multi-view clustering to multiple kernel learning.

The rest of this chapter is organized as follows. Section 4.1 presents the foundations
of our multi-view method, which is detailed in Section 4.2. The experiments follow in
Section 4.3, before the concluding remarks of Section 4.4.

4.1 Kernel-based Clustering

Two kernel-oriented methods for optimizing the intra-cluster variance are described in

this section, which are both considered under our framework.

2For details on multiple kernel learning see Chapter 1, Section 1.3.
3Sparsity is defined relative to the number of kernels in the solution that carry significant weights.
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4.1.1 Kernel k-means

Kernel k-means [37,90] is a generalization of the standard k-means algorithm where
the dataset X = {x,}f\il x; € N¢ is mapped from input space to a higher dimensional
reproducing kernel Hilbert space H, a.k.a. feature space, via a nonlinear transformation
o: X —"H.

To partition dataset X into M disjoint clusters, {Ck}liwzl, the intra-cluster variance
in feature space (4.1) is minimized over clusters {Ck}iw:l where my, is the k-th cluster
center and ¢, is an indicator variable with §,;, = 1 if x; € C;, and ¢;, = 0 otherwise.

N M N
= 5@ X;
E =3 Sullé(xi) — mel?, my = % a

A kernel function £ : & x X — R [41] is employed to get the inner products in
feature space without explicitly defining transformation ¢ (usually the corresponding
transformation is intractable). Using the kernel function the kernel matrix K € V<V,
K;j = K(xi,%x;) = ¢(x;)"¢(x;), can be computed, which is the most common way of
representing a dataset in feature space. Note that, although the centers m; cannot be
analytically calculated, since ¢ is unknown, the squared Euclidean distances in (4.1)
can be estimated based only on the kernel matrix entries:

23 0Ky S S Gkt K
>0l 6 PORID AT

which suffices to cluster the instances. More details on kernel k-means can be found
in Chapter 1, Section 1.1.3.

lo(xi) — my||* = K —

4.2)

4.1.2 Spectral Clustering

According to [37], the intra-cluster variance (4.1) can be equivalently posed as a trace
difference:
0;
S =tr(K)—tr(YTKY), Y e RVM y, = T’“ . 4.3)
E j=1 5jk

The first term on the above equation is a constant, therefore the minimization of (4.3) is
equivalent to the maximization of tr(Y " KY) w.r.t. the indicator matrix Y. Due to the
discrete nature of Y this becomes a hard optimization problem, but if Y is relaxed to
be an arbitrary orthonormal matrix (i.e. YTY = I), a standard result in linear algebra
states that the optimal Y is composed of the top M eigenvectors of the kernel matrix
K. Therefore, spectral methods (see Chapter 1, Section 1.1.2) which calculate the
top eigenvectors of an appropriate matrix and then perform post-processing on these
eigenvectors to recover a partitioning can substitute kernel k-means. A popular spectral
technique is that of [82].
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4.2 Multi-view Kernel k-means and Multi-view Spectral Clustering

Motivated by the absence of multi-view clustering methods that differentiate the con-
tribution of the views according to the conveyed information, we present a simple and
effective kernel-based scheme which embeds in the clustering process an automatic
“ranking” of the views. This “ranking” should wipe out a completely uninformative
view, but also allow a less informative one to contribute, with a smaller degree, to the
clustering solution.

4.2.1 Model Description

v
Consider a dataset X with V instances and V views: X = {wz}f\il where x; = {ng) }
v=1
(v

and x; ) € R4 are the view vectors for instance x;. As already discussed in Section 4.1,
to apply kernel methods, the dataset is implicitly mapped to a feature space and is
represented through a kernel matrix. Here it is assumed that ' kernel matrices are
available, {K ) }7‘;1, to which (unknown) transformations {gb(”) }::1 and feature spaces
{H(”) }Zzl correspond. To take advantage of all views, we propose the following kernel

combination, where w, are the view weights and p is an exponent:

v 1%
k:waK(”), w, > 0, Zwv: 1, p>1. (4.4)

v=1 v=1

It is easy to verify that the composite matrix K is a valid kernel matrix, i.e. a pos-
itive semidefinite matrix, to which a transformation ¢(x;) = [\/wfgb(l)(xz(-l))T, e

T - ~ ~
ww(V)(xEV))T} corresponds, i.e. K;; = ¢(x;) ¢(x;), that maps the instances to

feature space H=HY x...x H"). The weight values, w,, of the combination (the w!
values to be precise) represent the relevance of each kernel (view) to the clustering task.

This technique of kernel mixing is widespread in multiple kernel learning, where
usually the p-norm constraint is applied, i.e. K = Z:}/:l w, KW w, > 0, Z:}/:l wph <
1,p > 1. Different norms allow for different levels of sparsity on the weights, with the
1-norm [88, 110, 126] favoring very sparse weights and the oco-norm [62] reducing to
the unweighted case, i.e. K = Z:}/:l K® . Norms for p > 1 provide a tradeoff between
these two extremes [62, 130]. We shall shortly discuss how the exponent p in the above
kernel mixture (4.4) affects sparsity likewise. However, it must be clarified that in this
chapter we do not focus, by any means, on kernel learning, but exploit kernels as a
tool for representing and combining views in multi-view learning.

In order to partition the dataset into M disjoint clusters, {Ck}g/lzl, and simultane-
ously exploit all views by learning a suitable kernel K of the form (4.4), the intra-cluster

variance in space H (4.5) is minimized over the clusters and the weights, w.r.t. the con-
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straints in (4.6). Note that we do not optimize w.r.t. p, which must be fixed a priori.

N M N ~
% ~ ~ 1 Ok (
Er= 303 Gull ) — g, g = et OO @.5)
i=1 k=1 Zz:1 dik
1%
min E=, st w, >0, w,=1,p>1 (4.6)
G, o, 2

Using (4.2) and (4.4) the objective is rewritten as:

< D DA I I DD SRR e
En = Z Z ok | Kii — N + N N
- > i1 Ojk > jm1 211 k0w

_ - p . (v) 2 Ejvzl 6J'kKi(J1')) Ejvzl El]\il 5jk5”fKJ(';))
=2 iy Y o | K - =S + Sy =
; Z 5jk Zj:l Zl:l 5jk5lk

i=1

v N N v) ()
v v v ZZ’: 5lk¢( )(Xz )
Ex =D wi 3 ol x) - ml | ) = SIS @)
v=1 i=1 k=1 > it Ok
Under the spectral perspective, (4.5) can also be stated in terms of matrix traces,
where Y is defined as in (4.3):

14
E=tr(K) —tr(Y'KY) = ng (tr(K™) —tr(YTK®Y)). 4.8)

From (4.7) and (4.8) it is obvious that the intra-cluster variance in feature space
H is the weighted sum of the intra-cluster variances of the individual views’ feature
spaces, H"), under a common clustering. Minimizing the view disagreement is the
basic principle over which multi-view approaches are built [10].

4.2.2 Model Training

Two iterative algorithms that in each iteration alternate between updating the clusters
and reestimating the weights are proposed. One follows the distance-based formulation
of Eﬁ (4.5) and the other the trace-based spectral formulation (4.8). They are called
multi-view kernel k-means (MVKKM) and multi-view spectral clustering (MVSpec), re-

spectively.

Updating the clusters for given weights - MVKKM algorithm

When the weights w, are known, the cluster assignments that minimize the intra-
cluster variance can be found in the same way as when only a single kernel is available.
The composite kernel, K = Z 1 wP K™, is first calculated and then kernel k-means
is applied in space H. Note that kernel k-means requires an initial set of clusters as
input. The partitioning returned by the previous MVKKM iteration is used for initializing
kernel k-means for the current iteration.
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Updating the clusters for given weights - MVSpec algorithm

Like MVKKM, the composite kernel is first calculated and then the relaxed version of
(4.8) (i.e. Y is allowed to be an arbitrary orthonormal matrix) is considered to compute
Y. The optimal solution is composed of the M largest eigenvectors of K, according to the
discussion in Section 4.1.2. Note that Y should not be discretized during the iterative

process. Otherwise, the monotonic convergence of MVSpec cannot be guaranteed.

Updating the weights for given clusters - MVKKM algorithm

For ease of computation, the form of the objective described in (4.7) is considered
together with the constraints from (4.6). It is easy to verify that the constrained objective
is convex w.r.t. the weights when p > 1, hence their optimal values that minimize £
for the current partitioning can be determined. After some manipulation the following
closed-form solution emerges (the analytical proof is provided in Appendix B):

1

\% — N M
Dv p—1 v v
w, =1/ ( ) if p>1, where D, =Y Y dx[o®”(x”) —m’ [ (4.9)
v'=1

D
v i=1 k=1

For p = 1 the optimization problem (4.6) becomes a linear program. Its solutions lie on
the corners of the simplex in the positive orthant spanned by the constraints, which

results in a completely sparse outcome:

if p=1. (4.10)

1, v =argmin, Dy
Wy =
0, otherwise

Updating the weights for given clusters - MVSpec algorithm

We follow an analogous procedure to that of MVKKM with the only difference being that
the relaxed formulation of (4.8) is used instead of (4.7). All the above remarks regarding
the convexity of the objective and the optimality of the weights carry over to MVSpec.
Thus, if p > 1 the weights are updated through (4.9), while if p = 1 through (4.10),
where now D, = tr(K®W) —tr(YTKWY).

Initialization and post-processing

In order to apply both algorithms, initial values for the view weights are required. A
uniform weighting (w, = 1/V) of the kernels can be used, which is a reasonable choice,
unless prior knowledge regarding the quality of the views is available. Additionally,
MVKKM requires an initial set of clusters. To locate a meaningful initial partitioning
before executing MVKKM, which is very important in avoiding poor minima during the
subsequent iterations, the global kernel k-means algorithm [105] (see Chapter 1, Sec-
tion 1.1.4) is applied that yields near-optimal solutions in a deterministic-incremental
fashion. Finally, in the MVSpec method, the eigenvectors are discretized after conver-

gence using k-means, as in [82], to get the disjoint clusters.
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4.2.3 Discussion

In this section, some aspects of the proposed methods are analyzed, starting with the
effect of the p exponent. As can be seen from (4.9), the less the intra-cluster variance
D, of a view the larger its weight. For p = 1 a completely sparse solution emerges
(4.10), regardless of the relative differences in D, among the views. Hence, p = 1
may discard useful views and thus is effective when a single view is of good quality.
For p > 1 it is easy to see (4.9) that the greater (smaller) the p value the less (more)
sparse the weights w, become, i.e. the relative differences in D, among the views are
suppressed (enhanced). Therefore, a very large p value is useful when kernels of similar
quality are available. In practice, intermediate p values are a more reasonable choice,
since the most common scenario is that views with complementary information and
also degenerate ones exist for the same problem. The above remarks also hold for the
wh values, which are the actual coefficients used to combine the kernels (4.4). Hence,
as p increases the w! values become more uniform.

To demonstrate the above a bit more formally, the ratio between any two weights,
w,/w,, can be considered as an indicator for the sparsity of the solution. The more
this ratio tends to 1 the less sparse the outcome. Assume a fixed clustering, i.e. a fixed

1
D, and Dy. From (4.9), ;= = (D> and

W,/ Dy

_p_
;”,? = (%;’)pil, p > 1. As p increases,
the exponents 1/(p — 1) and p/(p — 1) decrease, therefore both ratios get closer to 1.
Hence, the distribution of the w, and w! values becomes less sparse as p increases.
Finally, note that 0 < p < 1 is not permitted, as in this case the constrained optimized
objectives (4.7), (4.8) become concave w.r.t. the weights, thus the updates, which take
the same form as in (4.9), will increase Eﬁ.

Regarding the computational complexity, during each of the 7’ iterations two main
operations take place; the estimation of the view weights and the cluster updates.
These operations require O(N?V) and O(N?7) scalar computations, respectively, for
MVKKM (7 are the kernel k-means iterations). For MVSpec the corresponding cost is
O(N2MV) and O(N2M) (top M eigenvectors of K) respectively. For both methods an
additional O(N?V) operations are necessary per iteration, to calculate the composite
kernel. Thus, the overall cost for MVKKM is O(N?(V + 7)7’), while for MVSpec is
O(N*MV'7"). Note that MVKKM additionally requires a cluster initialization step, while
MVSpec an eigenvector discretization step.

It is known that kernel k-means monotonically decreases the intra-cluster variance.
The update on the weights further reduces the objective value. Hence, the distance-
based iterative scheme is guaranteed to monotonically converge to a local minimum of
&z Moreover, we anticipate this to be a good local mode, since the iterative process
starts with a high quality set of clusters, due to the global kernel k-means initialization,
which is refined after estimating new values for the weights. As previously mentioned,
the spectral approach provides a matrix Y that is optimal for the current weights
w.r.t. a relaxed version of the considered problem (4.8), where Y is allowed to be an
arbitrary orthonormal matrix. The subsequent update on the weights further reduces
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the objective, leading to a monotonic convergence to a local minimum as well. Note
that a discrete partitioning is obtained only after the MVSpec method has converged.
Therefore, it remains to be seen if the decision to relax Y and thus locate the optimal
Y in each iteration is effective, compared to MVKKM which at each iteration operates
with discrete cluster assignments.

We decided to apply the intra-cluster variance function for multi-view clustering as
this is one of the most popular clustering criteria and is well posed for kernel-based
learning. Moreover, it fits well to the task of automatically constructing a “ranking”
of the views, through the kernel combination of (4.4), and it gives rise to two iterative
schemes where the update of the weights and the corresponding partitioning are calcu-
lated very easily. Iterative frameworks are constantly gaining ground in multiple kernel
learning [28, 88, 124, 126], and are proving to be quite efficient.

Finally, it is crucial for the application of both methods that views have comparable
intra-cluster variances in feature space. Hence, views must be normalized, for example,
as in the experiments, by dividing each view’s kernel entries K Z(]U ) by the average of the
pairwise square distances of the view’s instances in feature space:3 | Z;VZI(K @) _

2K + K) /N2,

4.3 Empirical Evaluation

The performance of MVKKM and MVSpec? is studied on synthetic data as well as on
a collection of images and a set of handwritten digits, where multiple views occur nat-
urally. The aim of the experimental evaluation is twofold. First to investigate the p
parameters’s impact on the returned clusters and the kernel combination coeflicients
w?,

pared to other multi-view algorithms.

and second to inspect how effective view weighting under our framework is, com-

To achieve these goals the two proposed algorithms are executed for various p values,
p > 1. Moreover, two trivial kernel combinations, p = 1 and uniform, are considered.
p = 1 corresponds to selecting the best kernel, through the weight update process, and
splitting the dataset using the information of this kernel only, i.e. it is the best single
view case. The uniform combination evenly considers all kernels to obtain a split of the
data, i.e. we fix w, = 1/V in our algorithms and no weight updates are performed (the
uniform combination does not depend on the p value). In addition, they are compared to
correlational spectral clustering (CSC) [13] and the weighted multi-view convex mixture
models (MVCMM) we proposed in Chapter 3 (Section 3.3) of this thesis.

CSC projects the views, which are all thought of as being of the same quality (i.e. no
view weights are available), through kernel canonical correlation analysis (KCCA) [51]
and then clusters these projections with k-means. As in [13], the number of projection
axes is set equal to the number of clusters, the KCCA regularization parameters are

4Matlab code is available at: http://www.cs.uoi.gr/~gtzortzi.
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Figure 4.1: The two synthetic views. Different symbols represent the three sought
clusters.

determined using grid search and k-means is restarted 30 times with random initial-
izations and the run with the smallest k-means objective is kept.

Remember that, in MVCMM each view is modeled by a convex mixture model
(CMM) [71] and an automatically tuned weight is associated with each view. The only
parameter that must be determined in advance is a  parameter which controls the
sharpness of the components of the CMMs. To locate a good [ value, we calculate a ref-
erence value 3, according to the empirical rule presented in Chapter 3 (equation (3.11)),
and search around it. In particular, 3 values in the range [0.5,1,1.5,..., 7|3, are tried
and the best MVCMM run is reported.

For all datasets the ground-truth labels are given and are only used to assess the
quality of the returned solution with the NMI criterion (4.11)%. Higher NMI values
indicate a better match between cluster labels and class labels.

M C ,nh nhN
22 k=1 et W 108 s
i=1"" i=1""k (4'11]
Hy + He

The number of clusters is set equal to the true number of classes and linear kernels are

NMI =

employed for MVKKM, MVSpec and CSC to represent the views, unless stated otherwise.
For MVCMM, Gaussian convex mixture models are used (see Chapter 3). Note that the
global kernel k-means algorithm is utilized to locate initial clusters for MVKKM (Section
4.2.2), thus avoiding the need for multiple restarts. We do not apply a similar procedure
to initialize the k-means step in CSC, since we adopt the experimental protocol of the
CSC paper [13].

4.3.1 Synthetic Data

To outline the basic properties of the proposed algorithms, a three cluster toy example
was created, consisting of two views where the second view is a noisy version of the

5N is the dataset size, M the number of clusters, C' the number of classes, nZ the number of points
in cluster k belonging to class h, and H);, Hc the entropy of the clusters and the classes, respectively.
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Table 4.1: NMI score and kernel coefficients distribution (w?/ 23:1 w?)) of MVKKM and
MVSpec on the synthetic dataset, for several p values and for the uniform case.

MVKKM MVSpec
NMI Coefficients NMI Coefficients

View 1 View 2 View 1 View 2
p=1 1 1 0 0.681 1 0
p=1.3 1 0.85 0.15 0.671 0.84 0.16
p=1.5 1 0.77 0.23 0.663 0.74 0.26
p=2 0.769 0.64 0.36 0.632 0.66 0.34
p=4 0.749 0.58 0.42 0.593 0.62 0.38
p= 0.747 0.56 0.44 0.593 0.62 0.38
Unif. 0.701 0.5 0.5 0.552 0.5 0.5

first (Figure 4.1). Due to the nonlinearly separable nature of the dataset, an rbf kernel
is adopted for each view and its parameter is determined through exhaustive search
(here 0 = 0.2 for both views).

From Table 4.1 it is evident that as p increases the coefficients w!? become more
uniform and clustering degrades. This is anticipated since the first view contains
all the necessary information to correctly split the data, while the second mixes the
clusters. Thus, as the contribution of the second “noisy” view increases, it becomes
less probable to recover the true assignments. For small p values, which admit sparser
outcomes, the weighting is consistent with the noise level present on the views and
MVKKM manages to correctly cluster the data points. Note that even the noisy view
contains structural information, hence it is expected to receive nonzero weight even
for small p (p = 1.3,1.5). MVSpec, although its coefficients match those of MVKKM,
achieves low NMI. We observed that spectral clustering on the first view alone fails
to recover the clusters (we executed the popular normalized cut method of [82] for
several o values), giving similar results to MVSpec for p = 1 and explaining the deficit
of MVSpec.

4.3.2 Multiple Features Dataset

Multiple features is a handwritten digits (0-9) database from the UCI repository [42]
(Figure 4.2). The digits (200 per class) are represented by several attribute sets (i.e.
views), namely Fourier coefficients, profile correlations, Karhunen-Love coefficients,
pixel averages and Zernike moments (note that this is the order of the views in Fig-
ure 4.3). From the original dataset several four class subsets were created and the
most representative ones are presented here. As attributes within the same view ex-
hibit significantly different scales, all views’ attributes were normalized to unit variance.
Moreover, kernel entries were divided by the average pairwise square distance of the
corresponding view, as discussed in Section 4.2.3. This preprocessing was also applied
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Figure 4.2: Examples of handwritten digits contained in the Multiple features dataset.
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Figure 4.3: MVKKM (yellow) and MVSpec (black) kernel coefficients distribution
(wP/ ZX:1 w?)) on the Multiple features dataset, for several p values and for the uniform
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to CSC and MVCMM®.

The comparison of the four tested algorithms is provided in Figure 4.4, where the
subsets are named according to the included numerals. Note that CSC and MVCMM
do not depend on p. MVKKM is superior to MVSpec for almost all p values, indicating
that the distance-based formulation of the objective is more effective. MVCMM, de-
spite assigning weights to the views, always yields the least NMI, thus highlighting the
potential of our clustering technique. CSC is quite competitive, being slightly (except
for MFO169 and MF4689) inferior to MVKKM and MVSpec for the best p. Moreover,
the single view case (p = 1) proves to be the worst, while the uniform (Unif.) is close
in accuracy to that for the best p. This fact together with i) the effectiveness of the
(unweighted) CSC method for most subsets and ii) the minor, only, drop in NMI as p
increases (for MVSpec even an increase is observed for MF1367 and MF4689), hence

the kernel coefficients, w?, distribution evolves towards uniformity (Figure 4.3), lead us

SMVCMM is not kernel-based, therefore the distances in the Gaussian components were instead
normalized.
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Figure 4.4: NMI score of the compared methods on the Multiple features dataset, for

several p values and for the uniform case.
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Table 4.2: Categories contained in the tested Corel subsets.

Subset Categories

Corell | owls wildlife trains  cargo ships
Corel2 | buses leopards trains cargo ships
Corel3 | buses leopards cars passenger ships
Corel4 | owls wildlife hawks roses

Corel5 | eagles elephants trains  passenger ships

Figure 4.5: Examples of images contained in the Corel collection.

to conclude that all views contribute significantly in the Multiple features dataset. Still
though, a p value that admits some sparsity on the solution can enhance performance,
particularly for MVKKM where p = 1.5 or p = 2 is always the best choice.

4.3.3 Corel Images Dataset

A part of the popular Corel collection consisting of 34 categories, each with 100 images,
serves as our second real multi-modal paradigm (Figure 4.5). Images consist of a salient
foreground object, but within each class there is great variance in terms of distance and
angle of the object, color, lighting, and background composition, making this dataset
difficult for unsupervised learning. Attribute vectors that represent the images in terms
of seven views, three color-related views (color histogram, moment and coherence) and
four texture-related views (coarseness and directionality of tamura texture, wavelet and
mrsar texture) are available for this collection’ (note that this is the order of the views
in Figure 4.6). Many four class subsets were extracted and the most representative
ones are included in the experiments (Table 4.2). The kernels were normalized as for
the Multiple features dataset.

Results are depicted in Figure 4.7. MVKKM for p = 2 considerably outperforms the
other three algorithms and its kernel coefficients, w?, distribution (Figure 4.6) indicates
that a nonuniform mixture is suited to this dataset, thus explaining the deficit of larger
p values and CSC. Moreover, its advantage over MVSpec, for which the NMI increases
as p increases and a uniform solution is preferable, is significant for all p values. The
difference between the two clustering schemes can be explained from Figure 4.6, where
a disagreement is observed regarding which view should acquire the highest weight
(except for Corell) and a more peaked coefficient distribution for MVSpec. It seems
that MVSpec selects inappropriate views, indicating that the relaxed problem becomes
detached from the actual objective (4.8) during the iterative process (it even yields worse
results than CSC). It is worth noting that both MVKKM and MVSpec underperform

“http://www.cs.virginia.edu/~xj3a/research/CBIR/Download.htm
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Figure 4.6: MVKKM (yellow) and MVSpec (black) kernel coefficients distribution
(wP/ ZX:1 w?) on the Corel dataset, for several p values and for the uniform case.

for very small p (p = 1, p = 1.5), i.e. for very sparse combinations, thus exploiting
information from all views is necessary for the tested real data. Finally note that
MVCMM is not performing well on this or the previous dataset, despite automatically
estimating view weights. This emanates from the very sparse solution recovered by the
method, that assigns a zero weight to most views.

4.3.4 Discussion

The empirical evaluation has shown that the distance-based formulation of the objec-
tive provides better results than the spectral. There is dual reason for this behavior.
First, MVSpec provides at each iteration a continuous solution Y which at the end
is discretized to obtain the final partitioning. The continuous solution runs the risk
of deviating from the original non-relaxed objective, especially in iterative algorithms,
such as MVSpec, where the weights get updated based on the relaxed objective. On
the contrary, MVKKM provides a discrete partition in every iteration, thus following
“closely” the intra-cluster variance objective. Hence, the relaxation can lead to the se-
lection of suboptimal views, whose influence is further enhanced for sparser solutions
(i.e. for smaller p). This case arose for the Corel dataset (Figures 4.6-4.7) and explains
why MVSpec usually attains its highest NMI for the uniform case.

Second, for the initialization of MVKKM the global kernel k-means procedure was
employed, which is deterministic and very effective [105]. As the experiments with the
synthetic and Multiple features datasets indicate, a properly initialized kernel k-means
can locate better clusters than spectral techniques, since MVKKM outperforms MVSpec
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Figure 4.7: NMI score of the compared methods on the Corel dataset, for several p
values and for the uniform case.
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despite both techniques resulting in similar w? values. The two previous observations
also elucidate why CSC performs better than MVSpec for most p values on the real
data.

Further ground for the above remarks was provided when we executed for the Corel
subsets i) a run of kernel k-means using the MVSpec-derived composite kernel and ii)
spectral analysis over the MVKKM-derived composite kernel. The results were always
inferior to those reported for MVKKM in Section 4.3.3, demonstrating that the distance-
based formulation infers both better cluster structures and view weights.

Furthermore, for MVKKM, which is always the best of the tested methods, selecting
either the best view or equally all views proves to be inadequate, highlighting the im-
portance of allowing the clustering algorithm to mix views more robustly and finding
a balance between sparsity and uniformity. This is also reported in some of the ex-
isting multi-view and multiple kernel learning studies, such as [62, 70, 124, 131]. The
appropriate p value is, of course, dataset dependent.

Finally, a word on the computational complexity of the proposed methods and specif-
ically on the number of weight and cluster updates performed. For the Multiple fea-
tures dataset, MVKKM and MVSpec need between 3-5 and 4-10 iterations to converge,
respectively, while for the Corel dataset they need between 4-11 and 5-15 iterations
respectively, depending on the p value and the dataset subset. It is evident that both
algorithms quickly converge and, in general, the more the final weights deviate from
their initial, uniform, values (as is the case for smaller p values, or the Corel dataset)

the more iterations are necessary.

4.4 Summary

In this chapter, we have presented two multi-modal approaches that represent modal-
ities through kernel matrices and optimize the intra-cluster variance function. A
weighted combination of the kernels that reflects the views’ relevance to the cluster-
ing task is automatically learned, using closed-form updates, along with the clus-
ter assignments. This combination utilizes a p exponent to control the sparsity of
the weights, which resembles the p-norm constraint applied in multiple kernel learn-
ing [62]. Both methods, particularly MVKKM, compare favorable to existing ones, un-
derlying the strength of our framework and that view weighting can boost the quality
of the partitioning, if the sparsity of the weights is appropriately moderated.
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CHAPTER §5

RATIO-BASED MULTIPLE KERNEL CLUSTERING

5.1 The RMKC Algorithm
5.2 Empirical Evaluation

5.3 Summary

The success of large margin techniques in supervised learning, particularly that of
support vector machines (SVM) [19], has generated great interest in extending such
techniques to the unsupervised setting, leading to the, so called, maximum margin
clustering' (MMC) problem [121]. Given a dataset X' = {Xl}f\il x; € R4, MMC ap-
proaches attempt to find a labeling (clustering) y = [y1,...,yn]', ¥; € {1}, of the
instances, such that a subsequent training of a standard SVM [12, 19] would result in
a margin that is maximal over all possible labellings. MMC is formulated as:

N
1 2
inmin - N g, 5.1
mn g 5w+ O3 ¢ &

N
st =0y <ty e {1,y (wholx) +0) > 1-&, & >0,
=1

where w, b are the coefficients of the SVM hyperplane (||w|| is the reciprocal of the
margin), £ = [£y,...,¢ N]T is the vector of slack variables capturing the misclassification
error, C' > 0 is the regularization constant and ¢ is a transformation that maps the
instances to a higher dimensional feature space that is implicitly defined using the
kernel trick (K(x;,%;) = ¢(x;) " ¢(x;)) [41]. Moreover, to prevent the trivially “optimal”
solution of assigning all instances to the same cluster and thus obtaining an infinite
margin (||w|| = 0), a cluster balance constraint (—¢ < Zf\il y; < {) was introduced by

Xu et al. [121], where ¢ > 0 is a constant controlling the imbalance of the clusters.

IFor details on maximum margin clustering see Chapter 1, Section 1.3.2.
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The MMC problem is non-convex with integer parameters y, making the optimization
much trickier than that of the standard (convex) SVM where the labels y are known
in advance. To solve (5.1), some approaches employ semidefinite programing (SDP)
[110,121, 122], others exploit the cutting plane method [115, 130] and others rely on
alternating between the outer and the inner minimization [129].

It is well-known that the performance of kernel-based approaches [92], like MMC,
heavily depends on the choice of the kernel. However, it is often unclear which is
the best kernel for a particular task. Multiple kernel learning® (MKL) [49], which has
been mainly studied under the SVM paradigm [19], attempts to simultaneously locate
the hyperplane with the largest margin and also learn a suitable kernel. The kernel,
K(x;, X;j) = gg(xi)T;bv(xj), is usually parametrized by a vector 8 = [f;, ..., 0y]' of param-
eters. Most existing MKL approaches focus on supervised learning and several of them,
in principle, derive from the following optimization (subject to some slight modifications)
(e.g. [62,63,88, 124]):

. 1
min —
owphe 2

N
Wl +C > &, (5.2)
i=1

st 0,20, 61 < 1,y (Wo(x) +0) 21— &, & 20,

Kernel parameters 6, are limited to nonnegative values to ensure the learned kernel
is positive semidefinite and the p-norm constraint is employed to avoid overfitting.
Usually the kernel is parametrized as a linear combination of some given basis ker-
nels and either the 1-norm that promotes sparsity [88, 96, 133], or a more general
p-norm, p > 1, [62,63, 124], is chosen. There also exist a few studies that consider
nonlinear combinations of basis kernels [28, 48], or even general types of parametric
kernels [45, 111]. The optimization problem in (5.2) is non-convex due to 6. Depending
on the form of the kernel parametrization and the choice of p-norm, various optimiza-
tion strategies have been proposed, several of which alternate between updating 6
and solving a standard SVM to obtain w, b and £. For example, semi-infinite linear
programming [62, 96, 133], gradient-based methods [45, 48,88, 111] and closed-form
methods [63, 124].

Extending MKL to the clustering domain, and in particular to MMC problems, is an
interesting research direction, however, existing work is rather limited. The methods
of [110, 130] seek to find a linear mixture of the basis kernels along with the cluster
assignments, such that the margin is maximized, in essence combining (5.1) and (5.2).
Here, we follow a similar path, but propose [109] a novel objective that considers the
ratio between the margin (a notion of cluster separability) and the intra-cluster variance
criterion of kernel k-means [37,90] (a notion of cluster coherence). Hence, both the
separation and the compactness of the clusters are explicitly taken into account, which
can possibly improve on the solutions returned by approaches utilizing either of the

2For details on multiple kernel learning see Chapter 1, Section 1.3.
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two. Importantly, the margin has been shown to suffer from a major deficiency when
applied to supervised MKL [45]. It can become arbitrarily large by a simple scaling of
the kernel, thus it is inappropriate for assessing the quality of the learned kernel. The
same can be demonstrated to hold for unsupervised MKL and we prove that our ratio-
based objective is invariant to kernel scaling, thus overcoming this deficiency. Moreover,
its global optimum solution is invariant to the type of p-norm constraint on the kernel
parameters 6 (when a linear combination of basis kernels is employed), making the
selection of a suitable norm less crucial.

A simple gradient-based optimization procedure that alternates between updating
the kernel parameters 6 and the cluster assignments y is devised, avoiding the in-
vocation of complex optimizers, such as the SDP solvers [110] and the cutting plane
method [130]. Experiments on several datasets, including two collections of handwrit-
ten numerals and two image collections, reveal the superiority of the proposed method
over approaches that rely solely on the margin or the intra-cluster variance.

The rest of this chapter is organized as follows. Section 5.1 introduces our ratio-
based formulation and presents its invariance properties and optimization details. Ex-
periments follow in Section 5.2, while Section 5.3 provides a summary of the chapter.

5.1 The RMKC Algorithm

5.1.1 Problem Formulation

Consider a dataset X' = {xz}f\i1 x; € R4, for which we want to simultaneously infer
the cluster labels and also perform kernel learning under the large margin framework.
While presenting our method we shall restrict ourselves on a linear combination of basis
kernels, which is the most common technique of parametrizing kernels for MKL [63,
88, 124]. Later we will show that our model can accommodate more general parametric
forms of kernels.

Assume that V basis kernels, K¥) : X x X — R, are available, each implicitly
inducing a transformation ¢*) : X — H{) on the instances to a feature space H"
through KW (x;,x;) = ¢ (x;)"¢"(x;). A linear mixture of kernels gives rise to a

composite kernel K:
N 1%
K(xi,x;) = Y 0,K" (x;,%), 6, >0, (5.3)
v=1

that is parametrized by 8 = [0;,...,6,]". Since K is a valid kernel it holds that
K(xi,x;) = ¢(x;)To(x;). ¢ :+ X — H, and, actually, o(x;) = [VBo(x;)T,...,
X; ue to the linear combination.
VO™ (x)T]" d he 1 b
We propose a new formulation that does not depend only on the margin, like most
existing MMC and MKL studies, but utilizes the ratio between the margin and the intra-

cluster variance objective of kernel k-means [37,90] in feature space H. Minimizing
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such a ratio can lead to superior partitionings as both compact and well-separated
clusters are sought. Moreover, as it will be proved, it makes our formulation invariant
to kernel scaling, an important property when kernel learning is involved [45]. Denoting
byy = [y1,...,yn]|", y; € {£1}, the vector of the instances’ cluster labels, we consider
the following optimization problem:

N
: _ N
rg;nj(e,y), st. 0, >0, ||0]F =1, — E_ <l y e {£1}7, (5.4)

N
1 ~
J(6.y) = min 55(49,y)||w||2 +CY &, sty <WT¢(xi) + b) >1-&, &>0. (5.5
” i=1
Here £ (0, y) is the kernel k-means criterion (5.6) describing the intra-cluster variance?,
where my, is the k-th cluster center and 0, is a cluster indicator variable with d;; = 1 if
y; = —1 and ¢, = 1 if y; = 1. Note that due to the SVM-like formulation we are limited
to two-cluster solutions, i.e. k¥ € {1, 2}, which is the typical case for MMC methods.

N 2
1 ~ 12
i=1 k=1
1, v,=2k—-3 _ Zf\; 5ik$<xi>
Oix = . y My = —— N -
0, otherwise S Ok

The squared Euclidean distances in £(0,y) can be posed solely in terms of the entries
of the kernel matrix K € RV*N corresponding to K (K = ]C(XZ,XJ)) from which it
follows that:

£(0.y) = ~ - =2 0y L S Sndu
0.) =52 0 | K-~ ——+ == 6
‘ Zj:l Ojk Zj:l > 11 G50k

Additionally, by using (5.3), the composite kernel matrix K can be written as the sum
of the basis kernel matrices K € RVN je K = Z L 0K (), leading to:

1% N 2 N (v) N N ()
1 2% i1 0k K D1 D e OO K
EO,y) =D 0,3 ) ou | K — == 4 Sisl s ). 5.8
N v=1 i=1 k=1 ( Zjvzl 5jk Zjvzl Z;\il 5jk5”f

For the above optimization problem (5.4), it is easy to verify that its objective function
J(0,y) at a given {6, y} is defined as the optimal objective value of a problem (5.5)
that closely resembles the standard SVM. The only difference is that the variance to
margin ratio is employed in place of the margin. Similar to MMC methods [121, 129], a
cluster balance constraint (—¢ < ZZN:1 y; < {) must be imposed to prevent meaningless

SFor simplicity, on the following, we shall also refer to the intra-cluster variance as the variance of the

clusters.

98



solutions from arising. Finally, the composite kernel coefficients 6, are required to be
nonnegative so that K is a valid kernel and a p-norm constraint is introduced to avoid
overfitting, as in (5.2).

Hence, the optimization in (5.4) searches for a pair of {#,y} values that yields a
small variance to margin ratio (£(0,y)||w]||?) regularized by the misclassification error
(captured by the slack variables &). We shall call this approach Ratio-based Multiple
Kernel Clustering, abbreviated as RMKC.

It should be clarified that the actual problem we are trying to solve is (s.t. the
constraints in (5.4)-(5.5)):

N
1
min —£(0 w|*+C iy 5.9
pmin SE(0, )]+ ;g (5.9
which is rather difficult to directly optimize, since it constitutes a non-convex problem
with integer parameters y. Reformulating it as in (5.4), analogously to Rakotomamonjy
et al. [88], will enable us to devise an alternating optimization strategy, that benefits
from differentiability w.r.t. & and does not demand the use of complex solvers.

5.1.2 Properties of RMKC

In this section, two properties of RMKC are presented, which highlight some important
advantages of combining the margin with the variance of the clusters.

Suppose the composite kernel K (5.3) is scaled by a > 0, i.e. K' = aK. Then
the corresponding transformation becomes 5’ = \/55 Moreover, as K is a linear
combination of basis kernels, its scaling can be equivalently posed as a scaling on its

parameters, i.e. 8 = .

Proposition 5.1. (Scale Invariance) If a kernel K of the form defined in (5.3) is scaled
by a scalar o > 0, then J(a8,y) = J(0,y).

Proof. From (5.7)-(5.8) it is evident that £(af,y) = a&(0,y), hence:
1 N
— min 2 .
J(a8,y) = min 5a€(6,y)|w|l* + C;&,
sty (W (Vadx)) +0) 2 1-¢, &>0.

Setting w = w’/,/a and substituting in the above equation completes the proof, as
(5.5) is recovered. ]

Our quest for an objective that satisfies Proposition 5.1 was inspired by Gai et
al. [45], where it was illustrated that relying solely on the margin is not sufficient to
perform kernel learning in the supervised case. Analogously, if J(60,y) in (5.4) is
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replaced with the more conventional margin-based objective:
1 al ~
J(0,y) = min 5||w||2 +CY &G, sty (ngzS(x,-) + b) >1-6,6>0, (5.10)
o i=1

it can be shown that an arbitrarily small [7'(6,y) value can be achieved by scaling the
composite kernel, thus constituting the margin criterion unsuitable for evaluating the
true quality of the kernel while learning {6,y }.

To analyze this in more detail, let {w* b*, £"} be the optimal solution of (5.10)
for some fixed {0,y}. Assume the composite kernel is scaled by a > 1 and for the
hyperplane coefficients we select w' = w*/y/a and b’ = b*. Then the hyperplane of the
scaled kernel equals w’" (ﬁg@@) +1 = w*' ¢(x;)+b*, hence it is identical to that of
the case without scaling and therefore results in the same slack variables, i.e. £ = £”.
Thus 5|w/* + C XY, ¢ = 5PE + O, 6 < WP+ O XL, & = T'(6.y). due
to @« > 1. Obviously, the optlmal solution of the scaled problem (J'(af,y)) satisfies
J'(a8,y) < L||W|* + CY N & < J'(8,y). It is now evident that by enlarging the
composite kernel, the margin-based objective (5.10) can become arbitrarily small.

Note that in the linear combination case (5.3), where scaling the composite kernel
is equivalent to scaling its parameters, the scaling issue can be handled through the
p-norm constraint on 6. However, this is not possible for nonlinear mixtures of basis
kernels. On the contrary, our ratio-based objective (5.5) is scale invariant for arbitrary
forms of composite kernels (the proof is analogous to Proposition 5.1) and also allows
for norm invariance.

Proposition 5.2. (Norm Invariance) Consider a kernel I% of the form defined in (5.3) as
well as a) the optimization problem described by (5.4) without the p-norm constraint on 6
(p1) and b) the same problem (5.4), but with the slightly more general p-norm constraint
10]> = ¢, ¢ > 0, in place of [|0||? = 1 (p2). If{6;,y;} is a global optimal solution of p1
then { “%*/ﬁ 0, ya} is a global optimal solution of p2. Also, if{0;.y;} is a global optimal
solution of p2 then {0;,y;} is a global optimal solution of p1.

Proof. From the scale invariance property and since {0, y:} is a global optimum of p1
we get J < ﬁ,fﬁ 0, *) = J(0;,y:) < J(0,y) for any {6,y} satisfying the constraints
of p1. Note that the admissible @ values for problem p2 are a subset of those allowed in
pl, hence the above inequality also holds for every {6,y} adhering to the constraints
of p2 (the constraints for y are identical in pl and p2). Together with the fact that
cl/p 0*

A = c the first part of the proof is completed.

cl/p

For any {0, y } complying to the constraints of p1 it holds that { Tl 0 y} is admissible

P

for p2, since %0 = c. The scale invariance property and the global optimality
P

of {6;,y;} w.r.t. p2 yields J(6;,y;) < J <”;T‘P 0 y) = J(0,y), thus completing the

second part of the proof. 1
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Proposition 5.2 implies that the global optimal solution of the proposed formulation
(5.4) is insensitive to the selected type of p-norm constraint, up to a scaling on the
composite kernel parameters. The norm constraint can be even dropped from (5.4)
without affecting its optimal solution. Of course, a solver that locates local optima of
the ratio-based objective may produce different solutions when different p-norms are
employed for the same problem, but at least the overall best will be the same, making

the choice of the p-norm less crucial.

5.1.3 Optimizing the RMKC Objective

An iterative algorithm that alternates between updating the cluster labels y and rees-
timating the composite kernel coefficients 0, starting from some initial {6, y} value, is
presented and its main steps are summarized in Algorithm 5.1 and Algorithm 5.2.

Evaluating the Objective Function

To compute the value of the objective function [7(6,y) for some fixed {6,y}, we need
to solve the convex SVM-like optimization problem in (5.5). This can be facilitated by
turning to its dual, which can be obtained by incorporating the constraints into the
primal via Lagrange multipliers and setting the derivatives w.r.t. w, b, and £ to zero.
After some manipulation the following dual emerges:

N N

N N
max Zai Oy ZZaajyly] ijs st 0 <oy <C, Za,y,—o (5.11)
i=1

i=1 j=1 i=1

Since the cluster variance £(0,y) is a constant for given {6,y}, it can be included
in the kernel matrix and, thus, (5.11) actually coincides with the dual of the standard
SVM, with 6‘(9
by a*, can be located using any of the existing SVM solvers (the optimal values for w,

K as the kernel matrix. Hence, the optimal solution for (5.11), denoted

b, and £ in (5.5) are calculated based on the solution of the dual). Moreover, due to
strong duality, the value of 7(6,y) can be directly acquired from the dual:

N

JO0,y)=) ai - 9 > ZZa oy K (5.12)

i=1 =1 j=1

It should be clarified that whenever 7(60,y) is evaluated for a different pair of {0,y}
values, the optimal dual parameters a® must be reestimated, since they depend on

10.y}.

Updating the Kernel Parameters

Changing the composite kernel coefficients so that the ratio-based objective 7 (0,y) is
reduced, while keeping the cluster labels y fixed, can be effectively performed by means
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of gradient descent. Due to strong duality between (5.5) and (5.11) (see the preceding
subsection), we can exploit (5.12) to compute the gradient of 7 (0, y) w.r.t. 6.

Proof for the differentiability of J (0, y) comes from Danskin’s theorem [32], similar
to [88,111]. To apply this theorem to our problem, two conditions must be satis-
fied. First, the optimal solution a* of (5.11) must be unique. This can be ensured
by demanding the composite kernel matrix K to be strictly positive definite for every
admissible . Second, the objective function optimized in the dual (5.11) must be
continuously differentiable w.r.t. 8, which can be ensured by demanding K to be con-
tinuously differentiable w.r.t. 8. As K is a linear mixture of basis kernel matrices K ),
both requirements are fulfilled as long as every K is strictly positive definite. The
theorem also states that J(60,y) can be differentiated as if a* does not depend on 6.
Therefore, the derivatives can be obtained from (5.12) as:

00, - 28(0,}7)2 ;;az ajyzy]KZ] 00, - 28(0,}7) Zaz’ a;YiY;j 90, )

i=1 j=1

(5.13)

OKj _ 1-(v) 9E(8.,y)
as, = I and =55
the derivatives, we must first obtain a* by solving (5.11) for the current {6, y} values.

where

follows directly from (5.8). Note that in order to calculate

The procedure for updating 6 for given y, begins by executing a standard gradient
descent update on 6, using (5.13). Afterwards, 6 is projected back to its feasible set,
so that the positivity and p-norm constraints (5.4) are enforced. In this chapter, we
consider the values p = 1, 2 and execute the projections as shown in [40,94]. Note that
the gradient descent step size, 7, is adjusted according to the Armijo rule, which may

require additional optimizations of the dual.

Updating the Cluster Labels

Finding a new set of cluster assignments y’ that will further decrease 7(0,y) (keeping
the kernel parameters 6 fixed) is not straightforward, since the underlying optimization
is a non-convex integer problem. Some single kernel MMC approaches relax y on the
continuous domain to ease the optimization (e.g. [110, 121]), however, in the end the
relaxed solution should be mapped back to the discrete space. Here, on the contrary,
our aim is to work directly on the discrete cluster labels without any relaxations.

We have developed a practical search framework, where an improved cluster label-
ing y’ is obtained by moving instances between the two clusters. One possible direction
would be to change the cluster label of a single instance only and then proceed with
reestimating 6. However, we have empirically found that such a minor modification
on y results in premature convergence as the algorithm overcommits to the initial
assignments. A better strategy is to change the labels of multiple instances before rees-
timating 6. The strategy we follow is motivated by several graph partitioning heuristics
that have been applied to clustering, prominently the Kernighan-Lin algorithm [59]: an
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initial split of the graph is revamped by exchanging several nodes (specified in an incre-
mental fashion) between partitions and selecting the best subset of these nodes. Based
on this idea, we build a sequence of L candidate cluster label vectors, y(l), . ,y(L),
(L is user-defined) and select the one generating the greatest improvement on 7(6,y)
in order to update y. These L candidate label vectors are constructed incrementally
(one after the other), such that compared to the previous candidate label vector, the
next contains one more instance whose label has been changed (i.e. they differ in one
element). Given y, the (I + 1)-th instance to change clusters is selected to be the one
that is expected to produce the smallest objective value when added to the current [
changes, thus constructing y*1.

A meaningful approach for picking the (I + 1)-th instance is to rank the contending
instances based on the confidence about their labeling according to the current (after [
cluster moves) separating hyperplane and select the one with the smallest y;(w " ¢(x;) +
b) value. This way misclassified instances (if any exist) have a higher priority to change
clusters, since yi(WTg(Xi) + b) < 0, followed by those falling inside the margin (if any
exist), since 0 < yi(WTg(xi) +b) < 1, and finally those away from the margin, since
yi(W () + ) > 1.

More specifically, let y(¥) to be the vector of the cluster labels before commencing
the update process. Assume that y(l) has already been generated, thus at this point
| instances have already changed clusters w.r.t y’’. As mentioned, the (I + 1)-th
instance is selected to be the one we are the less confident about its labeling according
to the separating hyperplane. However, when the labels change so does the hyperplane.
Therefore, we must solve the dual (5.11) for the current assignments y(l) to obtain the
corresponding optimal hyperplane parameters w®" and 6. Then, the index of the
(I + 1)-th instance is given by:

* 1 ~ *
¢* = argmin y(l) (W(l) o(x;) + b ) , (5.14)

l 0 ‘
iy D=y

and the (/ + 1)-th candidate label vector is defined as:

) s
A 1 £
yi(z+1) :{ Yi 0 # . (5.15)

Y, , 1=1

*

From (5.14), it is obvious, that an instance x; whose label has already changed is not

considered again as a contender, since yi(l) #+ yi(o),

and the selected one flips its label
(5.15). Moreover, observe that the label changes of all previous steps are retained when
constructing y*!, leading to an incremental reassignment of the instances. The above
is repeated for [ = 0,1,..., L — 1.

The returned cluster assignments that are used to update y correspond to the

cluster label vector y (") attaining the smallest objective value (i.e. y' = y )

[* = argmin 7 (6, y(l)). (5.16)
0<I<L
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Algorithm 5.1 RMKC.

Input: Basis kernel matrices {K (”)}L/:l, Initial composite kernel coefficients 8(°) and cluster

assignments y(o)
Output: Final kernel coefficients € and cluster assignments y
1: Sett =0

2: Set parameters L, £ and C'
3 Set KO =¥V gV g
4: repeat
5:  Solve the dual (5.11) for K® (i.e. G(t)) and y(t) to obtain a®”
6: forv=1toV do // Update 6.
. (t+1) _ p®) _  (t) 87(8.y)
7. 9’(} 07_} 77 891, 9=9<t)7y:y(t),a*:a(t)*
8: end for
9:  Project 01+ to satisfy the constraints in (5.4)
10 KD =3V gl g @)

11:  y®tD) = Ccruster_upp (K t+1), y(®) // Update y.
12: t=t+1

13: until converged

14: return 0 = 0, y = y(®

Note that if none of the candidate label vectors y*) reduces the objective, then [* = 0
from (5.16), and no label change is accepted. This ensures that the ratio-based objective
never increases after updating y.

The procedure for modifying y, as described up to this point, selects L instances
belonging to either of the two clusters and flips their label to construct the candidate
label vectors. Some trial experiments indicated that a better approach is to restrict
all L instances that change clusters to originate from the same (i.e. a single) cluster.
For this reason, our final procedure is divided into two phases. In the first phase the
candidate vectors are formed by moving L instances from the cluster associated with
the +1 label to the cluster associated with the —1 label, while in the second phase the
opposite movement direction is considered. The two phases are independent from each
other, both starting from y(®). Hence, one phase does not take into account the cluster
changes of the other. At the end, the best of the 2L candidate vectors is selected to
update the cluster labels. To implement the above idea, in (5.14) we must, additionally
to yi(l) = yi(o), require that yi(l) = +1 (yi(l) = —1) for the first (second) phase contending
instances. Our complete, two phase, framework is shown in Algorithm 5.2.

An issue we have yet to touch on is how to impose the cluster balance constraint
(5.4). Fortunately, this is rather straightforward under our framework, since we can
define an upper bound on the number L of candidate label vectors in each phase and,
therefore, on the number of instances allowed to change clusters, to guarantee that
the constraint is never violated. For the first phase L < (¢ + Zfil yl-(o)) /2, while for
the second L < (£ — SN, yl-(o)) /2. Note that 3, yfo) describes the initial imbalance

before moving any instances (which, of course, satisfies the constraint) and ¢ > 0 the
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Algorithm 5.2 RMKC - cluster update.

Input: Current composite kernel matrix K and cluster assignments y
Output: Updated cluster assignments y’

1: function CLUSTER_UPD [IZ' ,Y)
// First phase.

2: Set y(o) =y
3: for/l=0toL—1do
4. Solve the dual (5.11) for IN( and y(l) to obtain W(l)* and b(Wk
5: Calculate y(*1) (5.15) with the added constraint 3 = +1 in (5.14)
6: end for
// Second phase. This phase ignores the cluster moves of the first.
7 Setylth —y
8 forl=L+1to2L do
9: Solve the dual (5.11) for IN( and y(l) to obtain w()" and b(l)*
10: Calculate y(l+1) (5.15) with the added constraint yi(l) = —11in (5.14)

11: end for

12:  [* = argming<;<o1 J (0, y)
13: return y’ =y’

14: end function

maximum admissible imbalance. Also, notice that it is not necessary to set the same
value for L on both phases. Hence, if the upper bound limits L to a tiny value on one

phase, the other can still exploit a larger L.

5.1.4 Discussion

This section examines some additional aspects of the proposed RMKC method, starting
with the convergence of the iterative algorithm used to optimize (5.4). In each iteration,
the gradient descent update on 8 reduces the ratio-based objective value. Moreover, the
subsequent update on y selects a candidate cluster label vector that further decreases
the objective. Hence, the overall process is guaranteed to monotonically converge. The
final solution, though, depends on the initial {6,y} values, thus a local, and not the
global, minimum of 7 (8, y) is located. Note that the solution also depends on the user-
specified constants C, ¢ and L, as well as, on the selected p-norm for the composite
kernel coeflicients constraint.

An important advantage of RMKC is that it can be readily extended to learning gen-
eral forms of parametric composite kernels /E such as a nonlinear mixture of basis
kernels, without being restricted to just the linear combination case (5.3). The for-
mulation itself remains unchanged (e.g. (5.4), (5.5), (5.6), (5.7), (5.11), (5.12)) and the
iterative algorithm is applicable out of the box, if the gradient of the ratio-based objective
can be computed. This is possible when the composite kernel matrix is strictly positive

definite and continuously differentiable w.r.t. its parameters @ (see Section 5.1.3). Of
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K IE(,y)
+ 9, and —5g°

Moreover, the scale invariance of our objective (i.e. scaling K by a scalar o > 0) also

course in (5.13) depend on the specific form of the composite kernel.

holds in the general case (the proof is analogous to that in Proposition 5.1), but the
same is not true for the norm invariance. Note that scaling K is no more equivalent to
scaling the parameters 8. The ability to accommodate general kernel forms broadness
the applicability of RMKC and constitutes an advantage over existing MKL approaches
that are usually limited to a particular type of composite kernel.

5.2 Empirical Evaluation

To investigate the potential of combining the margin with the variance in the clustering
objective and perform kernel learning, the presented RMKC framework is compared to:
a) kernel k-means [37,90], which serves as our baseline method, b) iterSVR [129], an
iterative margin-based MMC approach that follows formulation (5.1), and c) the two
iterative variance-based MKL approaches we proposed in Chapter 4 of this thesis that
optimize (5.6), namely multi-view kernel k-means (MVKKM) and multi-view spectral
clustering (MVSpec).

The evaluation is made on various diverse datasets from the UCI repository [42]
(Ionosphere, Letter, Satellite, Multiple features and Optdigits), as well as on the COIL-
20 image library of objects [81] and a subset of the Corel image collection*. Apart from
Ionosphere, all other datasets contain instances of more than two categories. For this
reason, we conduct experiments using pairs of the included categories. For Letter and
Satellite we simply focus on the first two classes, i.e. A-B and Cl1(red soil)-C2(cotton
crop), respectively, as in [129]. For the two databases of handwritten digits (i.e. Multiple
features and Optdigits) we try several pairs of the contained numerals (0-9), while for the
two image collections we consider pairs of the classes depicted in Figures 5.1-5.2. The
tested pairs are shown in Tables 5.3-5.4. Since ground-truth information is available
for every dataset, we employ the clustering accuracy metric to measure performance.

The datasets come in vectorial form, except the COIL-20 images for which we first
extracted SIFT descriptors and then represented them using a bag of 1000 visual words,
as in [56]. All UCI data were normalized to zero mean and unit variance on each at-
tribute, while the COIL-20 and Corel instances were normalized to unit length. Multiple
features and Corel are multi-view datasets, hence, for the same instance multiple sets
of attributes are available. Each attribute set naturally defines a basis kernel and
the linear kernel is employed here to represent each view. For the other, single view,
datasets, we follow [110, 115] and construct 10 basis RBF kernels, where the kernel
width ¢ varies from 10% to 100% of the range of distance between any two instances.
Kernels are multiplicatively normalized [63].

Throughout the experiments, our algorithm is configured as follows: we fix the

‘http://www.cs.virginia.edu/~xj3a/research/CBIR/Download.htm
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Figure 5.1: The COIL-20 objects considered in the experiments.
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Figure 5.2: Indicative images of the Corel categories considered in the experiments.

number of candidate label vectors in each phase to L = 30, the cluster imbalance
parameter to / = 0.5N (for the Corel images only, { = 0.2N) and conduct a grid
search on the set {1072, 107!,...,10%} to locate the best performing value for the C
regularization constant in each dataset. The basis kernels are linearly combined (5.3)
and their coefficients are uniformly initialized such that they adhere to the selected
p-norm constraint, i.e. 6, = ﬁ To initialize the cluster assignments y, we extract
several pairs of instances (usually 0.25/N pairs) using a k-means++-like procedure [3],
where the first instance is chosen randomly and the second is picked with a probability
that is proportional to its distance from the first. For each such pair, the remaining
N — 2 instances are assigned to the closest of the two instances in the pair, thus
producing a partitioning of the data. The partitioning y with the minimum 7(6,y)
value is used to initialize a run of RMKC. Since the procedure for choosing the initial y
is nondeterministic, the RMKC performance is averaged over 30 runs for each tried set
of parameters (L, ¢, C, p-norm). Finally, the LIBSVM toolbox [22] is utilized for solving
(5.11).

5.2.1 Norm Invariance in Practice

In Proposition 5.2, it was proved that the global optimal solution of our formulation
(5.4) is invariant to the p-norm applied on the composite kernel coefficients 0, if K is a
linear mixture of basis kernels (5.3). However, the RMKC method locates local optima
of the ratio-based objective. Hence, it is of particular interest to explore how these local
optima vary for different choices of p-norm constraints.

To demonstrate this, RMKC is executed (according to the above configuration) for
p = 1,2 and also for the case where no norm constraint is imposed on 8 and the results
are illustrated in Table 5.1. Note that for the last four datasets we report the average
clustering accuracy (and its deviation) over all considered pairs of categories. Also, note
that for Ionosphere, Letter and Satellite, where a single pair of classes is examined,
deviations may still appear as RMKC is restarted 30 times. It can be observed that the

solutions obtained across the different norms are very similar, therefore, in practice,
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Table 5.1: RMKC clustering accuracy (%) (averaged over all pairs of categories consid-

ered in each dataset) for different p-norm constraints.

Dataset No-norm 1-norm 2-norm
Ionosphere 71.51£0.00 71.51+0.00 71.5140.00
Letter 94.474+0.00 94.47+0.00 94.47+0.00
Satellite 96.17+£0.50 96.19+£0.52 96.16 + 0.51
COIL-20 98.754+2.60 98.61+2.65 98.43+2.73
Corel 94.554+1.62 94.64£1.58 94.69+ 1.62
Multiple features 99.58 £0.22 99.53+ 0.37 99.59 4+ 0.23
Optdigits 97.77+2.45 97.65+2.71 97.75+2.50

the uncovered local optima are not significantly influenced by the choice of p-norm,
although this cannot be theoretically guaranteed. On the following, we shall focus on
the 1-norm, when presenting the results of our approach.

5.2.2 Comparative Results

We have conducted a comprehensive evaluation of RMKC, kernel k-means, iterSVR,
MVKKM and MVSpec on all datasets. RMKC is set up as previously described. Ker-
nel k-means is restarted 30 times, from randomly picked initial centers. For iterSVR
we employ a similar setup to [129], i.e. the cluster imbalance parameter is fixed to
¢ = 0.03N for balanced and to ¢ = 0.3N for unbalanced datasets, while the initial clus-
ter labels are obtained from the kernel k-means solution (iterSVR is, thus, repeated
30 times). For the C' regularization constant, the same grid search as for RMKC is
implemented. Finally, the sparsity controlling parameter p for MVKKM and MVSpec is
selected by a grid search on the values {1,1.5,...,5}.

Performance is measured in terms of average clustering accuracy (and its deviation)
over the 30 restarts (MVKKM and MVSpec are deterministically initialized, as described
in Chapter 4, Section 4.2.2, thus we have no restarts). Let us stress, that both kernel
lk-means and iterSVR are single kernel methods that do not implement kernel learning.
For this reason, these algorithms are independently executed for each of the individual
basis kernels in each data collection and the kernel attaining the highest accuracy is
reported. Moreover, for iterSVR the average performance over all basis kernels is also
shown. It is important to make clear that it is not possible to know a priori which is
the best basis kernel for a given dataset.

In Table 5.2 we observe that iterSVR with the optimal basis kernel achieves the
best accuracy, being closely matched by RMKC. Only for Ionosphere the difference is
large, where, surprisingly, all three MKL approaches (RMKC, MVKKM and MVSpec) are
even inferior to kernel k-means. However, this is a difficult dataset to cluster and all
methods yield rather poor outcomes (accuracy does not exceed 75%).

Turning our attention to image clustering (Table 5.3), it is evident that our ratio-

based objective constantly outperforms the other methods. For the COIL-20 objects,
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Table 5.2: Clustering accuracy (%) of the compared methods on three popular UCI

datasets.
RMKC Kernel IterSVR IterSVR
Dataset (1-norm) MVKKM MVSpec k-means (best) (average)
Ionosphere 71.51 £+ 0.00 71.23 70.66 73.224+290 74.83+1.65 71.83+1.99
Letter (A-B) 94.47 £+ 0.00 93.50 88.68 93.63+£0.00 94.51+1.70 92.294+1.97
Satellite (C1-C2) 96.19 4+ 0.52 94.19 96.24 94.15+0.03 96.424+0.00 91.53£5.58

Table 5.3: Clustering accuracy (%) of the compared methods on image clustering.

RMKC Kernel IterSVR IterSVR
Dataset (1-norm) MVKKM MVSpec k-means (best) (average)
COIL-20
3-19 100.00 +0.00 100.00 100.00 94.054+10.27 100.00+ 0.00 100.00 + 0.00
4-11 100.00 £+ 0.00 77.78 100.00 96.30 +10.41 98.47 + 8.37 98.34 + 8.34
15-18 100.00 £+ 0.00 90.28 95.83 97.57 £ 3.74 99.724+0.35 99.21 +£0.21
15-19 94.44 +10.59 68.06 86.11 86.57 +14.84 93.43 +14.30 91.86 + 14.52
Corel
700-4990 97.62 + 0.65 95.00 95.00 85.98 £+ 9.58 96.43 +0.25 83.19 +1.85
700-5530 92.60 £ 1.42 94.00 94.00 85.50 £ 0.00 88.63 +6.40 68.03 4+ 3.49
770-840 97.55 + 0.91 94.50 90.00 90.47 £ 0.37 94.20 £+ 3.04 87.85 £ 0.58
770-1350 94.03 +£1.72 93.50 92.00 88.72 £+ 0.96 92.67 £ 1.27 84.10 £ 1.89
1340-1350 95.50 £ 0.00 95.00 95.00 91.00 £ 0.00 92.50 +0.00 83.71 +0.00
2890-4990 90.57 +4.79 87.00 86.00 85.00 £ 0.00 90.00 4+ 0.00 73.04 £ 5.68

whose images are taken from different angles in a neutral background, hence are easy
to distinguish, our approach manages to find the correct clusters for 3/4 of subsets
and iterSVR appears to be its closest competitor. Clustering the Corel images is a
more difficult task, due to variations in the composition of the depicted scene within
each class. Here the differences of RMKC to iterSVR are more distinct and its closest
competitor is MVKKM, which clearly displays the benefits of combining information
from multiple views under MKL.

For the task of handwritten digits recognition (Table 5.4) the best performance is
Note that for

Multiple features, which, like Corel, is a multi-view dataset, RMKC is superior. MVKKM

equally shared between RMKC and iterSVR across the two datasets.

and MVSpec achieve the highest accuracy on a single case (Optdigits for the pair 1-7)
and are superior to RMKC for only 3/12 of subsets.

Overall, the proposed RMKC algorithm obtains a higher clustering accuracy for the
majority of the tested category pairs. The margin-based iterSVR approach seems to
be close, or even better, for some cases, provided the optimal basis kernel is used
(iterSVR(best)). However, in practice, the best kernel for a particular dataset is not a
priori known. By looking at the Tables’last column, one can notice that iterSVR results
degrade significantly if an inappropriate basis kernel is chosen. On the contrary, RMKC
is able to automatically infer a meaningful kernel by combining the basis kernels.
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Table 5.4: Clustering accuracy (%) of the compared methods on the task of handwritten

digits recognition.

RMKC Kernel IterSVR IterSVR
Dataset (1-norm) MVKKM MVSpec kk-means (best) (average)
Mult. feat.
1-7 99.62 +0.78 98.75 98.75 98.00£0.00 99.75+£0.00 96.85+0.00
2-7 100.00 + 0.00 99.00 99.75 97.92+0.24 99.75 4+ 0.00 97.61 +1.73
2-3 99.70 + 0.23 99.25 99.00 99.50 £ 0.00 99.50 £+ 0.00 94.13 +7.16
3-8 99.28 +0.38 99.50 99.50 97.50+£0.00 99.75+0.00 98.78+0.04
5-6 99.42 + 0.48 98.50 98.50 98.29 £0.09 98.75£0.00 95.68 = 2.37
6-8 99.15+0.33 97.25 98.50 97.33£0.16 99.00 £ 0.00 94.94 £+ 6.47
Optdigits
1-7 99.56 + 1.41 100.00 100.00 89.38+16.06 96.93+9.83 94.26 + 13.14
2-7 98.03 £ 1.31 96.35 92.42 95.03+8.40 99.32+0.16 98.88+0.84
2-3 96.29 4+ 5.44 90.56 88.89 89.92+9.10 96.50+0.82 95.59+2.70
3-8 92.43 £ 8.00 94.12 93.28 92.56 £ 7.80 96.20+0.16 95.01 £4.08
5-6 99.72 + 0.00 99.45 99.45 99.57+0.14 99.72+0.00 99.33+0.01
6-8 99.89 +0.14 99.15 98.87 99.32 +0.26 99.72 £ 0.00 99.45 £+ 0.06

5.3 Summary

We have proposed a novel formulation that considers the ratio between the margin
and the intra-cluster variance for multiple kernel learning in the unsupervised domain.
Its objective is optimized by an iterative, gradient-based algorithm to obtain both the
cluster assignments and the composite kernel parameters. Moreover, it is characterized
by two important properties: it is invariant to scalings of the learned kernel and when
basis kernels are linearly mixed it is also invariant (on its global optimum) to the type
of p-norm constraint on the composite kernel parameters. Our framework compares

favorably to approaches that rely either on the margin or the intra-cluster variance.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

6.1 Concluding Remarks

6.2 Directions for Future Work

6.1 Concluding Remarks

The objective of this thesis was the development, implementation and evaluation of (un-
supervised) clustering methodologies. During the elaboration of the thesis we mainly
focused on three different axes: i) proximity-based clustering, ii) clustering of data avail-
able in multiple views and iii) learning the kernel along with the cluster assignments
using multiple kernel learning (MKL) techniques.

Specifically, in Chapter 2, we presented an approach that tackles the initialization
problem of the k-means algorithm [76] by altering its sum of the intra-cluster variances
objective. Weights are assigned to the clusters in proportion to their variance and a
weighted version of the k-means objective is optimized. The cluster weights predispose
our method towards primarily minimizing those clusters that exhibit large intra-cluster
variance. We have seen that by punishing large variance clusters, bad initializations
can be readily overcome, to consistently uncover partitionings of high quality, irrespec-
tive of the initial choice of the cluster centers. Additionally, the clusters are balanced
in terms of their variance. Moreover, we incorporated in our method an exponent that
controls how strongly the weighted objective penalizes larger variance clusters relative
to smaller variance clusters and developed a practical framework to automatically tune
this exponent to the underlying dataset, to correctly uncover the intrinsic structures
in the data. We also extended our approach to perform clustering in kernel space. The
conducted experiments confirmed the robustness of the proposed method over bad ini-
tializations, as well as its efficacy, and demonstrated that k-means (or kernel k-means)
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solutions can be significantly improved when initialized by the solution returned by our
algorithm.

In Chapter 3 and Chapter 4, we focused on unsupervised multi-view learning and
presented methods that assign weights to the views such that degenerate views are au-
tomatically identified and appropriately handled, a subject overlooked in the multi-view
literature. Analytically, in Chapter 3, we employed convex mixture models (CMMs) [71]
to represent the views and presented two multi-view approaches that identify exem-
plars (i.e. cluster representatives) in the dataset by simultaneously exploiting all avail-
able views. The first, considers all views as being equally important (i.e. it does not
employ view weights) and is characterized by the ability to locate the global optimum
solution, using simple iterative updates of the involved parameters, and the ability to
handle views with different statistical properties. The second, associates a weight with
each view that reflects the quality of the view and learns those weights during training.
It can be interpreted as a mixture model whose components are CMMs (one for each
view) and, like the first approach, takes into account the different statistical properties
of the views (however, only local optima can be found in this case). The underlying op-
timization is carried out using the EM algorithm. The empirical evaluation revealed the
superiority of our weighted framework and illustrated that exploiting multiple views can
boost clustering performance, especially if the views participate with different weights.
Moreover, it verified that concatenating the views is not an effective multi-view strategy.

In Chapter 4, we tackled the multi-view problem from a different perspective. We
employed kernel matrices to represent the views and learned a weighted combination
of the kernel matrices, that reflects the views’ relevance to the clustering task, along
with the cluster assignments. Our formulation utilizes a user specified exponent to
control the sparsity of the weights, which resembles the p-norm constraint applied in
MKL [62]. We have shown that a low value of the exponent results in retaining only the
best view (sparse solution), which is useful if most views are of poor quality, while a
large value leads towards a uniform solution, which is preferable when all views are of
similar quality. Intermediate values provide a tradeoff between these ends. To learn the
weights and partition the instances, two iterative algorithms were devised, one based
on kernel k-means [37,90] and another based on spectral techniques [37], where the
view weights are updated using closed-form expressions. From the experiments, it was
observed that the new methods, particularly the one based on kernel k-means, yield
high quality partitionings and that view weighting enhances clustering performance, if
the sparsity of the weights is appropriately moderated.

Finally, in Chapter 5 we proposed a novel MKL formulation that considers the ratio
between the margin criterion of SVM [12, 19] and the intra-cluster variance criterion
of kernel k-means [37,90], to simultaneously infer an appropriate kernel (i.e. infer
its parameters) and cluster the instances. Therefore, both the separation and the
compactness of the clusters are utilized in the objective. We proved that the ratio-based

objective is invariant to scalings of the learned kernel, hence it can correctly capture
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its quality. The same does not hold when relying solely on the margin to perform MKL,
which is the most common criterion employed by existing MKL approaches. Moreover,
based on the scale invariance, we proved that when basis kernels are linearly mixed, our
formulation is invariant (on its global optimum) to the type of norm constraint on the
kernel parameters, making the selection of a suitable norm less crucial. Additionally,
we have shown that different types of parametric kernels can be learned using our
method. Numerical experiments demonstrated that our framework compares favorably
to approaches that rely either on the margin or the intra-cluster variance.

6.2 Directions for Future Work

Next, we offer some insights on a number of open issues related to this thesis that could
be studied in future work.

For the method presented in Chapter 2, it would be interesting to explore other
possible ways of automatically determining the value of the exponent in the weighted
objective, besides the one proposed here. For the CMM-based multi-view approaches
(Chapter 3), a thorough empirical investigation of their application to kernel space
clustering, following the ideas of Section 3.3.3, would provide further insight on the
settings under which our multi-view methods prove advantageous. The weighted com-
bination of the views’ kernel matrices considered in Chapter 4, utilizes a user specified
exponent to regulate the sparsity of the weights. Finding a way to automatically tune
this exponent to the dataset would greatly enhance the applicability of our formula-
tion. Moreover, exploiting other, nonlinear, combinations of the views is in our plans.
Finally, our ratio-based MKL method (Chapter 5) is currently limited to two-cluster
problems. Although it is possible to tackle multiple cluster problems by iteratively
solving a sequence of two-cluster problems, an alternative strategy would be to extend
our approach to directly handle multiple clusters, following the ideas in [130, 133].

Some additional and more general lines for future research are outlined on the
following. Most of the existing multi-view methods, including those presented in this
thesis, make an implicit assumption that all views are available for every instance in
the dataset. However, in practice, incomplete views may occur, where the representa-
tions of certain instances are not available in those views. For example, on a collection
of web pages that are represented in terms of their text and the anchor text of the
inbound links, it is expected that the second view will be an incomplete view, since
not all web pages have inbound links. Developing multi-view approaches which handle
incomplete views and also assign weights to the views, would provide a more com-
prehensive solution to the multi-view problem. Moreover, the ideas of view weighting
could be adapted to single view datasets in order to perform unsupervised feature (at-
tribute) selection [52]/weighting [54]. Specifically, each feature can be treated as being
a distinct view and the weights in the multi-view algorithm could be used to keep a
subset of the features (feature selection) or assign different degrees of importance to
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the features (feature weighting). Another intriguing direction for future work is to com-
bine multi-view learning with MKL techniques in order to infer an appropriate kernel
for each view. Various paths can be followed to solve this problem. For example, the
kernel of each view can be learned independently from the other views. However, a
more principled approach would be to consider all views while learning the kernels, to
allow the views to interact. Moreover, the same or different types of parametric kernels
can be employed for each view (e.g. a linear or nonlinear mixture of basis kernels) and
views may be weighted or not. Finally, it would be interesting to employ the methods
presented in this thesis to applications that involve data clustering, such as web data
analysis, image segmentation, key frame extraction and bioinformatics.
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APPENDIX A

PROOFS RELATED TO THE WEIGHTED
MuLtTI-VIEW CMM METHOD (CHAPTER 3)

A.1 Proof of the EM Algorithm for the Weighted Multi-view CMM

A.2 Proof of the Assignment Step for the Weighted Multi-view CMM

A.1 Proof of the EM Algorithm for the Weighted Multi-view CMM

For clarity we will restate here all mathematical quantities that are necessary for our
proof and explicitly declare the parameters they depend upon. Given a dataset X =

7

v
{x;}Y |, where z; = {ng)} . x!") € R4 the distribution of our mixture model is:
v=1

14
F(z;0) =Y Q" (xY; {g;})), x e R, (A.1)
v=1

N
where Q"(x"); {})) = 3 /7 (x"), © = {1, e}, |
j=1

1% N
™ >0, Zﬂ”zl, q; >0, quzl.
v=1 7j=1

Note that the exponential family distributions f;’(x(”)) are independent of the param-
eters ©. Our target is to maximize the log-likelihood (A.2) of the dataset X under the
mixture model distribution I (x; ®), w.r.t. the parameters ©.

N 14
L(X;©) =) log (Z T Q (=" {g;} ) 1)) (A.2)
=1 v=1
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Let {X, Z} be the complete dataset, where Z = {zl}f\il contains the latent variables
indicating the mixture component responsible for generating each instance, i.e. z; €
{1,2,...,V}. It must be stressed that the z; values are not known in practice. Now we
will analytically prove each step of the EM process [12, 35].

From our model the next probabilities directly follow:

Pz =v;0) = 7", (A.3)
Pxilz = 0;0) = Q"(x": {g;})L). (A.4)

E-step. This step uses the current parameter values O to find the posteriors of
the latent variables P(z = v|z,;; ©")), by applying the Bayes’ theorem:
oy Pli=0,00)P(@)z =v;00)  70Q (x";{g" 1))
P(z = v|z; ©Y) = 0) TV ( )] Zt) '
P(x; ©Y) Zv:1 WU(t)QU(Xiv §{Qj j\/:l)
(A.5)

M-step. This step evaluates the expectation of the complete dataset log-likelihood
under the current latent variables posterior distribution (A.6), for some general param-
eter value ©.

Q0(@;01) = Z < log P(2i, i ©) > p(. w00

N VvV
=> ) Pz = v|z; ©9)log (P(z = v; ©) P(wi] 2 = v; ©))
i=1 v=1
N VvV
= Z Z P(z; = v|z; ©9) log (W”Q”(ng); {%}j—iﬂ)
=1 v=1
N VvV
= Z Z P(z = v|x;; ©Y) log 7+
=1 v=1
N N
+> ) Pz = v|@; 0Y)log <Z qu;-’<x§”)>> (A.6)
i=1 v=1 Jj=1

Subsequently it maximizes this expectation to get a new estimate for the parameters,
taking into account any imposed constraints. The constrained expectation is given by
(A.7), where ), 1 are Lagrange multipliers (the nonnegativity constraints on 7" and g;

are not enforced into (A.7), since they will be satisfied by the obtained solution).

\% N
Qeon(©: D) = Q(©; 01) + \ (Z T — 1) + (Z 4 — 1) A.7)

v=1 j=1

We begin by optimizing (A.7) w.r.t. 7Y, by setting the corresponding derivative equal
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to zero:

) N 0
0Q.0n(©; © Z v|w,7@ ) a0

onv
N
= -\’ = Z P(z = v|x;; V). (A.8)

1=1

Summing over v and making use of the constraint ZL/ZI 7 = 1 we obtain:

N Vv
—)\ZW” = ZZP(ZZ =vlx; 0Y) = A= —N. (A.9)

Using (A.9) to eliminate A in (A.8) and rearranging, gives the new estimation:

v(t+1 _

||Mz

The maximization of (A.7) w.r.t. ¢;, by setting the corresponding derivative equal to
zero, follows:

. (t N oV v (5
8Qcon(8®7® _ ZZP(Zz :v|m“@(t)) N-fj (Xz ) o +u=0. (A.10)
4; i=1 v=1 Zj’:l C.Ij’fjv’ (Xi )

By multiplying both sides of (A.10) with ¢; and then summing over j, together with the
constraint i1 = 1, gives:

N N v/ (V)
a1 (%)
—py 4= E E Pz =vlz;09)y 72— = p=-N.  (A11)
i=1 v=1 j=1 Zj’:l qj’fj/(xz' )

~~
=1 =1
N 2
~~

=1

Using (A.11) to eliminate p in (A.10) and rearranging, we get:

N Vv v (5 (?)
VU (x:
P(z; = v|z; ©Y) S

N v v)y\
i=1 v=1 Zj’:l qj/fj’<xz( ))

Since we cannot solve analytically for ¢; in (A.12), we must resort into iteratively

(A.12)

performing updates on ¢; during the M-step, before we proceed to the next EM iteration.
That is the reason for writing ¢’ for the new estimations in the following equation, instead
of t.

vy gD Y £ ()

'+ J ¢

q; = g E P(z; = v|x; ©F) 3 .
: Shay) )
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A.2 Proof of the Assignment Step for the Weighted Multi-view CMM

The weighted multi-view CMM represents all instances as possible exemplars, since
each view’s CMM has N components, centered at the corresponding instances. Viewing
our model as a mixture model, for a given parameter value ® an instance x; is softly
assigned to the j-th component (cluster) with probability P(c; = j|x;; ©), where ¢; €
{1,2,..., N} indicates the CMM component responsible for generating ;. Apparently,
the ¢; values are unknown in practice. By applying Bayes’ theorem we write:

Ple: = i OVP(x:le: = i Ple: = i OVP(x:le: = i
Plei = jla: ©) = (ci = j;©)P(wmi|c; = j;©) _ Ple; = j; ©)P(ai|c; ‘7,@). A13)

P(z; ©) S QU {a 1)

For our model it holds that:

Pz = vle; = §:©) = Pz = v, 0) = 1", (A1)
P(ci = j;©) = P(ci = jlzi = v;0) = g5, (A.15)

The second nominator term in (A.13) with the help of (A.14), (A.16) is estimated as:

%4 1%
P(wz|cz == ]7 ®> = ZP(CBZ‘ZZ =V,C = j, @)P(ZZ = U‘Ci = j7 @) = Z']rvf;,}(xz(,v))_
v=1 v=1
(A.17)
Substituting (A.15) and (A.17) into (A.13) we obtain:
14 v f£U (v)
; _ (X
P(CZ:]|ZBZ7@): qJZv—l fg( 7 ) (AIS]

S mQu(x; {g; }jyzl) ‘

Note that the above probability is used in equation (3.17) for those components
whose corresponding instances are selected as the exemplars that represent each of
the M clusters. 1
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APPENDIX B

PrROOFS RELATED TO THE MVKKM AND
MV SPEC METHODS (CHAPTER 4)

B.1 Proof of the Weight Update Formula for MVKKM

B.2 Proof of the Weight Update Formula for MVSpec

B.1 Proof of the Weight Update Formula for MVKKM

For convenience, let us rewrite the optimization problem for given clusters, using the
form of the objective in (4.7):

N M

v
min przz&kﬂgﬁ m,(f)Hz, s.t. w, >0, Zwv =1 (B.1)

{w”vlvl =1 k=1 v=1

Consider the case for p > 1 and denote by D, the intra-cluster variance of the v-th view
feature space H®, ie. D, = SN M 5,016™ (%) — m!”)||2. By incorporating into
the objective the sum-to-unity constraint, the Lagrangian becomes:

\%4 \%
L= wiD,+ A (Zwv—1>. (B.2)
v=1 v=1

Setting the derivative of the Lagrangian to zero yields

oL
ow,

_)\ p—1
=0 = pwf)p_l)Dv +A=0=> w, = ( ) ) (B.3)
pD,

By summing over all views, together with the constraint Z})/zl w, = 1, we get

Y -\ Piil 1 v 1 piil
U,Z:l(pDUI) =1 = (=)t :1/1/2:1 <p,Dv/> - (B.4)
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Finally, substituting (B.4) into (B.3) completes the proof:

_1

v D,\ 71
u%:U§:<D> if p> 1. (B.5)
v'=1 v

Note that the nonnegativity of the weights was not enforced into (B.2), since it is verified
by the solution (B.5), as D, > 0.

For the p = 1 case, it easy to see that for any weight values w,, obeying the con-
straints of (B.1) and corresponding D, > 0, the following holds:

1%
Dy < Z wy Dy, where v* = argmin D, (B.6)

v'=1

from which directly follows that (B.1) is minimized for

1, v= in, D,
u%:{ VT AL P e, (B.7)

0, otherwise

B.2 Proof of the Weight Update Formula for MVSpec

Using the form of the objective in (4.8), the optimization problem for given clusters can
be written as:

4 v
min ng (tr(K(”)) - tr(YTK(”)Y)) , s.t. w, >0, Zwv =1 (B.8)

%
{wo}y—y v=1 v=1

The similarity to the MVKKM optimization problem is evident, with the only difference
being that D, = tr(K®) — tr(YTK®Y). Since K*) is a positive semidefinite matrix
and Y'Y =1,V € RV*M | by the Ky-Fan theorem [77] we have D, > 0. Therefore, the
derivations are analogous to the MVKKM case. 1
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