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ABSTRACT

Tzortzis, Grigorios, F.

MSc, Computer Science Department, University of loannina, Greece. September, 2008.
Thesis Title: Efficient Kernel-based Clustering.

Thesis Supervisor: Aristidis Likas.

This thesis studies the clustering problem which aims to partition a dataset into a finite
number of groups (clusters) such that data points in the same cluster are similar to
each other and dissimilar to those of other clusters. Clustering has found application
in a variety of fields such as machine learning, pattern recognition, image segmentation,
spatial database analysis, life and medical sciences, economics and many more.

In this work, we focus on kernel-based clustering methods and in particular on the
Kernel k-Means algorithm which is an extension of the standard k-Means clustering al-
gorithm that identifies nonlinearly separable clusters. In order to overcome the cluster
initialization problem associated with this method, we propose the Global Kernel k-
Means algorithm, a deterministic and incremental approach to kernel-based clustering.
Our method adds one cluster at each stage through a global search procedure consisting
of several executions of Kernel k-Means from suitable initializations. This algorithm does
not depend on cluster initialization, identifies nonlinearly separable clusters and, due to
its incremental nature and search procedure, locates near optimal solutions avoiding poor
local minima. Furthermore two modifications are proposed to reduce the computational
cost that do not significantly affect the solution quality.

Based on the weighted Kernel k-Means algorithm, a modification of the Kernel k-
Means algorithm that assigns different weights to each data point, we discuss how to alter
the Global Kernel k-Means algorithm and its variants in order to accommodate weights.
The use of weights is very important in proving an equivalence between the objective of
these methods and many popular graph cut criteria.

We test the proposed methods on artificial data, face images, handwritten digits,
graphs and for the first time we employ Kernel £-Means for MRI segmentation along with
a novel kernel. The proposed methods compare favorably to Kernel k-Means with random
restarts.

vi



EKTETAMENH [IEPIAHUH YTA EAAHNIKA

Fenydploc TChptlng Tou Pwtiou xal g Abavaotog.

MSc, Turua IIinpogopuxric, Havemothulo Iwavvivey, YentéuPpelog, 2008.

Tithog AwtpPric: Anodotinés MéBodor Ouadonoinone pe Xepron Luvapthoewy TTupriva.
EmufAénwv: Aploteldne Avxac.

Yy epyoaoia auth peketdtar 1o npdPinua tne opadomoinone (clustering). Xtéyoc e
opadonoinong elval va Staywploet v oUvoho dedouévmv oe ouddec (clusters) tétolec dote
1 ouoloTNTa avdueoa ota dedougva utag ouddag va elvar ueyalitepn and TNV ouoLoTNTA
uetadl Twv dedouévwy dtagopeTixdy ouddwyv. H ouadoroinon Peloxel egapuoyt| oe Tohhd
Tedlor OTWS AUTE TNG AVAYVORLONE TEOTUTWY, TNS Unyavixhc udbnong, tne e€épuéng dedo-
uévwyv, tne enelepyaoiag exoévag, tne Proloylag x.o.

Yro mhalota authg Tne dlatpBhc emxevipwvouaote oe uehddoug ouadoroinong mou
otnpilovtal oe ouvapthoels tuphva (kernel functions) xou ouyxexpuuévo 6tov ahybdelbuo
Kernel k-Means mou anotehel enéxtaon tou evpewe yvwotol k-Means xoau o onolog yden
oTn ouvdpTnoT Tuprva xatopbdvel va evtomilel un yeauuxd dtaywpetolues ouddes. otéo0
xaL aUToS TdoyeL amd To TEOBANUA TNe apyxonoinong. [ va to Eerepdoouue Tpotelvouue
évav véo alydplbuo tov Global Kernel k-Means mou anotelel uio vietepuiviotixs xat auin-
Tr) Tpocéyylom oto TeoBAnua Tne ouadonoinong ue nuphvec. H uébodoc auty| npocbétel
utor ouddo oe %xdfe 0tédo péow ulag xabohixic uebodou avalAtnone 1 onola amotelel-
TaL and molanAég exteréoelg tou Kernel k-Means and xatdhiniec apyixonotfoeic. O
akybpetfuog autdg Sev eCaptdtal and TNy apyLxonolnot, evionilel un ypauuxd dwaywelot-
uec ouddeg xau Peloxel oyeddv BérTioteg Aloelg anogelyoviag doynuo Tomxd EAAYLOTA.
Emuniéov npotelvouue xou 800 TpOTOTOLIOELS OL OTOlEC UELDGVOLUY TO UTOAOYLOTIXG XOGTOC
Ywelc woT660 Vo enneedlouy onuavTIXd TNV ToOTNTH TV MICEWY G TOAMES TEQLTTMOOELS.

Ynewléuevol otny nopahiayy tou Kernel k-Means ue Bden mapouoidlovue nowg Uro-
colue va tpocapudcovue tov Global Kernel k-Means xou tic 800 tpononoifoeic 1ou Gote
va déyovton Bden. H ypfion Bapdv elvor onuavtiny xabde uropel va anodetybel ula 1oo-
duvauia peTadl Ty PeBOdwY auTtdy xal SLldpopwy xpttnelny Tou egapudlovTal Yl TOV
OLUUEQLOUOS YRAPOY.

Ou mpotelvéuevee uébodol doxwudotnxay oe Sudpopa oivoha dedouévwy OTwe TeXVNTd
dedouéva, MRI ewxdvee, exdvec mpoodrwy, yelpdypagpa gnola ol yedpoug xal 6Twe Teo-
xUmteL uneptepoUv tou Kernel k-Means pye moAlaniéc exxiviioeLc.

Vil



CHAPTER 1

INTRODUCTION

1.1 Types of Clustering
1.2 Basic Clustering Methods
1.3 Proximity and Kernel Matrix Based Clustering

1.4 Purpose and Structure of the Thesis

As an ever increasing amount of information becomes available people try to find
ways of storing, interpreting and handling this information. Usually this information is
stored or represented as data. One of the vital means in dealing with these data is to
classify or group them into a set of categories or clusters. In this way we get a condensed
representation of the data that makes their interpretation a lot easier as similarities and
differences as well as hidden structures in the data are exposed. In classification, which
belongs to supervised learning, the task is to classify a data vector x € R¢ to one of
a finite set of discrete class labels. In order to do this a classifier is built which maps
input data to class labels through a mathematical function y(x, w) where w is a vector
of adjustable parameters. Determining the values of these parameters is done through
an inductive learning algorithm which usually minimizes an empirical risk function on a
finite dataset X = {(x1,41), (X2,%2),-- -, (Xn,yn)} where x,, € R¢ and y, is the class of
data vector x,,.

Clustering, in which this work focuses on, belongs to unsupervised learning. The
dataset does not contain data labels and is of the form X = {xj,x3,...,xy} where
x, € N¢. The goal of clustering is to partition the dataset into a finite set of “natural”,
hidden structures. Exposing these hidden structures provides humans with meaningful
insights from the original data which can be interpreted by experts in the field of the
problem considered. That is why clustering has found application in a variety of fields such
as machine learning, pattern recognition, image segmentation, spatial database analysis,
life and medical sciences, economics and many more. Usually a measure of similarity or



dissimilarity, such as Euclidean distance, is used to describe the relations among data and
clusters are created through a clustering algorithm which seeks to group data points in
a way that patterns in the same cluster are similar to each other and dissimilar to those
of other clusters. The algorithm usually identifies the clusters by optimizing a clustering
criterion. The choice of proximity measure and clustering algorithm has a huge influence
on the resulting clusters and different choices can lead to different number of clusters,
different cluster shapes etc. Note that clustering is a subjective process in nature, as
there is no absolute criterion on how data points should be grouped together, in contrast
to classification where the class of each dataset point is available. Even the number of
clusters is not known in advance. Thus, evaluating the clustering result is difficult and
whether a solution is good or bad depends on the application under consideration.

In the remainder of this chapter we will describe the main types of clustering, some
well known clustering algorithms and we will present a number of clustering methods that
are based on the use of the proximity matrix. A proximity matrix P € R¥*¥ contains
the pairwise proximity (similarity or distance) of dataset points. A method of this type is
the proposed Global Kernel k-Means algorithm studied in the following chapters. Finally,
the purpose and the structure of this work are discussed.

1.1 Types of Clustering

There are two main types of clustering: partitional and hierarchical. Partitional clustering
can be further divided into hard and fuzzy. Given a dataset X = {x1,Xa,...,Xy}, where
x, € R, in hard partitional clustering we aim to divide it into a number, say M, of
non-overlapping subsets (clusters) Cy,Cs, ..., Cy, such that each data point is in exactly
one subset. The subsets have the following properties:

1) CG#0,i=1,....M
2) Uiﬂilci:‘)(
3) Cz-ﬂCj:@, Z,jzl,,MandZ%j

In fuzzy clustering each data point belongs to all clusters with a degree of membership
u;; € [0,1] which represents the membership of point x; in cluster C;. In other words,
clusters are treated as fuzzy sets. This approach avoids the arbitrariness of hard clustering
of assigning a data point to one cluster when it may be close to several. In practice, a
fuzzy clustering can be converted to a hard clustering by assigning each point to the
cluster in which its membership degree is highest. The membership degrees must satisfy
the following two constraints:

1) S g =1, V)

2) Z;v:]_ U5 < N, Vi



Input: Proximity matrix P
Output: Hierarchical clusters

// The algorithm starts with N singleton clusters
1: repeat
2:  Merge the closest two clusters
3:  Update the proximity matrix to reflect the proximity between the new cluster and the
other clusters
4: until Only one cluster remains

Algorithm 1: Basic Agglomerative Clustering.

If we permit clusters to have subclusters then we obtain hierarchical clustering which
is a set of nested clusters organized as a tree. Each node (cluster) in the tree, except for
the leaf nodes, is the union of its children (subclusters) and the root of the tree is the
cluster containing the whole dataset X. Often the leaves of the tree are singleton clusters
of individual data points. This approach is very useful when hierarchical relations exist
in the dataset, like data from evolutionary research on different species of organisms.
Finally, note that hierarchical clustering can be viewed as a sequence of hard partitional
clusterings.

1.2 Basic Clustering Methods

In this section we review some of the most popular and widely used clustering algorithms
that perform either hierarchical or partitional clustering. A comprehensive survey on
clustering algorithms can be found in [26].

1.2.1 Hierarchical Algorithms

Hierarchical clustering algorithms organize data into a hierarchical structure according
to the proximity matrix. There are two basic approaches for generating a hierarchical
clustering, the agglomerative and the divisive methods. Agglomerative methods follow a
bottom-up analysis and start with IV singleton clusters. At each step the closest! pair of
clusters is merged until all dataset points belong to one and only cluster. Divisive methods
proceed in the opposite way and follow a top-down analysis. In the beginning the entire
dataset belongs to a single cluster. At each step a cluster is split until singleton clusters
of individual points remain. Agglomerative techniques are by far the most common in
practice and on the remainder of this section we will focus on these methods. Note that
most agglomerative algorithms are variations of the technique described in Algorithm 1.

Algorithm 1 contains the notion of cluster proximity. Based on the different defini-
tions of cluster proximity there are many agglomerative clustering algorithms. The most

LIf proximity is defined as similarity then closest clusters are the most similar ones while if proximity
is defined as distance then closest clusters are the least distant ones.



popular ones are:

e Single Link: The proximity between two clusters is defined as the maximum similar-
ity (or minimum distance) between any pair of points in the two different clusters. In
mathematical terms, assuming that proximity is defined as similarity, the similarity
between two clusters is:

Cr,C) = s X 1.1
S( k> l) xiegllwa)}éecls(xlaxj) ( )

o Complete Link: The proximity between two clusters is defined as the minimum
similarity (or maximum distance) between any pair of points in the two different
clusters. In mathematical terms, assuming that proximity is defined as similarity,
the similarity between two clusters is:

s(Cx,C) = min  s(x;,X; 1.2
(k l) % €Chy X;€C) ( ( ]) ( )

e Group Average: The proximity between two clusters is defined as the average pair-
wise proximity among all pairs of points in the different clusters. It is an intermedi-
ate approach between the single link and complete link approaches. In mathematical
terms, assuming that proximity is defined as similarity, the similarity between two

clusters is:
ineck, x; €Cy S<Xi= Xj)

Ci| 1C1]

s(Cx, C)) = (1.3)

Several other agglomerative clustering algorithms, including centroid linkage, median
linkage and Ward’s method, can be constructed by choosing different cluster proximity
measures. Single link, complete link and group average consider all points of a pair of
clusters when calculating their proximity and are also called graph methods. The others
are called geometric methods since they use geometric centers to represent the clusters
and define cluster proximity.

Some key issues in hierarchical clustering are the following: most classical hierarchical
algorithms lack robustness i.e. they are sensitive to noise and outliers. Also merging
decisions are final hence, if at some stage a decision to merge two clusters is made it cannot
be undone at a later stage. This is a drawback, as correcting previous misclassifications
becomes impossible. Most of these methods have a computational time of O(N?log N)
which limits their application to large scale datasets. In order to tackle some of these
problems in recent years some new hierarchical clustering techniques have been proposed
such as CURE [12] and BIRCH [30].

The result of hierarchical clustering can be represented using a tree-like diagram called
dendrogram which displays the cluster-subcluster relationships as well as the order in
which the clusters were merged or split for the agglomerative and divisive approaches
respectively. An example of a dendrogram produced with the single link technique is
shown in Figure 1.1. Note that the height at which two clusters are merged in this
dendrogram reflects the distance of the two clusters.

4



0.4

[ S———
0.05+

3 6 2 5 4 1

pl p2 p3 pd p5 ph

pl | 0.00 ] 0.24 | 0.22 | 0.37 | 0.34 ] 0.23
p2 | 0.24 1 0.00 | 0.15 | 0.20 | 0.14 | 0.25
pd [ 02210151000 ] 0151028 [ 0.11
pd | 0.37 1 0.20 | 0.15 | 0.00 | 0.29 | 0.22
p5 | 0.34 | 0.14 | 0.28 | 0.29 | 0.00 | 0.39
p6 | 0.23 [ 0.25 ] 0.11 | 0.22 | 0.39 | 0.00

Figure 1.1: Single link clustering example. The dataset points, the distance matrix con-
taining pairwise Euclidean distances and the resulting dendrogram are shown.

1.2.2 k-Means

k-Means [19] is one of the oldest and most popular clustering algorithms. It is a hard
partitional clustering algorithm, thus given a dataset X', k-Means provides M disjoint
clusters. Note that the number of clusters is given as input to the algorithm and does not
change during its execution. Each cluster is represented by a centroid which is usually,
but not always, the mean of the points of the cluster (called center in this case). In order
to partition the dataset a clustering criterion is optimized. The most popular criterion is
the clustering error defined as the sum of squared Euclidean distances between each data
point x,, and the cluster centroid my, of the cluster Cy that x,, belongs to:

N M
E(my,....my) =Y > I(x, €Cp)llx, — my|’ (1.4)
n=1 k=1
where I(Y) = 1if Y is true and 0 otherwise. Cluster centroid my, in this case is defined
as the mean of the points in cluster Cy. k-Means optimizes this function by starting with
M initial centroids, usually chosen randomly, and using an iterative procedure which
alternates between assigning each data point to its closest centroid and recalculating the
cluster centroids based on the new assignments. This procedure is repeated until no point
changes cluster or equivalently until the centroids remain the same and is described in
Algorithm 2.

In the above formulation of k-Means, the proximity between a point and a cluster is
defined as the squared Euclidean distance which is a natural choice for points in Euclidean
space. There are cases though where other proximity measures are more appropriate such
as cosine similarity for document clustering. Indeed k-Means can be used to optimize other
clustering criteria apart from clustering error. Some examples are shown in Table 1.1.
The last entry on the table, Bregman divergence d,(), is actually a class of proximity
measures that includes the squared Euclidean distance, Mahalanobis distance and cosine



Input: Dataset X', Number of clusters M, Initial centroids my,...,mys
Output: Final clusters Cq,...,Cys, Final centroids my, ..., mys, Clustering error £

1: for all points x,, € X do
2 for all clusters C, kK =1 to M do

3 Compute ||x, — my||?

4:  Find ¢*(x,) = argminy, ([[x, — myl?)
5: for all clusters C, kK =1 to M do

6:  Update cluster Cy = {x,|c*(x,) = k}
7: for all clusters C;, kK =1 to M do

8

9

Update centroid my = %
: if converged then
10:  return Final clusters Ci,...,Cys, final centroids my,...,my; and FE calculated using
(1.4)
11: else

122 Go tostep 1

Algorithm 2: k-Means.

similarity. Note that changes in the objective function result in centroids that are not
always the mean of the cluster.

Table 1.1: Popular k-Means objective functions.

Proximity Function Centroid Objective Function
Manhattan distance Median Zi:;l Z,ICVIZI I(x,, € Ck)||xn — mg||; (minimize)
Squared Euclidean distance Mean ij:l Z,]C\il I(xy, € Ct)||xn — mg||? (minimize)
Cosine similarity Mean ij:l l]Cw:l I(x,, € Ci) cos(xy,, my) (maximize)
Bregman divergence Mean 25:1 Z,ICVIZI I(xy, € Cp)d,(x,, my) (minimize)

k-Means is a very simple and easily implemented algorithm with a computational
complexity of O(rMNd), where 7 denotes the number of iterations until convergence,
which make its application practical for large datasets. On the other hand, it suffers from
some well known limitations. First of all, it locates local and not global optima of the
objective function as the final solution depends on the centroids initialization. To avoid
this problem usually the algorithm is run many times, with different initializations, and
the solution with the best objective function value is kept as the final solution. Likas et al.
[18] proposed the Global k-Means algorithm that does not depend on cluster initialization
and locates near optimal solutions through a deterministic and incremental procedure.
This algorithm is described in more detail in section 2.1. Another limitation is that
only linearly separable clusters are identified and usually it is overcome by mapping the
dataset points to a higher dimensional feature space through a nonlinear transformation



and applying k-Means in the feature space. Kernel k-Means is an algorithm that applies
this strategy and is studied in section 2.2.

When the squared Euclidean distance is used as the proximity measure, outliers can
influence the clustering result so it is a good tactic to identify and remove outliers from
the dataset beforehand. Also k-Means has difficulty in detecting the “natural” clusters
when they have non-spherical shapes or different sizes and density. Moreover, the dataset
must be available in the form of vectors since calculation of the centroids is required.
This prohibits the application of k-Means when only the proximity matrix is available. A
workaround is the k-Medoids algorithm. Finally, the clustering criterion optimized must
be based on a metric proximity measure. Despite all the above problems, k-Means is
widely used, especially with the clustering error as the optimization criterion.

1.2.3 Fuzzy c-Means

Fuzzy c-Means [14] is one of the most popular fuzzy clustering algorithms. It is the fuzzy
version of k-Means. As already mentioned, in fuzzy clustering data points belong to all
clusters with a degree of membership rather to one cluster as in hard partitional clustering.
This is particularly useful when boundaries among clusters are not well separated and
ambiguous. Fuzzy c-Means works in a similar way to k-Means, represents each cluster
with a centroid and identifies clusters by minimizing a fuzzy version of the clustering error
given by:

E(mi,...,my) = ZZ(ukn)pHxn —my|? (1.5)

n=1 k=1

where wyg, is the membership degree of data point x, in cluster C, that satisfies the
two conditions of section 1.1. The exponent p is called the fuzzification parameter and
determines the influence of the membership degrees and has a value in the range p €
[1,00).

The minimization of the above clustering objective is done in a similar fashion to
k-Means. Starting with an initial set of M centroids, usually chosen randomly, the algo-
rithm alternates between updating the membership degrees and recalculating the cluster
centroids until the centroids remain the same. The update formulas are given by the
following two equations:

Ukn = (Z(Hxn—mk\l/llxn—mj\l)f%> (1.6)

As we can see, a cluster centroid is calculated as a weighted average where the contribution
of each point is weighted by its membership degree. Also note that the closer a point is
to a cluster centroid the higher the membership degree gets. The fuzzification parameter
plays an important role in the above formulas. If p is chosen to be near 1, fuzzy c-Means
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Input: Dataset X', Number of clusters M, Initial centroids my, ..., my;, Fuzzification p
Output: Membership degrees ug,, k=1,...,M, n=1,..., N, Fuzzy clustering error £

1: for all points x,, € X do

2 for all clusters C, kK =1 to M do

3 Compute ||x, — my||?

4 for all clusters C, Kk =1 to M do

5: Update membership degree uy,, using (1.6)

6: for all clusters C; kK =1 to M do

7:  Update centroid my, using (1.7)

8: if converged then

9 return Membership degrees ug,, kK =1,...,M, n =1,...,N and E calculated using
(1.5)

10: else

11:  Go tostep 1

Algorithm 3: Fuzzy c-Means.

behaves like standard k-Means and the membership degree for the closest cluster goes to
1 while for the others goes to 0. On the other hand, when p goes to infinity, memberships
tend to 1/M while all cluster centroids tend to the overall dataset centroid. Usually p = 2.
The fuzzy c-Means procedure is described in Algorithm 3.

In general, this method has the same strengths and weaknesses as k-Means, although
it is somewhat more computationally expensive. Numerous fuzzy c-Means variants have
been proposed as a result of the intensive investigation on the proximity measures, the
effect of the fuzzification parameter and improvements of its drawbacks, such as the
extension which uses Minkowski distance (L, norm) [13].

1.2.4 Mixture Model Clustering

In the probabilistic view data objects are assumed to have been generated as a result of a
statistical process. A convenient way to describe the data is to find the statistical model
that best fits the data, where the statistical model is described in terms of a distribution
and a set of parameters for that distribution. Mixture models assume that data are
generated according to several probability distributions, called components, and each of
these distributions represents a cluster. Data in different clusters are generated by different
distributions i.e. distributions from different density functions (e.g. multivariate Gaussian
or t-distribution) or distributions from the same family but with different parameters.
If the distributions are known, finding the clusters of a given dataset is equivalent to
estimating the parameters of the distributions. Once again we assume that the number
of clusters M is known. The mixture model probability distribution is expressed as:

p(x:0) = > qupr(x; 0;) (1.8)
h=1



where ¢ is the prior probability of the k-th component, pi(x; 0y) is the conditional prob-
ability distribution for this component and represents the k-th cluster, while 6, is the un-
known parameters vector for the k-th distribution. Finally, @ = ({01, q1},...,{On, qrr})
is the mixture model parameters vector. Prior probabilities must sum to one in order
p(x;0) to be a probability distribution, thus ch\il qr = 1.

As long as the parameter vector 6 is decided, the posterior probability of assigning a
data point to cluster £ can be easily calculated with Bayes’s theorem as:

o Gepr(x;6y)
plklx;8) = p(x;6)

A fact that becomes clear from the above assignment step is that mixture models produce

(1.9)

something like a fuzzy partition of the dataset as each point belongs to each cluster with
a certain probability, something similar to the membership degrees of fuzzy c-Means. In
order to estimate the parameters of the mixture model, maximum likelihood estimation
is used, which considers as the best estimate the one that maximizes the probability of
generating the whole dataset X. Usually the logarithmic form of the likelihood is used,
called log-likelihood, and for mixture models is:

N N M
L(6; X) = logp(xs; 0) = Y 10g > qepr(xn; 0%) (1.10)
n=1 n=1 k=1

Maximization of the log-likelihood function is performed with an iterative method, the
popular expectation maximization (EM) algorithm. This algorithm starts with an initial
guess of the parameters and then alternates between the expectation (E) step, where the
probability that each point belongs to each distribution (cluster) is calculated, and the
maximization (M) step, where new estimates for the parameters are computed using the
posterior probabilities until the parameters do not change. The components of a mixture
model can be of any type of probability distribution, but in most cases multivariate
Gaussian distributions are used, resulting in a Gaussian mixture model (GMM), due
to their complete theory and analytical tractability. GMM parameters are the prior
probability g, the mean p, and covariance matrix 3 of each component. Calculation of
the GMM parameters using the EM algorithm is shown in Algorithm 4.

The major disadvantages of mixture model clustering are the EM algorithm’s slow
convergence rate and its sensitivity to the selection of initial parameters. Depending on
the initialization it may converge to local and not global maxima of the log-likelihood
function. This problem grows as the number of components and adjustable parameters
increases. Also there is the problem of singularities which occurs when a component
“collapses” onto a specific data point. On the other hand, mixture models are more
general than k-Means and fuzzy c-Means. In fact k-Means is a special case of the EM
algorithm for a GMM whose components are spherical Gaussian distributions with the
same covariance matrix and different means. GMMs can find clusters with elliptical
shapes unlike k-Means which is limited to spherical clusters. Finally, fitting data to a
model is a good way to identify patterns in them.



Input: Dataset X', Number of components M,

Initial parameters @ = ({1, 21,q1}, -, {ttns, s, q0r })
Output: Final parameters 6 = ({p1, 21,1}, -, {pear, X, g })

: for all points x,, € X do // E-step
for all components k =1 to M do

: for all components k =1 to M do // M-step
o P(k[xn;0)xn
Zgzl P(k\xnﬂ)
SN p(k[xn:0) (k0 — ) (n — 11) ™
SN pk[xn;:6)
Zgzlp(k\xn;g)
N

1
2
3: Compute p(k|xy;0) using (1.9)
4
5

Update mean py =

2

Update covariance matrix X =

n

Update prior probability ¢ =

oo

: if converged then

9: return Final parameters @ = ({p1, X1, q1}, -, {penr, s, g })
10: else

11:  Go tostep 1

Algorithm 4: EM for Gaussian mixture models.

1.3 Proximity and Kernel Matrix Based Clustering

A prozimity matrix P € RV*YN contains the pairwise proximity (similarity or distance)
P,; = proxz(x;,x;) of all dataset points. If the proximity is distance it is called a distance
matrix D € RV*Y and D;; = d(x;,x;), while if it is similarity it is called a similarity ma-
trix S € R¥*N and S;; = s(x;,x;). Algorithms such as k-Means, fuzzy c-Means, GMMs
and many others require as input the dataset points in the form of vectors. There are
cases though where only the proximity matrix is available making the application of these
methods impossible. This happens basically for two reasons. The pairwise proximities
are extracted by the dataset owner and only these are published or data points may not
be vectors at all. Consider for example graph clustering where graph vertices are the data
and edge weights describe their proximity. In this problem there are no vectors and only
a proximity matrix can be extracted. For these reasons clustering algorithms that can
directly work on the proximity matrix have been developed and in this section we will
review some of them. Also in this category of algorithms belong methods that take as
input a kernel matrix K € RV*Y where K;; = ¢(x;)"¢(x;). Function ¢ is a nonlinear
transformation that maps data to a higher dimensional space. Usually the kernel matrix is
produced without explicitly defining ¢ through a kernel function. Note that any positive
semidefinite matrix can be thought as a kernel matrix. For more details on the kernel
matrix see section 2.2. We focus on proximity and kernel matrix based clustering as a lot
of interesting algorithms in this area have been lately developed including the proposed
Global Kernel k-Means algorithm.
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Input: Distance matrix D, Number of clusters M, Initial medoids my,...,mys
Output: Final clusters C1,...,Cy

1: for all points x, n=1,...,N do

2:  Find ¢*(x,) = arg ming d(x,, mg)

3: for all clusters C; k =1 to M do

4:  Update cluster Cy, = {x,|c*(x,) = k}

5: for all clusters C, kK =1 to M do

6 Update medoid my, = x,,+,n* = argming, <c, ineck d(xi,Xp)
7: if converged then

8 return final clusters Cq,...,Cuy

9: else

10: Go tostep 1

Algorithm 5: k-Medoids.

1.3.1 k-Medoids

k-Medoids is closely related to k-Means and produces a hard partitioning of the dataset.
Their main difference is that k-Medoids represents a cluster with a medoid instead of
a centroid. While the centroid does not in general correspond to a dataset point, the
medoid, by its definition, must be a dataset point. The use of the medoid instead of the
centroid is what allows k-Medoids to work using the proximity matrix without requiring
the dataset in vectorial form. One can think of the medoid as the most “central” data
point of the cluster with respect to some proximity measure.

k-Medoids splits the dataset into a predefined number M of clusters by optimizing the
following clustering criterion:

E(my,...,my) =Y > I(x, € C)proz(x,, my) (1.11)

n=1 k=1

where my, is the cluster medoid, my, € X and proz(x,, my) is the proximity between data
point x,, and medoid my given by the proximity matrix. If the proximity is similarity
the above criterion is maximized, while if it is distance it is minimized. The optimization
is done with an iterative procedure almost identical to that of k-Means. The algorithm
starts by selecting an initial set of data points as medoids, usually randomly, and proceeds
by alternating between assigning each data point to the closest medoid and discovering
the best data point to serve as medoid for each cluster, until the medoids do not change.
The closest medoid is found through a simple look up at the proximity matrix. The
medoid of a cluster is a point that belongs to that cluster and is found through a discrete
search over the cluster points. As medoid for the k-th cluster is selected the point x,,«,

where n* = argminy cc, > prox(x;,X,), if the proximity is distance or by the same

x; ECy,
formula but with arg max in place of arg min if proximity is similarity. This search can be
performed using only the proximity matrix. The procedure is described in Algorithm 5

where the use of distance as the proximity is assumed.
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The advantages of k-Medoids over k-Means are that it requires only the proximity
matrix, the use of medoids makes cluster representatives more robust to outliers and that
any similarity or distance measure can be used in the objective function as long as it can be
readily evaluated. Thus k-Medoids can optimize all of the k-Means objectives and many
more. There are also a number of drawbacks such as the higher computational complexity.
k-Medoids requires O(7(N? + M N)) operations which is bad for large datasets. This
complexity is a result of the discrete search required to identify the medoids. Also in
some cases the medoid may not be a good representative as shown in Figure 1.2. Finally,
only local optima of the clustering criterion are identified as the solution depends on the
initial medoids.

5+
4
at
ol
1k
0 L
-1k
ol Cluster Medoids
Cluster Centers
- 0 2 4 6 8

Figure 1.2: Medoids and centers of two clusters. For the ring-like cluster the medoid is
not a good representative as it is far away form the cluster center.

1.3.2 Spectral Clustering

Spectral clustering is a relatively new approach to clustering that produces a hard par-
titioning of the dataset using the eigenvectors of a matrix derived from the data. More
specifically, a matrix containing the pairwise similarities, called affinity matrix in this
case, is used and the eigenvectors of this matrix or a matrix derived from the affinity
matrix are calculated. The eigenvectors are then processed to obtain a clustering of the
dataset. The affinity matrix, A € RN and A;; = s(x;,x;), is either constructed from
the data points using a measure of similarity or it is provided by a third party and is
directly used.

A number of different spectral algorithms appear in the literature which basically
differ on the matrix used to calculate the eigenvectors and the way the eigenvectors are
processed to obtain the final partitioning. Some of them are summarized in [25]. Here
we present the algorithm proposed by Ng et al. [20] which is described in Algorithm 6.
Other spectral methods follow a similar approach. It is obvious that this algorithm does
not require as input the dataset in vectorial form. If the dataset is available though Ng
et al. proposed computing the affinity matrix as A;; = exp(—||x; — x;||*/20?) for i # j

2Largest eigenvector is the one corresponding to the largest eigenvalue.
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Input: Affinity matrix A, Number of clusters M
Output: Final clusters C1,...,Cy
1: Define the diagonal matrix D where D;; = Z;VZI Ajj
2: Construct the matrix L = D~1/24D~1/2

3: Calculate eq,...,eps the M largest eigenvectors of L and form the matrix E = [eq,...,ep] €
§RN><M

4: Normalize each of E’s rows to unit length and construct matrix Y thus Y;; =

Ejj / (x E2) "

5: Treat each row of Y as a point in R and cluster them into M clusters using k-Means (the
version that optimizes clustering error)
6: Assign the original point x,, to cluster Cy only if the n-th row of matrix Y was assigned to

the k-th cluster
Algorithm 6: Spectral clustering with the Ng et al. algorithm.

and A; = 0. The parameter o controls how rapidly the affinity falls off with the distance.
One may wonder since in step 5 we apply k-Means on the eigenvectors why not apply it
directly to the data. The answer is that mapping the points in ®Y using eigenvectors
can lead to tight clusters that can be identified by k-Means. An example is shown in
Figures 1.3 - 1.4, where the two rings cannot be identified directly by k-Means, since they
are not linearly separable, but when they are mapped to R?, through the eigenvectors,

this is possible.

=T e £

e T I Tz = -0 -14 -0z o 2z o4 as 08 1

Figure 1.3: Two rings dataset. The rings Figure 1.4: The two rings mapped in %2
cannot be separated by k-Means in the with the use of eigenvectors. Now the
original space. rings can be separated with k-Means.

To understand how this algorithm works, consider the “ideal” case in which data
points belonging to different clusters are infinitely far apart, hence their affinity is zero.
This results in an affinity matrix that is block diagonal and thus matrix L is also block
diagonal. The eigenvectors and eigenvalues of a block diagonal matrix are the union of the
eigenvalues and eigenvectors of its blocks (the latter padded appropriately with zeros).
From linear algebra it is known that each block has an eigenvalue equal to 1 and the next
eigenvalue is strictly less than 1. Thus taking as many largest eigenvectors as the number
of blocks from matrix L, results in taking the largest eigenvector of each block padded
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appropriately with zeros. Then matrix F is of the form:

R 0 0 ]
0 e 0 0
E = : S : : c RNxM
0 0 MU
0 0 0 ™

where egk) is the largest eigenvector of the k-th block. Clustering the rows of this matrix

(or the normalized rows of matrix V') is straightforward as those with non zero value in
the first dimension belong to the first cluster, those with non zero value in the second
dimension belong to the second cluster etc. Note that this clustering corresponds to the
true clustering of the original data points. This is the intuition in which all spectral
clustering methods are based. Obviously in real problems the affinity between points in
different clusters will not be zero and the largest eigenvectors will not define so clearly a
partition but with some processing we expect to approach the true clusters.

The main advantage of spectral methods is that they do not depend on initializations.
Only the step that derives the clusters from the eigenvectors may require initialization
(k-Means in Algorithm 6) but this will not change the final solution considerably if the
eigenvectors strongly indicate a partitioning of the dataset. Also there is no limitation on
the form of the affinity matrix which can contain non metric similarities. Spectral methods
have been employed to numerous problems with satisfactory results. They are particularly
popular for graph partitioning as many graph cut criteria can be optimized by taking
the eigenvectors of a matrix derived from the graph affinity matrix. Spectral methods
compute a globally optimum solution of a relazation of the graph problem. The main
disadvantage is the high computational complexity caused by the need to compute the
eigenvalues and eigenvectors of an N x N matrix. Eigenvalue decomposition costs O(N?)
which is very high for large datasets. As only the M largest eigenvectors are required
special mathematical packages are used that approximate them without computing all
eigenvectors. Still though this operation costs a lot.

1.3.3 Affinity Propagation

Affinity propagation was recently proposed by Frey et al. [11] and is a hard partitioning
algorithm that clusters data by identifying representative exemplars. An exemplar is
an actual dataset point that represents a cluster, similar to a medoid. Unlike most
algorithms which search for a specified number of clusters and start with a predefined set
of exemplars that is iteratively refined, affinity propagation initially considers all dataset
points as possible exemplars and the number of clusters is defined during the learning
process. Affinity propagation views each data point as a node in a network that transmits
real valued messages along the edges of the network until a good set of exemplars and
corresponding clusters emerges.
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The input to the algorithm is a similarity matrix S € RY*Y where the similarity
s(i, k) indicates how well data point x; is suited to be an exemplar for data point x;.
Self-similarities s(k, k) are called preferences and the higher this value is, the more likely
is that data point x; will be chosen as an exemplar. Thus the number of identified
exemplars (clusters) is influenced by the values of the preferences and by the message
passing procedure. Note that preferences are independent from the other similarities and
are not calculated in the same way, since they do not represent assignment similarities.
If all dataset points are equally suitable for exemplars at the beginning, then preferences
should be set to a common value. For example, we could set preferences equal to the
median of the similarities, resulting in a moderate number of clusters, or equal to the
minimum similarity, resulting in a small number of clusters.

Affinity propagation produces a partitioning of the dataset by minimizing the following

energy function:
N

E(cr,...,en) ==Y s(i,c;) (1.12)
i=1

where ¢; is the index of the data point selected as the exemplar that represents the cluster
that x; belongs to. Thus s(i,¢;) is the similarity between x; and its cluster exemplar. A
constraint must be satisfied to obtain a meaningful clustering: for all 7, if there exists a
J # i and ¢; = 7 then ¢; = ¢. This means that if point x; is selected as an exemplar by
another point then x; must select itself as its exemplar. The minimization of the above
energy function is done by exchanging messages between data points. There are two
kinds of messages, the responsibility and the availability. Responsibility r(i, k) sent from
data point x; to candidate exemplar x;, reflects the accumulated evidence about how well
suited point xj is to serve as the exemplar of point x; taking into account other potential
exemplars for x;. Availability a(i, k) sent from candidate exemplar x; to point x; reflects
the accumulated evidence about how appropriate it would be for point x; to choose x;
as its exemplar, taking into account the support from other points that x; should be an
exemplar.

Affinity propagation starts by initializing all availabilities to zero and then alternates
between calculating the responsibilities and the availabilities. The responsibilities are
defined as:

r(i, k) = s(i, k) — max {a(i, j) +s(i,5)} (1.13)

For k = i respounsibility r(k, k) reflects accumulated evidence that x;, is an exemplar based
on its preference and how ill-suited it is to be assigned to another exemplar. This quantity
is also called self-responsibility. The availability is given by the following equation:

a(i,k) =min Q 0, r(k, k) +> max {0, r(j,k)} (1.14)

Jiig{ik}
Note that only the positive incoming responsibilities are added as a good exemplar needs
to explain some data points well (positive responsibilities) regardless of how poorly it ex-
plains other data points (negative responsibilities). The self-availability a(k, k) is updated
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differently as:

a(k, k) = > max{0, r(j, k)} (1.15)

J:g#k

This message reflects accumulated evidence that x; is an exemplar based on the positive
responsibilities sent to candidate exemplar x; from other points. At any point during
execution we can combine availabilities and responsibilities to identify exemplars. The
assignment of a point x; is done by finding the value of £ that maximizes a(i, k) + (i, k).
If £ = ¢ then x; is an exemplar, otherwise it selects x; as its exemplar. Data points
that select the same exemplar belong to the same cluster. The algorithm converges after
a predefined number of iterations or if the exemplars do not change for a number of
consecutive iterations.

The practical implementation of the algorithm differs slightly from the above theoret-
ical presentation. The update formulas for the availabilities and the responsibilities are
damped to avoid numerical oscillations and also the exemplars are identified as those x;
for which a(k, k)+7r(k, k) > 0. The rest of the dataset points are assigned to the most sim-
ilar exemplar. The assignment formula described above is not used. This implementation
is shown in Algorithm 7.

Affinity propagation was applied on a number of machine learning tasks including
clustering face images, finding genes using microarray data, document summarization
and airline routing. The method was compared to the k-Centers algorithm, GMMs and
hierarchical agglomerative algorithms and when the problem had many clusters it achieved
better results in less time. For more details see [10, 11]. It is obvious that affinity
propagation can handle non vectorial data as long as the similarity matrix is provided.
One of its biggest advantages is that it does not require the similarities to be metric. Only
few algorithms work with non metric proximity measures, e.g. spectral methods. This
allows affinity propagation to optimize a variety of clustering criteria. Many experiments
in [10, 11] use non metric similarities and the results are very promising. For Euclidean
data if we set s(i,k) = —||x; — x¢||* then equation (1.12) becomes analogous to the
clustering error. A second advantage is that the number of clusters is not defined in
advance but is discovered during the learning process. Of course the problem of finding
the optimal number of clusters is not completely overcome as the preference parameter
considerably affects the final number of clusters. Since all points are considered as possible
exemplars this method avoids poor minima of the energy function that other algorithms
such as k-Means, k-Medoids and mixture models suffer from due to bad initializations.
Overall, it is a promising method but relatively new, so work must be done to discover
its pros and cons in depth.

1.3.4 Other Algorithms

We briefly discuss here two other algorithms that fall in the category of proximity and
kernel matrix based clustering and are further analyzed on the following chapters. Kernel
k-Means [22] is an extension of the k-Means algorithm that avoids the problem of linearly

16



Input: Similarity matrix S, Damping factor A € [0, 1]
Output: Assignment of points to exemplars ¢y, ..., cn
:t=1, Exzem =)

: for all points x; 1 =1,...,N do

for all points x;, k=1,...,N do
Initialize availabilities a(?)(i, k) = 0
Initialize responsibilities () (i, k) = 0
for all points x; 2 =1,..., N do
for all points x; k=1,...,N do
Calculate responsibility ) (i, k) = (1 — \) (s(i, k) — max;.jz, {aV(i,5) + s(i,5) }) +
(=D (G k)
9: for all points x; 2 =1,...,N do
10:  for all points xx k=1,...,N k #1i do
11: Calculate availabilities a® (i, k) = (1—\) (min {0, r® (k, k) + D jijd{ik) MaxX {o, r®(5,k)} }) +
a1 (i k)
12: for all points x; k=1,..., N do
13:  Calculate self-availabilities a® (k, k) = (1—\) (Zj:j#k max {0, r®)(j, k)}) +Aa D (K, k)
14: if converged then
15:  for all points x;, k=1,...,N do

® T gy

16: if a®(k,k) 4+ r®(k, k) > 0 then // point is an exemplar
17: ¢y =k, Exem = Exem Uk

18 for all points x; i =1,...,N i ¢ Exem do

19: ¢; = arg maxye prem S(7, k)

20:  return Assignment of points to exemplars cy,...,cy

21: else

22: t=1t+4+1Gotostep 6

Algorithm 7: Affinity propagation.

separable clusters. The dataset points are mapped to a higher dimensional feature space
through a nonlinear transformation ¢ and k-Means is applied on the feature space. Kernel
k-Means optimizes the clustering error but in feature space instead of the input space
and requires as input a kernel matrix, where K;; = ¢(x;)T¢(x;), and not the dataset.
As already mentioned, the entries of the kernel matrix are usually calculated through a
kernel function without explicitly defining transformation ¢. The algorithm is described
in detail in section 2.2.

Convex mixture model clustering proposed by Lashkari et al. [16] is a new method
that tries to identify exemplars on a dataset through mixture model fitting and considers
all points as possible exemplars. The proposed mixture model has some substantial dif-
ferences to the standard mixture model presented in section 1.2.4. First of all, it has as
many components as the number of data points. Second, the components are exponential
family distributions but have no free parameters to optimize. The expected value of the
n-th component’s exponential distribution is set equal to x,. Actually, the only adjustable
parameters of the mixture model are the prior probabilities. Also there is a temperature-
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like parameter S that controls the number of identified clusters. This formulation of the
mixture model leads to a convex minimization problem whose globally optimal solution
can always be found with a simple iterative method. This method requires as input a
similarity matrix of the data points where S;; = exp(—/d(x;,%;)) and d(x;,x;) is the dis-
tance between x; and x; and is derived from the distance measure corresponding to the
exponential distribution used in the mixture model. The authors claim though that their
method can be applied to arbitrary distance matrices as well, where distances can even
be asymmetric. Convexity helps to avoid poor solutions found with the EM algorithm for
standard mixture models due to bad initialization and the large number of parameters to
be optimized. On the other hand, reducing the number of adjustable parameters can limit
the flexibility of the mixture model. This method is further discussed in section 3.2.2.

Finally, hierarchical clustering algorithms, already presented in section 1.2.1, also take
as input a proximity matrix and do not require the dataset to be available.

1.4 Purpose and Structure of the Thesis

The above discussion has provided some insights into what clustering is and the different
types of methods used for this task. Also, the main advantages and disadvantages of each
algorithm were analyzed and it becomes clear that a “best of all” algorithm does not
exist. Having that in mind, in this work we develop a new kernel-based method, called
Global Kernel k-Means, that tries to overcome the two basic problems of k-Means, its
dependence on initialization and the inability to identify nonlinearly separable clusters.
This method combines the ideas of the Global k-Means [18] and Kernel k-Means [22]
algorithms to achieve that goal. Knowing that computation time has an important role
on the applicability of a method, two variants are proposed to speed up the execution.
One of them follows a similar approach to the Fast Global k-Means variant of Global k-
Means, while the other is an integration of the convex mixture model clustering algorithm
[16] with Global Kernel k-Means. Also a weighted version of the algorithms is presented
and its close relation with graph cuts is discussed. Our main priority is to evaluate
the performance of the developed algorithms and determine if in practice they overcome
the limitations of k-Means. Furthermore, we want to compare the two variants with
the original algorithm and see at what cost, in terms of clustering solution quality, the
computation savings are achieved. The applicability of the proposed methods on different
clustering problems is another concern and for this reason we perform experiments with
many datasets and report the obtained results.

The rest of this work is organized as follows: chapter 2 presents the Global k-Means and
Kernel k-Means algorithms on which the proposed algorithm is based. The Global Kernel
k-Means algorithm is described in chapter 3 together with two speeding up schemes, while
the weighted versions are presented in chapter 4. The performance of the algorithms is
evaluated in the following chapter where they are compared to Kernel k-Means with
multiple restarts on many clustering problems. Finally, chapter 6 concludes this work.
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CHAPTER 2

PRELIMINARIES

2.1 k-Means and Global k-Means

2.2 Kernel k-Means

This chapter focuses on the Global k-Means and Kernel k-Means algorithms. These
two methods are of great significance for this work, as the proposed Global Kernel k-Means
algorithm is derived based on the ideas of these methods. This is the reason we devote a
separate chapter for these algorithms instead of presenting them in the introduction.

2.1 k-Means and Global k-Means

Suppose we are given a dataset X = {x1,Xa,...,Xxn}, X, € B¢ and we aim to partition
this dataset into M disjoint clusters Ci,Cs,...,Cy. The k-Means algorithm, presented
in section 1.2.2, finds local optimal solutions with respect to the clustering error defined
as the sum of squared Euclidean distances between each data point x, and the cluster
center my, that x, belongs to. Analytically the clustering error is given by:

N M
E(my,...,my) =Y > I(x, €Cp)llx, — my (2.1)
n=1 k=1
where I(Y) = 1 if YV is true and 0 otherwise.

The two main disadvantages of the k-Means algorithm are first the dependence of the
final solution on the initial position of the cluster centers and second that clusters must be
linearly separable. To deal with the initialization problem the Global k-Means algorithm
has been proposed [18], an incremental-deterministic algorithm that employs the k-Means
algorithm as a local search procedure. This algorithm obtains near optimal solutions in
terms of clustering error.

In order to solve the M-clustering problem using Global £-Means we proceed as follows.
We begin by solving the 1-clustering problem using k-Means. The optimal solution to
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Input: Dataset X', Number of clusters M
Output: Final clustering of the points Cy,Co,...,Cpr

// There is no need to solve for 1 cluster as the solution is trivial and optimal. C; = X

1: Calculate dataset centroid mj = %
2: for all k-clustering problems k = 2 to M do
3:  for all points x,, € X do
4: Run k-Means with: input (X, k,mi,... m;_,,my = Xn)
output (C?,...,C,m?,... m}, E})
5:  Find B} = min,(£}}) and set (C},...,C;), (m],...,mj) to the partitioning and centers
respectively corresponding to Ej
// This is the solution with & clusters
6: return C; =Cj,...,Cy = Cj; as output of the algorithm

Algorithm 8: Global k-Means.

this problem is known and the cluster center corresponds to the dataset centroid. Then
we solve the 2-clustering problem. We run k-Means N times, each time starting with the
following initial cluster centers: one cluster center is always placed at the position resulting
from the 1-clustering problem and the other during the n-th run is initially placed at data
point x,. The solution with the lowest clustering error is kept as the solution of the
2-clustering problem. In general for the k-clustering problem let (m’{, cee m,";_l) denote
the solution to the (k — 1)-clustering problem. We perform N executions of the k-Means
algorithm, with (m’{, e m,’;_l,xn) as initial cluster centers for the n-th run, and keep
the one resulting in the lowest clustering error. The above procedure is repeated until
k = M. The pseudo code is shown in Algorithm 8.

It is obvious that the above algorithm does not suffer from the initialization of the
cluster centers problem and computes a clustering of the data points in a deterministic
way. Also it provides all intermediate solutions with 1,..., M clusters when solving the
M-clustering problem without additional cost. The experiments performed in [18] verify
that Global k-Means is better than k-Means with multiple restarts. A drawback of Global
k-Means is that it is computationally heavy as it requires running the k-Means algorithm
MN times. To speed up execution two variants of the Global k-Means algorithm are
proposed in [18] that do not considerably degrade the performance of the algorithm.
Another variant was recently developed by Bagirov [2].

2.2 Kernel k-Means

Kernel k-Means [22] is a generalization of the standard k-Means algorithm where data
points are mapped from input space to a higher dimensional feature space through a
nonlinear transformation ¢ and then k-Means is applied in the feature space. This results
in linear separators in feature space which correspond to nonlinear separators in input
space. Thus Kernel k-Means avoids the limitation of linearly separable clusters in input

20



Input: Kernel matrix K, Number of clusters k, Initial clusters Cy,...,Ck
Output: Final clusters Cy,...,Ck, Clustering error £

1: for all points x, n=1,...,N do

2:  for all clusters C; 1 =1 to k do

3: Compute [|¢(x,) — m;||? using (2.3)

4:  Find ¢*(x,) = argmin; ([|¢(x,) — my||?)

5: for all clusters C; i = 1 to k do

6:  Update cluster C; = {x,|c*(xn) =i}

7: if converged then

8  return final clusters Cy,...,C; and F calculated using (2.2)
9: else
10: Go tostep 1

Algorithm 9: Kernel k-Means.

Table 2.1: Examples of kernel functions.

Polynomial Kernel K (xi,%5) = (x7'x; + 7)6

Gaussian Kernel | K(x;,x;) = exp (—||x; — x;]|*/20?)

Sigmoid Kernel K (x;,x;) = tanh (y(xx;) + 0)

space that k-Means suffers from.

The objective function that Kernel k-Means tries to minimize is the equivalent to the
clustering error in feature space shown in (2.2). We can define a kernel matriz K € V<V
where K;; = ¢(x;)T¢(x;) and by taking advantage of the kernel trick we can compute the
squared Euclidean distances in (2.2) without explicit knowledge of the transformation ¢
using (2.3). Any positive semidefinite matrix can be used as a kernel matrix since it can be
interpreted as a Gram matrix. Notice that in this case cluster centers my in feature space
cannot be calculated. Usually a kernel function K(x;,x;) is used to directly provide the
inner products in feature space without explicitly defining transformation ¢ (for certain
kernel functions the corresponding transformation is intractable). Some kernel function
examples are given in Table 2.1; K(x;,x;) = K;;. The steps of Kernel k-Means are shown

in Algorithm 9.

Zyjyzl I(x, € Cp)p(%n)

N M
E(my,...,my) = ZZI X, € C)||p(xn)—myg||?, where my, =

n=1 k=1 25:1I<Xneck)
(2.2)
) 2300 1(x; € Co)Kny 3050, 2oy L(x; € C)I(xi € C) K
[¢(xn) — my || = Ky — ¥ N N
> =1 L(x; € Cp) > i1 211 L(x; € C)I(xs € Cp)
(2.3)

It can be shown that Kernel k-Means monotonically converges if the kernel matrix
is positive semidefinite i.e. is a wvalid kernel matrix whose entries can be interpreted as
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the pairwise inner products of the dataset points in feature space. If the kernel matrix is
not positive semidefinite i.e. is not a valid kernel matrix and its entries do not represent
inner products, the algorithm may still converge but this is not guaranteed. As for the
computational complexity, in [8] it is shown that Kernel k-Means requires O(N?7) scalar
operations, where 7 is the number of iterations until convergence is achieved. If we also
have to calculate the kernel matrix an extra O(N?d) scalar operations are required.

It must be noted that, by associating a weight with each data point, the weighted
Kernel k-Means algorithm is derived [7]. It has been proved that its objective function
is equivalent to that of many graph partitioning problems such as ratio association, nor-
malized cut etc if the weights and kernel are set appropriately [7, 8, 9]. This subject is
further analyzed in chapter 4.

It has also been proved that performing k-Means in the kernel pca space is equivalent to
Kernel k-Means [17]. However, this approach has two drawbacks: it requires computation
of the eigenvectors of the kernel matrix and it highly depends on the initialization of k-
Means. Calculating the eigenvectors of large matrices is expensive and even prohibitive
as it requires O(N?) operations. Finally, a soft version of the Kernel k-Means algorithm
has been proposed [15].
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CHAPTER 3

THE GLOBAL KERNEL k-MEANS
ALGORITHM

3.1 Global Kernel k-Means

3.2 Speeding-up Execution

In this chapter the proposed, kernel-based, Global Kernel k-Means algorithm is pre-
sented and its complexity is analyzed. Moreover, two variants that accelerate its execution
are introduced.

3.1 Global Kernel k-Means

The Global Kernel k-Means algorithm minimizes the clustering error in feature space,
defined in (2.2). Our method builds on the ideas of the Global k-Means and Kernel
k-Means algorithms. Global Kernel k-Means maps the dataset points from input space
to a higher dimensional feature space with the help of a kernel matrix K € RV*V as
Kernel k-Means does. In this way nonlinearly separable clusters are found in input space.
Also, Global Kernel k-Means finds near optimal solutions to the M-clustering problem
by incrementally and deterministically adding a new cluster center at each stage and by
applying Kernel k-Means as a local search procedure instead of initializing all M clusters
at the beginning of the execution. Thus the problems of initializing the cluster centers
and getting trapped in poor local minima are also avoided. In a nutshell, Global Kernel
k-Means combines the advantages of both Global k-Means (near optimal solutions) and
Kernel k-Means (clustering in feature space).

Suppose we want to solve the M-clustering problem using Global Kernel k-Means.
Since the calculation of the cluster centers in feature space is intractable, for the same
reason as for Kernel k-Means, we will represent a cluster in terms of the data points that
belong to it instead of its center. We start by solving the 1-clustering problem using
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Input: Kernel matrix K, Number of clusters M
Output: Final clustering of the points C1,Cs,...,Cuy

// There is no need to solve for 1 cluster as the solution is trivial and optimal. Cj = X

—

: for all k-clustering problems k& = 2 to M do
2:  for all points x, n=1,...,N do // Suppose x, € C;
Run Kernel k-Means with: input (K,k,Cf,...,C, =CF — {x,},...,Ci_;, Cp={xn})
output (CT,...,C}, E})
4:  Find E} = min, (E}) and set (C},...,C}) to the partitioning corresponding to Ej
// This is the solution with & clusters
5: return C; =Cj,...,Cy = Cj; as output of the algorithm

@

Algorithm 10: Global Kernel k-Means.

Kernel k-Means. The optimal solution to this problem is trivial as all data points are
assigned in the same cluster. We continue with the 2-clustering problem where Kernel
k-Means is executed N times. During the n-th execution the initialization is done by
considering two clusters one of which contains only x,, and the other is X — {x, }. Among
the N solutions the one with the lowest clustering error is kept as the solution with 2
clusters. In general, for the k-clustering problem let ( Ty, ,;"_1) denote the solution
with £ — 1 clusters and assume that x,, € C;. We perform N executions of the Kernel
k-Means algorithm, with (Cj,...,C, =C; — {x,},...,Cj_;,Ck = {xx,}) as initial clusters
for the n-th run, and keep the one resulting in the lowest clustering error. The above
procedure is repeated until £ = M. The steps of Global Kernel k-Means are shown in
Algorithm 10.

The rationale behind the proposed method is based on the assumption that a near
optimal solution with £ clusters can be obtained through local search starting from a state
with k£ — 1 near optimally defined clusters (solution of the (k — 1)-clustering problem) and
the k-th cluster initialized appropriately. As we consider only one data point belonging
to the k-th cluster when it is initialized, this is equivalent to initializing, during the n-th
run, the k-th cluster center at point ¢(x,) in feature space. Limiting the set of possible
positions for the k-th center only to dataset points when mapped to feature space seems
reasonable. Our experiments verify that the proposed algorithm computes near optimal
solutions although it is difficult to prove theoretically. Note that during the execution
of the algorithm, also solutions for every k-clustering problem with k£ < M are obtained
without additional cost, which may be desirable in case we want to decide on the number
of clusters for our problem.

3.1.1 Computational Comlexity

Due to its close relation to Global k-Means and Kernel k-Means, the Global Kernel k-
Means algorithm inherits their high computational cost. Given the values of the kernel
matrix, the demanding step of the Kernel k-Means algorithm is the calculation of the
distance between each point in feature space to every center, given by (2.3), in order to
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Input: Kernel matrix K, Number of clusters M
Output: Final clustering of the points C1,Cs,...,Cuy

// Assume that Kernel k-Means outputs the distance of each point to each cluster center d
1: Run Kernel k-Means with: input (K,1,C; = X), output (C},di,...,dY, E)

// This is the solution with 1 clusters
2: for all k-clustering problems k = 2 to M do
3 for all points x, n=1,..., N do
4: Calculate b} = Zfil max (d};_l — (Kpp + K — 2Km-),0)
5 Find the point with maximum b}, n* = arg max, by,  // Suppose x,~ € C;
6 Run Kernel k-Means with: input (K, k,CP,....Cr =CF —{xp+},...,Ci_q, Ch={xp+})

output (Ci“,...,C;,d}g,...,d,]cv,E,’;)
// This is the solution with & clusters

7: return Ci = Cy,...,Cy = C}; as output of the algorithm

Algorithm 11: Fast Global Kernel k-Means.

find the closest center. This is repeated for a number of iterations 7 until convergence is
achieved. As shown in [8] the complexity of Kernel k-Means is O(N?7) scalar operations.
In the Global Kernel k-Means algorithm, in order to solve the M-clustering problem we
must run Kernel k-Means M N times. This makes the complexity of Global Kernel -
Means O(N®M7). If we also have to calculate the kernel matrix an extra O(N?d) scalar
operations are required making the overall complexity O(N?(NMrt + d)). Storage of the
matrix requires O(N?) memory and a scheme for dealing with insufficient memory has
been proposed in [29] which can be readily applied to our algorithm. As this complexity
is high for large datasets two speeding up schemes are considered next.

3.2 Speeding-up Execution

Based on the general idea of the Global Kernel k-Means algorithm, several heuristics can
be devised to reduce the computational load without significantly affecting the quality of
the solution. In the following subsections two modifications are proposed.

3.2.1 Fast Global Kernel k-Means

The Fast Global Kernel k-Means algorithm is a simple method for lowering the com-
plexity of the original algorithm. It is based on the same ideas as the Fast Global k-Means
variant proposed in [18]. We significantly reduce the complexity by overcoming the need
to execute Kernel k-Means N times when solving the k-clustering problem given the
solution for the (k — 1)-clustering problem.

Specifically, Kernel k-Means is employed only once and the k-th cluster is initialized
to include the point x,, that guarantees the greatest reduction in clustering error. In more
detail, we compute an upper bound E}' < E;_; — b} of the final clustering error when the
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k-th cluster is initialized to include point x,. Ej_; is the clustering error corresponding
to the (k — 1)-clustering problem solution and b} measures the guaranteed reduction of
the error and is defined in (3.1), where d_, denotes the squared distance between x; and
its cluster center in feature space after solving the (k — 1)-clustering problem. We select
as initialization for the k-th cluster the point x,, with the highest b} value:

N
k= Zmax (d;:c—l — ll6(xn) — B(xi)II?, 0) , where [|¢(x,) — ¢(x:)[|* = Kun + Kii — 2Ky
=1

(3.1)
The correctness of the above upper bound is derived from the following two facts.
First, when the k-th cluster is initialized to include point x, it will allocate all points
that are closer to x,, in feature space than to their cluster center in the solution with
k — 1 clusters (distance dj,_,). Therefore, for each such point x;, the clustering error
will decrease by di | — [|¢(x,) — ¢(x;)||?>. Quantity b7 measures the reduction in error
due to this reallocation. Second, since Kernel k-Means monotonically converges as long
as the kernel matrix is positive semidefinite (i.e. valid), we are sure that the error will
never exceed our bound. Note that the point with maximum b0} does not guarantee that
the corresponding final clustering error E} is the lowest among all final clustering errors
E} ... EY. 1t simply guarantees the lowest upper bound. The pseudo code of the method
is shown in Algorithm 11.

Computational Complexity

When using this variant of the Global Kernel k-Means algorithm in order to solve the M-
clustering problem we must execute Kernel k-Means M times instead of M N times. Given
the kernel matrix, calculation of b} requires O(N) scalar operations as di_, is calculated
when executing Kernel k-Means for the (k — 1)-clustering problem. Each time we have
to calculate the N quantities 0} and this must be repeated M times in order to solve
the problem with M clusters. Thus the overall cost incurred by the need to estimate
the upper bound is O(N?M). Overall the Fast Global Kernel k-Means algorithm has
O(N*(M7 +d+ M)) = O(N*(M7 + d)) complexity, which is considerably lower than
that of Global Kernel k-Means and is comparable to the complexity of Kernel k-Means
when M is sufficiently small. In general, this reduction in complexity comes at the cost
of finding solutions with higher clustering error than the original algorithm, due to the
greedy decision made when deciding on the best point for initializing the newly added
cluster. As our experiments indicate, there are several cases where the performance of
the fast version is similar to that of Global Kernel k-Means which makes it a good fast

alternative.

3.2.2 Global Kernel k-Means with Convex Mixture Models

Another way, apart from Fast Global Kernel k-Means, to lower the complexity of the
Global Kernel k-Means algorithm when solving the M-clustering problem is to select a
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set of good exemplars in feature space with an exemplar-based method and then apply
Global Kernel k-Means, with the restriction that the points tried as initializations for the
newly added cluster come from this set only.

In order to solve the k-clustering problem given the solution with k£ — 1 clusters we
must run Kernel k-Means as many times as the number of selected exemplars instead of
N times. In each of these runs we initialize the k-th cluster center to an exemplar of
those selected. Many algorithms that perform exemplar-based clustering can be used for
this purpose such as affinity propagation [11]. In our work we integrate the Global Kernel
k-Means algorithm with the one proposed by Lashkari et al. [16], which is based on the
use of exemplar-based mixture models for clustering. We will refer to this algorithm as
conver mizture model (CMM) clustering.

As already discussed in section 1.2.4, clustering with mixture models results in soft
assignments of data points to clusters in such a way that the likelihood of the mixture
model is maximized. Given a dataset X = {x1,Xa,..., Xy}, X; € R? we seek to maximize
the following log-likelihood function:

L({ahh {m bl x) = %Zlog [Z ¢;f (x5 ;) (3.2)

where ¢ denotes the prior probability of a component satisfying the constraint Z;Vil g =1
and f(x; p) is an exponential family distribution on random variable X. Note that the
above log-likelihood implies a mixture model whose components are exponential family
distributions. We restrict ourselves to this special case of mixture models as the Lashkari
et al. [16] algorithm was derived based on them. Taking into account the bijection
between regular exponential families and Bregman divergences [3] we can rewrite the
above exponential family distribution as f(x; p) = C(x) exp(—d,(x, p)), where d,, is some
Bregman divergence and C(x) is independent of p. Note that with this representation
p is the expected value of random variable X under the distribution f(x; ). If we take
Euclidean distance as the Bregman divergence we obtain a Gaussian mixture model.
Usually the maximization of the above likelihood function is done with the EM algo-
rithm. This algorithm locates local maxima of the objective function and is sensitive to
initialization. This sensitivity causes a lot of trouble in finding a good solution especially
when the mixture model has many components i.e. many ¢ and p quantities to initial-
ize. The most common approach to avoid poor local maxima is to run the algorithm
many times with different random initializations and keep the best solution. Lashkari et
al. [16] try to circumvent the initialization procedure by introducing an exemplar-based
likelihood function that approximates the exact likelihood and results in a convezr mini-
mization problem whose globally optimal solution can be found with a simple algorithm.
In order to achieve this, they take models of the form (3.2) and restrict the set of
mixture components to the distributions centered at the data points i.e. p; € X. Fur-
thermore, they increase the number of the mixture components to N and thus represent
all data points as cluster center candidates (candidate exemplars). The proposed log-
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likelihood function is:

N N N N
1 1 —_— X . X5
i=1 j=1 i=1 j=1

-+ const.

(3.3)
where f;(x) is an exponential family distribution with its expectation parameter equal
to the j-th data point. The constant [ controlls the sharpness of the components and
0 < < oo. In case of a Gaussian mixture model [ is equivalent to a common fixed
precision for all the components. Moreover this parameter controls the number of clusters
identified by the algorithm when the soft assignments are turned into hard ones. Higher
[ values result in more clusters in the final solution. To solve the above optimization
i= 1,)() over {q]} _, s.t. Z] 1¢; = 1 which are the only
unknown parameters of the simplified likelihood function.

The log-likelihood function (3.3) can be expressed in terms of the Kullback-Leibler
(KL) divergence if we define P(x) = 1/N,x € X to be the empirical distribution of the
dataset, Q(x) = Z;\;l ¢;f;(x) the mixture model distribution and by noting that

problem we maximize L <{q]}

PHQ ZP )log Q(x) — (P) =—-L <{qj}§v:1 : X) + const. (3.4)

xeX
where H(P) is the entropy of the empirical distribution that does not depend on the
parameters of the mixture model. Now the maximization of (3.3) is equivalent to the
minimization of (3.4). This minimization problem is conver and can be solved with an
efficient-iterative algorithm. Due to the convexity we will refer to mixture models of the

form (3.3) as convexr mizture models. As proved in [6] the updates on the components’
prior probabilities are given by:

D g P(x)f;(x)
J J N t
) ()

and the algorithm is guaranteed to converge to the global minimum as long as qj(-o) > (0 V.

(3.5)

The prior probability ¢; associated with data point x; is a measure of how likely this point
is to be an exemplar. This is an important fact for our integration with Global Kernel
k-Means.

The convex mixture model whose likelihood is described in (3.3) performs clustering
in input space. For our purpose we need to alter it a bit so as to perform clustering in
feature space. For this reason we use the same nonlinear transformation ¢ as in Kernel
k-Means to map the data points to feature space and the log-likelihood (3.3) becomes:

N N N N
1 S log |3 1 3 log | 3 et
i=1 j=1 i=1 j=1

—+const.

(3.6)
where f;(¢(x)) is an exponential family distribution with its expectation parameter equal
to the mapping of the j-th data point in feature space. If we select Euclidean distance
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as the Bregman divergence, as in our experiments, then we obtain a Gaussian convex
mixture model in feature space and d,(¢(x;), #(x;)) can be expressed in terms of a kernel
function as:

do(D(x:), (x;)) = [ o(x:) — 6(3)II* = Ky + K — 2K (3.7)

Given the convex mixture model corresponding to the likelihood defined in (3.6)
we now proceed to its integration with Global Kernel k-Means, leading to the Global
Kernel k-Means with CMM algorithm. Let as note that to get the exemplars in fea-
ture space the likelihood is optimized only once. For the implementation of the algo-
rithm that optimizes (3.6) we follow the same steps with Laskari et al. [16]. Letting
sij = exp(—Pd,(o(xi), #(x;))) and using two auxiliary vectors z, n we update the prior
probabilities ¢; as follows:

N N
(t) o o _1N~S w0
20 =2 sl ny =N T G = (3.8)
j=1 i=1 <
where q](p) > 0 for all data points we want to consider as possible exemplars. As our target

is to identify a number of good exemplars, say P exemplars, we run the algorithm until
the P highest ¢; values correspond to the same data points in feature space for a number
of consecutive iterations. Moreover we require that the order among the P highest g;
values remains the same during these iterations. Note that this convergence criterion
differs from that proposed in [16]. The points of the dataset that correspond to the P
highest g; values are those considered as good exemplars.

After we have determined the set of exemplars we run Global Kernel k-Means. The
set X' contains the dataset points whose representation in feature space is among the P
exemplars. Thus X’ C X and X" = {x;(¢; > Ginres} Where qres is the P+ 1 highest prior
value. We will refer to the data points belonging to X’ as X;- j=1,...,P. Now suppose
we want to solve the M -clustering problem. We must solve all intermediate problems with
1,..., M clusters but now instead of trying /N different initializations for the newly added
cluster, one for each point in X, for each intermediate problem we try P initializations, one
for each point in X’. In more detail, for the k-clustering problem let ( Ty ,;"_1) denote
the solution with k—1 clusters and assume that x;, € C;'. We perform P executions of the
Kernel k-Means algorithm with (Cj,...,C, =C; —{x}},...,C;_;,Cx = {x}}) as initial
clusters for the p-th run, and keep the one resulting in the lowest clustering error as the
solution with £ clusters. Remember that initializing cluster C; to contain point x), during
the p-th run is the same as placing the k-th center at point ¢(X;) in feature space. The
above procedure is repeated for £k = 2,..., M. The steps of the Global Kernel k-Means
with CMM algorithm are shown in Algorithm 12 where the use of a Gaussian convex
mixture model is assumed. It is obvious that this variant is also a kernel-based clustering
method. If the distances d,(¢(x;), #(x;)) are given by a distance matrix or they can be
calculated through the kernel matrix, as for squared Euclidean distances, then the dataset
in vectorial form is not required.
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Input: Kernel matrix K, Number of clusters M, Number of exemplars P, Parameter 3
Output: Final clustering of the points C1,Cs,...,Cuy

// Convex mixture model algorithm

1: for all points x; 1 =1,...,N do

2 for all points x; j =1,...,N do

3 Calculate s;; = exp(—f(Ky; + Kjj — 2K;j))
4: t=0

5: for all components j =1,..., N do

6:  Initialize prior probabilities q](-o) = %

7: fori=1,...,N do

8:  Update auxiliary vector z, zft) = E;vzl sijq](-t)
9: forj=1,...,N do

10:  Update auxiliary vector n, ng-t) = % Zj\i 1 ;g—g)

11: for all components 7 =1,...,N do
12:  Update prior probabilities q(-tH) = ng-t) qj(-t)
13: if converged then
14:  Calculate X' = {x;|qj > Ghres} Where gupres is the P + 1 highest prior value, Go to step
17
15: else
16: t=t+1, Gotostep 7
// Global Kernel k-Means algorithm
// There is no need to solve for 1 cluster as the solution is trivial and optimal. Cj = X
17: for all k-clustering problems k£ =2 to M do
18:  for all points x, p=1,..., P do // Suppose x;, € C;
19: Run Kernel k-Means with: input (K,k,C5,...,C, =C; — x4 G, Ce= {x;})
output (C},...,C}, EY)
20:  Find E; = min,(E}) and set (Cf,...,Cy) to the partitioning corresponding to Ej
// This is the solution with & clusters
21: return C; =C7,...,Cy = Cj; as output of the algorithm

Algorithm 12: Global Kernel k-Means with CMM.

Clustering with the convex mixture model corresponding to likelihood (3.6) requires
to select a value for the [ parameter. As already mentioned this parameter controls
the sharpness of the components and 0 < [ < co. Neither extreme, one selecting a
small value and thus assigning all points to the central exemplar and the other selecting
a large value and thus taking all points as exemplars, when the soft assignments are
turned into hard ones, is interesting. It is possible to identify a reasonable range of (3
values by determining a reference value ;. For this purpose we choose the empirical
value proposed in [16] but appropriately modified for clustering in feature space: [y, =
N?log N/ 37, i dp(d(x;), 6(x;)). Usually a 3 value around fy will give good clustering
results. In most of our experiments we set 3 = 3y and obtain good solutions.

The convergence of the algorithm described in (3.8) can be improved if we identify
after each iteration the prior probabilities ¢; that are below a small threshold, set them to

30



zero and renormalize over the remaining indices. This way we exclude the corresponding
data points from being selected as exemplars. In our experiments we set this threshold
to 1073/N.

When using this variant of Global Kernel k-Means we select P exemplars in order to
solve the M-clustering problem. The idea behind this is that the exemplars identified by the
convexr mixture model contain most of the information required by Global Kernel k-Means
to partition the dataset. So by trying only the P exemplars as possible initializations for
the newly added cluster we hope to approximate the solution of the original Global Kernel
k-Means algorithm. Usually one should choose P > M but P << N because in most
cases only a small subset of the dataset contains useful information for its partitioning.

Computational Complexity

With this variant, we must run Kernel k-Means M P times instead of M N times to solve
the M-clustering problem. This is a great reduction, especially for large datasets, if we
consider that P << N for the aforementioned reasons. Of course there is the additional
cost of identifying the exemplars. The algorithm (3.8) considered here has a complexity
of O(N?) per iteration [16]. Moreover the calculation of the quantities s;; requires an
additional O(N?) operations if the kernel matrix is given. If the algorithm requires 7/
iterations to converge the overall cost becomes O(N?7'). The Global Kernel k-Means
algorithm has a cost of O(N?(PMt + d)) in this case including the kernel calculation.
So the overall cost of the proposed variant is O(N?(PM7 + d + 7')). This complexity
is considerably lower to that of the original algorithm when P << N. Our experiments
indicate that despite this reduction to the complexity, the quality of the solutions is
satisfactory and very similar to that of the original algorithm in many cases. Finally,
the complexity of Fast Global Kernel k-Means is lower but this algorithm finds better
solutions that are closer to those of the original algorithm as shown in our experiments.
This happens because this method is less greedy as it tries P initializations when solving
the k-clustering problem instead of one.
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CHAPTER 4

WEIGHTED GLOBAL KERNEL k-MEANS AND
GRrAPH CUTS

4.1 Weighted Kernel £-Means
4.2 Expanding Weights to Global Kernel k-Means and its Variants

4.3 Graph Partitioning

This chapter presents a weighted version of the Global Kernel k-Means algorithm
and its two speeding up schemes based on the weighted Kernel k-Means algorithm. The
weighted versions of the algorithms allow us to prove an equivalence of their objective
with many popular graph cut criteria and we discuss how Global Kernel k-Means can be
used for graph clustering.

4.1 Weighted Kernel k-Means

If we associate a positive weight with each data point the weighted Kernel k-Means
algorithm is derived [7]. The weights play a crucial role in proving an equivalence of
clustering to graph partitioning which is the reason we present this version of Kernel
k-Means. Again, suppose we want to solve the M-clustering problem. The objective
function is expressed as follows, where w; > 0 is the weight associated with data point x;:

u N
i1 1(x € Cp)wip(x;
E(my,...,my) = Z I(x; € Cp)w;||p(x;)—my |?, where my = Zle<]<X, ek)Ck)w( )
i—1 k=1 = Z
(4.1)

Note that the center of the cluster in feature space is the weighted average of the points
that belong to the cluster. Once again we can take advantage of the kernel trick and cal-
culate the squared Euclidean distances in (4.1) without explicitly defining transformation
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¢ using (4.2). Algorithm 9 can be applied for this version of Kernel k-Means by only
modifying lines 3 and 8 where the point to cluster center distances must be calculated
using (4.2) and the clustering error using (4.1).
2 Z;vzl I(Xj € Ck)ijij

o1 1 (x; € G

S S I(xy € Co)I(x) € Cp)wjwi K
S S (x5 € Co)I(x1 € Cr)wjwy

lo(x:) — my||* = K —

+ (4.2)

4.2 Expanding Weights to Global Kernel k-Means and its Variants

4.2.1 Weighted Global Kernel k-Means

It is straightforward that we can use the Global Kernel k-Means algorithm to optimize
the objective function defined in (4.1) by associating a weight with each data point.
Algorithm 10 can be applied with the slightest modification to get the weighted Global
Kernel k-Means algorithm. Specifically, we must run weighted Kernel k-Means instead of
Kernel k-Means in line 3 and on the input to include the weights. All other steps remain
the same.

4.2.2 Weighted Fast Global Kernel k-Means

Fast Global Kernel k-Means can also be extended to handle weights for each data point.
Again we must run weighted Kernel k-Means instead of Kernel k-Means but the issue that
changes is the way we select the point that guarantees the greatest reduction in clustering
error when solving the k-clustering problem given the solution with £ — 1 clusters. This
point will be used to initialize the k-th cluster for the one and only run of weighted Kernel
k-Means. Now the weights must be taken into account, resulting in a modified definition
of the quantity b} (4.3) that measures the reduction in clustering error when the k-th
cluster is initialized to include point x,,. df_, again denotes the squared distance between
x; and its cluster center in feature space after solving the (k — 1)-clustering problem.

N
by = wymax (di_; — [|¢(xn) — $(x;)]%,0)
=1

where ||¢(x,) — ¢(x:)||> = Kpn + Kis — 2Ky (4.3)

The above definition measures the reduction in clustering error by identifying the
points that will be allocated by the new cluster center. For each such point x;, the cluster-
ing error will decrease by w;(di_, —[|¢(x,) — (x;)||?). Quantity b} measures the reduction
in clustering error due to this reallocation. This reduction is guaranteed as weighted Ker-
nel k-Means monotonically converges if the kernel matrix is positive semidefinite (valid).
Apparently, we select as initialization for the k-th cluster the point x,, that maximizes b}.
No other modifications are required to obtain weighted Fast Global Kernel k-Means.
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4.2.3 Weighted Global Kernel k-Means with Convex Mixture Mod-
els

The Global Kernel £-Means with CMM algorithm is divided in two parts. The first is the
identification of good exemplars and the second the application of Global Kernel k-Means
where for the newly added cluster we try only the exemplars as possible initializations. It
is obvious that weights can be applied to the second part, as there we run Global Kernel
k-Means which handles weights as shown in section 4.2.1. Now we turn our attention
to the first part and propose a modification of the convex mixture model algorithm in
order to accommodate weights. We can incorporate the weights into the convex mixture
model objective through the empirical distribution of the dataset. Instead of a uniform
distribution we define:

R Nwi xeX
P (X) — 1 =1 7,/ (44)
0 otherwise

If Q(x) = E;VZI q;f;(¢(x)) is the convex mixture model distribution in feature space we
can write the convex mixture model objective in terms of the KL divergence as:

D(PIQ) = =) P(x)log Q(x) — H(P) (4.5)
xeX
This is the same objective as for the unweighted case but with (4.4) in place of the
empirical distribution. It can be proved that the minimization of (4.5) can be performed
in the same way as in the unweighted case, thus the updates on the components’ priors
probabilities are given by:

£ = g0 P(x)f;(¢(x)) (4.6)

N
xeX Ej/:1 qj('/)fj’<¢<x))
with P(x) defined in (4.4). We can use the algorithm described in (3.8) to update the
priors with a slight modification on n§ ), now defined as n =YV P(x;) Sf{).
The change on the empirical dataset distribution results in a change onlthe empirical

value of the  parameter. We follow the same approach as in [16] and reformulate our
problem as a rate-distortion problem. By making use of proposition 1 in [16] and defining

Q' (4, %) = q; fi($(x)) = q;C(x)e P4 @C)06)) (4.7)
. ~ ’/ - Nwi rii X E X
P'(j,x) = P(x)P'(j|x) = ¢ Zo=we . (4.8)
0 otherwise

where r;; = P’(j|x;), the minimization of (4.5) becomes equivalent to minimizing the
following objective:

N

D(P'||Q") = Z (xi)7ij [log—+ﬁd (d(xs), p(x;)) | + const. (4.9)

] 495
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Actually, since P’(j,x) # 0 only for x € X, the objective function is expressed only in
terms of variables ¢; and P’(j|x;) therefore our goal is to minimize (4.9) in the space of
distributions of random variable (J,I) € {1,..., N} x {1,..., N} namely, in the product
space of mixture model component indices x data point indices. For any set of values r;;,
setting ¢; = Y., P(x;)r;; minimizes (4.9). Substituting this on the above equation we
obtain:

D(P|Q'(P

N
Z ()i {log = T4 B, (9(x:), 6(x;))| + const.

=1 P(Xi/)’l“i/j

C 1 T) BBy (9(0), 6(x5)) + const. (4.10)

where the first term is the mutual information under distribution P’(j,x) and the second
term is the expected value of the pairwise distances in feature space under the same
distribution. Note that (4.10) is almost identical to equation (8) of Lashkari et al. [16].
The only difference is on the empirical distribution of the dataset.

If we interpret the above problem in the framework of rate distortion theory we can
think of 7;;’s as a probabilistic encoding in feature space of the dataset onto itself with the
corresponding average distortion D = E; ;d,(4(x;), ¢(x;)) and the rate I(J;I). For the
derivative of the rate-distortion function R(D) [5] again we have OR/0D = —f. In order
to identify a good reference value for 5 we follow the same approach as in [16] and define
Bo to be the slope of a line connecting the following two points on the rate distortion
graph: the case of sending any point to itself with zero distortion and rate equal to the
entropy of the dataset R(0) = — 3.V, P(x;)log P(x;) and the case of a random code,
rij = 1/N, with zero rate and average distortion D = + Egj:l P(x,)d,(6(x5), p(x;)).
The empirical value of the 8 parameter for the weighted convex mixture model becomes:
— Yoy P(xi) log P(x;)

fo=N_—x"—=
Zi,j:l P(Xi)dcp(¢(xi); ¢(XJ))

In summary, to run weighted Global Kernel k-Means with CMM one must define an

(4.11)

empirical distribution of the form (4.4), in order to incorporate the weights into the convex
mixture model objective, and find the mixture components prior probabilities using the
updates described in (4.6). A good range of values for the § parameter is located through
Po defined in (4.11). After identifying the exemplars we run weighted Global Kernel
k-Means as described in section 4.2.1.

4.3 Graph Partitioning

Graph partitioning is another approach to clustering data. In this problem we are given
a graph G = (V, €&, A), where V denotes the set of vertices, £ the set of edges and A is
an V| x |V| affinity matrix which contains the pairwise similarities of the vertices i.e. the
weights of the edges, and we aim to partition the graph into M disjoint clusters such that
ViUVoU...UVy = V.
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A number of different graph partitioning objectives have been proposed such as ratio
association, ratio cut, normalized cut etc. Usually spectral methods, like the one in [20],
are employed to solve these problems by calculating the eigenvectors of the affinity matrix.
Spectral methods perform well because they compute globally optimal solutions of a
relazation of the problem considered. Calculating the eigenvectors of large matricesi.e. for
graphs with many vertices, is computationally expensive, as it requires O(N?3) operations,
and may also be infeasible. In [7, 8 9] it is proved that the weighted Kernel k-Means
objective is equivalent to that of many graph cut problems if the weights and kernel are
set appropriately. The proof is based on formulating the problems as trace maximizations
following a similar approach to [28], where the k-Means objective is formulated as a trace
maximization. Weighted Kernel k-Means avoids the need to calculate eigenvectors but
cannot find the optimal solution because it depends on cluster initialization. Even when
calculation of eigenvectors is possible, the experiments in [8] show that weighted Kernel
k-Means can further improve the clustering result produced by spectral methods.

As discussed in section 4.2 Global Kernel k-Means and its two variants can also be used
to optimize (4.1). Hence, these algorithms can also be applied to graph partitioning and
incorporate the advantages they bring over Kernel k-Means to this task. As shown in our
experiments, these algorithms outperform Kernel k-Means on graph partitioning on most
cases and thus can be considered as a good alternative to spectral methods, especially
the two variants which combine good quality with low computational cost. Here we focus
on the ratio association and normalized cut problems, which we experimented with, and
present how the weights and kernel must be set to obtain the equivalence. The reader is
referred to [8, 9] for a thorough analysis on the subject.

Let us denote links(.A, B) to be the sum of the edge weights between nodes in A and
Bie. links(A,B) = > ic 4> jepAij and degree(A) to be the sum of the edge weights
between nodes in A and all vertices i.e. degree(A) = links(A,V). Also let D be the
diagonal |V| x |V| degree matrix where D;; = leli'l Aij.

1) Ratio Association: The ratio association problem tries to maximize within cluster
association relative to the cluster size. The objective function is:

2 links (Vi, V)

. i1 i

As proved in [8], to make the objective function of weighted Kernel k-Means and
weighted Global Kernel k-Means equivalent to that of ratio association we must set w; = 1
and K = A. As w; = 1 this is practically the unweighted version of the algorithms where
the affinity matrix is in place of the kernel matrix. Obviously dataset X contains the
nodes and N = |V|.

2) Normalized Cut: The normalized cut problem aims to minimize the cut between
clusters and the remaining vertices relative to the degree of the cluster. This objective is
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one of the most popular in graph partitioning [23, 27] and is defined as:

M .
NC(G) = min links (V;, V\V;)

4.13
ViV = degree(V;) (4.13)

As shown in [8], to make the objective function of weighted Kernel k-Means and
weighted Global Kernel k-Means equivalent to that of normalized cut we must set w; = Dy;
and K = D~'AD™!. Obviously dataset X’ contains the nodes and N = |V].

The above definitions of the kernel matrix do not guarantee that it will be positive
semidefinite (i.e. valid), since A can be an arbitrary adjacency matrix, hence the algo-
rithms may not converge. Remember that, positive semidefiniteness is a sufficient but not
necessary condition to guarantee convergence of the discussed algorithms. A workaround
for this problem is proposed in [8] which relies on a diagonal shift of the kernel matrix.
For the ratio association problem we define K as: K = Al + A where [ is the identity
matrix and A is a constant large enough to ensure that K is positive semidefinite. For
the normalized cut problem we set K = A\D~! + D='AD=!. A good thing is that this
manipulation of the kernel matrix does not change the optimization problem we solve
although it can degrade the performance of the algorithms as shown in [8] when the shift
is too large.
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CHAPTER 5

EXPERIMENTAL EVALUATION

5.1 Artificial Datasets
5.2 MRI Segmentation
5.3 Pendigits Dataset

5.4 Olivetti Dataset

5.5 Graph Partitioning

In this section we thoroughly study the performance of Global Kernel £-Means, its two
variants and Kernel k-Means with multiple restarts by applying these algorithms on many
clustering problems. These problems range from artificial datasets to MRI segmentation,
digits and face images clustering and graph partitioning. Our aim is to test the robustness
of the proposed Global Kernel k-Means algorithm and its two variants on different tasks,
discover if indeed the original algorithm avoids getting trapped in poor local minima
and also how close the solutions of the speeding up schemes are to those of the original
algorithm. The experiments were conducted on a computer running Windows XP with
3.5GB RAM and 2.4GHz Intel Core 2 Duo processor. The code was implemented in
MATLAB.

5.1 Artificial Datasets

We compare the four clustering algorithms mentioned above on two artificial datasets. The
setup of the experiments is as follows: we use a Gaussian kernel which has a parameter o
whose value needs to be determined a priori. When comparing the algorithms the same
o is used for all four methods so as to obtain a meaningful comparison. For the Global

!For better understanding the experimental results it is suggested to view the figures in color.
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Figure 5.1: Global Kernel k-Means, Global Kernel k-Means with CMM, Fast Global
Kernel k-Means and Kernel k-Means (run with minimum clustering error) on the two
rings dataset.

Kernel k-Means with CMM algorithm, we set § = Sy, s;; = exp(—8|lo(x;) — ¢(x;)[]*)
and select twice as many exemplars as the number of clusters (P = 2M). The quality
of the solutions produced by the algorithms is evaluated in terms of clustering error. As
Global Kernel k-Means and its two variants perform clustering deterministically they are
run once. On the other hand Kernel k-Means is restarted 100 times and we report the
average clustering error, its standard deviation as well as the minimum and maximum
values during the 100 runs.

Table 5.1: Artificial datasets results in terms of clustering error. The kernel parameter o
value is also shown.

Two Ten
Method /Dataset Rings | Rings
c=1|0c=18
Global Kernel k-Means 320.17 | 966.87
Global Kernel k-Means with CMM | 320.17 | 966.87
Fast Global Kernel k-Means 320.17 | 1073.18
Average 334.4 | 1107.97

Kernel k-Means Std 6.4 177.24
(100 runs) Min 320.17 | 981.53
Max 351.05 | 1765.29

The first dataset (Figure 5.1) contains two rings with a total of 500 points and we
perform clustering into 2 clusters. Obviously this problem is not linearly separable, hence
any algorithm, such as k-Means, which identifies linearly separable clusters in input space
is inappropriate for this task. Global Kernel k-Means and its two variants manage to
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a) Global Kernel k-Means and Global Kernel (b) Fast Global Kernel k-Means.
k-Means with CMM.
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(c) Kernel k-Means (the run with minimum

clustering error).

Figure 5.2: Clustering of the ten rings dataset.

identify the two rings. Kernel k-Means finds the two rings solution only in 12 out of
100 runs. The solution that appropriately splits the two rings corresponds to the lowest
clustering error as can be seen in Table 5.1. This result is depicted in Figure 5.1.

The second dataset (Figure 5.2) consists of five copies of two rings where the inner ring
is dense and has 700 points while the outer ring has 300 points. The whole dataset has 5000
points and 10 clusters. For this difficult clustering problem, the Global Kernel k-Means
algorithm manages to discriminate ten rings as shown in Figure 5.2(a). Also Global
Kernel k-Means with CMM identifies the ten rings correctly. This demonstrates that
the exemplars determined through the CMM algorithm capture most of the information
required to partition the dataset. The solution corresponding to those two algorithms is
the one with the lowest clustering error in Table 5.1. Fast Global Kernel k-Means fails to
correctly identify all the rings: it splits the outer ring into two parts and merges one of
them with the inner ring as shown in Figure 5.2(b). As the problem is quite hard to solve,
the greedy decisions made by this algorithm result in suboptimal solutions with higher
clustering error. Finally, Kernel k-Means never splits correctly the ten rings during the
100 runs and note also that its average clustering error is higher to that of Fast Global
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Kernel k-Means. Figure 5.2(c) depicts the clustering result corresponding to the lowest
clustering error during the 100 runs of Kernel £-Means.

Overall, Global Kernel k-Means achieves the lowest clustering error for both datasets
and none of the 100 runs of Kernel k-Means provides a better result. This observation
together with the fact that it correctly locates the rings in the second dataset, which is a
difficult problem to solve, justify our claim that it finds near optimal solutions. Also the
Global Kernel k-Means with the CMM algorithm, turns out to provide identical results
to the original algorithm on these artificial datasets thus making him a good alternative
with lower computational cost. To further demonstrate the potential of this method we
reran the experiments by selecting this time as many exemplars as the number of clusters
(P = M) and again the rings were correctly identified for both datasets. This further
supports the fact that the exemplars identified are of very good quality. Fast Global
Kernel k-Means may be inferior to the original algorithm and the other variant when the
problem is hard, as with the second dataset, but is still superior over Kernel k-Means as
its clustering error is lower than the average of Kernel k-Means on this task. Finally, as
expected, Kernel k-Means is very sensitive to initialization and during the 100 runs finds
from near optimal solutions to very bad omnes, for both datasets, making it difficult to
decide on the sufficient number of restarts.

5.2 MRI Segmentation

We test Global Kernel k-Means, its two variants and Kernel k-Means with multiple
restarts on simulated MRI images downloaded from the BrainWeb site [4]. Specifically,
we use the normal brain database, which contains a single 3-d brain image, with the
following simulation parameters: T1 modality, Imm slice thickness, 3% noise and 20%
intensity non-uniformity. The corresponding ground truth (discrete version) is also avail-
able and assigns to each voxel the label of the tissue that contributes most to that voxel.
The tissues are divided in ten categories: background, cerebrospinal fluid (CSF), grey
matter, white matter, muscle/skin, skin, skull, fat, glial matter and connective. For our
experiments we focus on brain slices along the z-axis and in particular on those around the
middle of the 3-d volume where the first seven tissue categories prevail, thus we consider
clustering into seven clusters.

We segment slices 60, 80 and 100, shown in Figure 5.3, into seven clusters based on in-
formation derived from pixel intensities and consider only the pixels of the seven prevalent
tissue categories. The corresponding ground truths are depicted in Figure 5.4. Typical
approaches consider only pixel intensities as features and employ k-Means or Gaussian
mixture models. In this work we suggest the use of Kernel £-Means for MRI segmen-
tation. Moreover each pixel is represented with a vector containing not only the pixel
intensity, but also the intensity histogram of a window around the pixel. The histogram
is normalized so as bin quantities to represent probabilities. Based on this representation,
we define a kernel (5.1) that calculates the similarity between two pixels based on the sim-
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(a) Slice 60. (b) Slice 80.

(c) Slice 100.

Figure 5.3: MRI slices.

ilarity between their intensities and the similarity between the corresponding histograms.
More specifically, if I(i) is the intensity of pixel ¢ and P,(7) is the probability associated
with the z-th bin of pixel’s ¢ histogram, the kernel element Kj;; is computed as:

(5.1)

Kij:exp< ||f<>2 ||2> rzﬁ

The above kernel definition implies a positive semidefinite (i.e. valid) kernel matrix as

it can be interpreted as a Gram matrix. The validity of the kernel is easily proven based
on the property that if x = (x,, %), X' = (x},x) and K,, K, are valid kernels then also
K(x,x") = K,(Xq, x,) Kp(xp,x}) is a valid kernel. In our case K, is the Gaussian kernel
among the intensities and K is simply the dot product between the square roots of the
histogram vectors. Note that K;; = 1 which is the maximum value for this kernel.

When comparing the clustering algorithms, the quality of the solution is once again
measured in terms of clustering error. To decide on the kernel parameter values clustering
error is not a valid measure though. Instead we define the misclassification error using
the ground truth information. Specifically, each cluster on the final solution is assigned
the label of the majority tissue class present on the cluster. The pixels of the other classes
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(a) Slice 60. (b) Slice 80.
White Grey CSF Skin

Skull Muscle/Skin Background
(c) Slice 100.

Figure 5.4: Ground truth of the three slices. In black are the 3 tissues we ignore in our

experiments.

in the cluster are counted as misclassifications. Summing the misclassified pixels over all
clusters and dividing by the total number of pixels gives the misclassification error. By
trying different combinations for the o value, window size and number of bins we decided
to use o = 0.7, a 31-by-31 window and split the intensity range of the whole slice into 70
equally spaced bins. The above parameters were discovered using slice 80 and are applied
directly on the other two slices so as to see if they are effective in nearby slices. Note that
tissue distribution changes across slices.

Our experimental evaluation focuses only on the comparison of Global Kernel £-Means
with CMM, Fast Global Kernel k-Means and Kernel k-Means with multiple restarts as
Global Kernel k-Means incurs a very high computational cost, due to the large dataset
size (each slice is of size 181-by-217), which makes its application impractical. The Global
Kernel k-Means algorithm was run once, using the above parameter values, for slice 80,
in order to get an estimation of how good alternatives the two speeding up schemes
are for this task. The result was almost identical to that of the two variants. This is
very encouraging because it seems that we can replace the original algorithm with the
variants on MRI segmentation without sacrificing the quality of the solution. The original
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Table 5.2: Results on MRI segmentation in terms of clustering error (CE) and misclassi-
fication error (ME).

Method/Slice Slice 60 Slice 80 Slice 100
0= 0.7 Win = 31 x31 CE ME CE ME CE ME
Bins = 70

Global Kernel k-Means | o . | 10 9900 | 5064.66 | 14.02% | 5010.64 | 15.77%

With CMM . . 0 . . 0 . . 0

Fast Global Kernel k-Means | 5208.32 | 19.89% | 5064.99 | 14.1% | 5010.15 | 15.82%
Mean | 5286.95 5244.39 5094.85

Kernel k-Means Std 66.29 127.63 141.7

19.89% 14.01% 15.97%

(100 runs) Min | 5207.65 * | 5064.27 * |75009.75 !
Max | 5364.68 5477.84 5808.77

algorithm is not further considered in our experiments.

To compare the three algorithms, using the kernel given in (5.1), we run Global Kernel
k-Means with CMM and Fast Global Kernel k-Means only once, while Kernel £-Means
is restarted 100 times for each slice and report here the average clustering error, its
standard deviation and minimum-maximum values during the 100 runs. Moreover for
the Global Kernel k-Means with CMM algorithm we set § = [y, s;; = exp(—[(Ky; +
K;; —2K;;)) and select the number of exemplars to be three times the number of clusters
(P =3M), hence we select 21 exemplars. The results for the three slices are summarized
in Table 5.2 where also the misclassification error is shown. Note that for Kernel k-Means
the misclassification error reported corresponds to the run with minimum clustering error.
As we can see the best solutions identified by Kernel k-Means during the 100 runs have
slightly lower clustering error than those of the two variants. For slice 60 Global Kernel
k-Means with CMM achieves exactly the same error with the best run. In more detail,
for slice 60, 0 and 3 out of 100 runs are better than Global Kernel £-Means with CMM
and Fast Global Kernel k-Means respectively, for slice 80, 11 and 12 out of 100 runs and
for slice 100, 33 and 28 out of 100 runs. The solution with minimum clustering error is
located 1, 5 and 3 times during the 100 runs for slices 60, 80 and 100 respectively. A
more fair and correct comparison though is the one between the average clustering error
during the 100 runs and the corresponding error of the two variants where clearly Kernel
k-Means is outperformed for all slices. This happens because during the restarts very bad
solutions are also discovered. Moreover, because of the large dataset size executing those
restarts is time consuming as the fact that Fast Global Kernel k-Means is about 20 times
faster proves.

Focusing on the two variants we observe that they achieve similar clustering error.
Global Kernel k-Means with CMM is better for slices 60 and 80 while Fast Global Kernel
k-Means is better for slice 100. An advantage of Fast Global Kernel k-Means is its lower
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(c) Slice 100.

Figure 5.5: Segmented tissues of the three slices with Global Kernel k-Means with CMM.
In dark blue are the 3 tissues we ignore in our experiments.

computational cost which makes him 10 times faster. The misclassification error for the
three algorithms is identical for slice 60, for slice 80 Kernel k-Means is better and Global
Kernel k-Means with CMM follows closely behind and finally for slice 100 Global Kernel &-
Means with CMM is better with Fast Global Kernel k-Means following. By examining the
results in Table 5.2 for slice 100 we observe that lower clustering error does not guarantee
and lower misclassification error. We focus though primarily on clustering error when
comparing the algorithms as this is the quantity optimized. All the above suggest that
Fast Global Kernel £-Means is the wisest choice for MRI segmentation as it is faster than
the other two methods and produces similar clustering results.

Figure 5.5 and Figure 5.6 depict the clustering result of Global Kernel k-Means with
CMM and Fast Global Kernel k-Means on the three slices respectively. As we can see
the clusters identified by the two algorithms are almost the same. Only a couple of pixels
are placed to different clusters which are shown in Figure 5.7 in white color. Specifically,
for slice 60, 242 pixels are placed to different clusters, for slice 80, only 42 pixels and for
slice 100, 66 pixels. Note that slices with greater difference in clustering error have more
pixels in different clusters. As the solutions of the two methods are so similar the same
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(c) Slice 100.

Figure 5.6: Segmented tissues of the three slices with Fast Global Kernel k-Means. In
dark blue are the 3 tissues we ignore in our experiments.

comments can be made for both.

Since different tissues share the same pixel intensities (e.g. background and skull), as
shown in Figure 5.8, it is difficult to place them on different clusters even when working
with a kernel that takes advantage of the window information. For slice 60 we can see
that grey and white matter form pure clusters?. The background is split into two clusters
and one of them is mixed with the skull while CSF' is mixed with skin. For slice 80 grey
matter, white matter, CSF and skin form quite pure clusters. Again the background is
split and one part is mixed with the skull. Finally for slice 100 the result is similar to that
of slice 60. Note that although some tissues are broken to two clusters, e.g. the white
matter in slice 100, these clusters are pure something that is considered a good solution.
Overall, the clustering performed by Global Kernel k-Means with CMM and Fast Global
Kernel k-Means is satisfactory, especially for the inner part of the brain. After viewing
the segmented slices it becomes even more clear that Fast Global Kernel k-Means is the

2By saying pure cluster we mean a cluster that mostly contains pixels of one tissue but not necessarily
all the pixels of that tissue.
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(a) Slice 60. (b) Slice 80.

(c) Slice 100.

Figure 5.7: Comparison of Global Kernel k-Means with CMM and Fast Global Kernel
k-Means solutions. Pixels belonging to different clusters are shown in white.

appropriate choice for MRI segmentation as it is considerably faster than the other variant
and identifies similar clusters.

5.3 Pendigits Dataset

The Pendigits dataset [1] contains 7494 training digits and 3498 testing digits represented
as vectors in 16-dimensional space. The features of the digits were extracted from their
(x,y) coordinates, by the dataset creators. For every digit its class is also available
(0 —9). We test the Global Kernel k-Means with CMM and Fast Global Kernel k-
Means algorithms on the whole Pendigits dataset and also on the testing digits alone
(Pendigits.tes) by performing clustering into 10 clusters. The two algorithms are compared
to Kernel k-Means with multiple restarts and k-Means. We did not run the Global
Kernel k-Means algorithm as the size of the dataset, 10992 digits, make its application
impractical.
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Figure 5.8: Tissue pdf estimation for slice 80.

The performance of the above algorithms is primarily measured in terms of clustering
error (2.2) but as the labels of the digits is available we can form the confusion matrix
between clusters and classes and calculate normalized mutual information (NMI) [7]. This
measure indicates how much the clustering and true class labels match and is defined as:

M c nh nhN
P DY I ) w3 S
- H(r) + H(C)

(5.2)
where N is the dataset size, M is the number of clusters, ¢ is the number of classes, n}' is
the number of points in cluster ! from class h, H(r) = — Zf\il i log %t is the entropy of
the clusters and H(¢) = —> 7, ”ﬁ log % is the entropy of the classes. High NMI values
indicate that clustering and true class labels match well.

For our experiments we once again use the Gaussian kernel and the same o value is used
in all algorithms in order to obtain a meaningful comparison. Note that k-Means performs
clustering in input space and there is no need to use a kernel function. For the Global
Kernel k-Means with CMM algorithm we set 3 = Sy, s;; = exp(—f|d(x;) — ¢(x;)[]*)
and select twice as many exemplars as the number of clusters (P = 2M), hence we
select 20 exemplars. This algorithm and Fast Global Kernel k-Means are run only once.
Kernel k-Means and k-Means are run 100 times and report here the average and minimum
performance values during the 100 runs. The results are shown in Table 5.3. Note that the
NMI values reported on the ‘Min’ rows are those achieved by the restart with minimum
clustering error.

In Table 5.3 we do not report the clustering error for k-Means as this algorithm per-
forms clustering in input space while the others in feature space, so the values are not
comparable. The NMI values of k-Means are inferior to those of the other algorithms
and thus back our decision to apply feature space clustering for the Pendigits dataset.
When clustering the whole Pendigits dataset we observe that Fast Global Kernel k-Means,
Global Kernel k-Means with CMM and the run of Kernel k-Means with minimum cluster-
ing error are evenly matched. The solution with minimum clustering error is identified in
only 7 out of 100 runs by Kernel k-Means. The average clustering error and NMI values
though are considerably worse as very bad solutions are identified during the restarts.
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Table 5.3: Pendigits results in terms of clustering error (CE) and normalized mutual
information (NMI).

Pendigits Full | Pendigits.tes
Method/Dataset o=21 o=228
CE NMI CE NMI
Global Kernel k-Means with CMM | 6514.95 | 0.776 | 1490.44 | 0.749
Fast Global Kernel k-Means 6514.95 | 0.776 | 1504.81 | 0.75
Mean | 6668.34 | 0.739 | 1537.69 | 0.713
Min | 6514.94 | 0.777 | 1485.2 | 0.754
Mean — 0.688 — 0.685
Min — 0.697 = 0.701

Kernel k-Means (100 runs)

k-Means (100 runs)

When considering only the testing digits, Kernel k-Means achieves lower clustering error
on its best run but on average it is worse than the other two algorithms. In more detail,
15 out of 100 runs achieve lower clustering error than Fast Global Kernel k-Means but
only 3 out of 100 achieve lower than Global Kernel £-Means with CMM. As Global Kernel
k-Means with CMM has lower clustering error than Fast Global Kernel k-Means and is
very close to the best run of Kernel k-Means we can state that the exemplars identified are
of good quality. As for the NMI values they are similar for the three algorithms, despite
the differences in clustering error, except from the average NMI of Kernel k-Means which
is quite lower due to bad solutions occurring during the restarts.

5.4 Olivetti Dataset

The Olivetti face database [21] contains ten 64x64 gray scale images of each of 40 indi-
viduals. We selected the same subset of images and applied the same preprocessing as
in [11]. Specifically, we selected the first 100 images, belonging to 10 individuals, and
smoothed them with a Gaussian kernel with 0 = 0.5. In order to obtain more variations
for each image we applied 3 in-plane rotations (—10°, 0° and 10°) and 3 scalings (0.9,
1.0 and 1.1) thus producing a dataset with 900 images in total. To avoid including the
background behind each face we extracted a central 50x50 window and finally the pixel
intensities of each image were normalized to zero mean and 0.1 standard deviation.

We cluster images using the standard optimization criterion of squared error but on
feature space instead of input space. We test the Global Kernel k-Means, Fast Global
Kernel k-Means and Global Kernel k-Means with CMM algorithms on the 900 images and
compare them to Kernel k-Means with multiple restarts as well as affinity propagation
[11]. Affinity propagation was tested on this dataset in [10, 11] achieving good results and
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thus serves as a good measure for the performance of our methods. For our experiments,
each image is represented with a 2500-dimensional vector containing the pixel intensities.
Again we use the Gaussian kernel and the same o for all algorithms. For the Global Kernel
k-Means with CMM algorithm we set 3 = [y, s;; = exp(—f||d(x;) — é(x;)||*) and the
number of selected exemplars equals three times the number of clusters (P = 3M). For
affinity propagation we set the preferences equal to a common value that yields the desired
number of clusters and the pairwise similarities equal to s(i,j) = —[|¢(x;) — &(x;)]*
Finally Kernel k-Means is restarted 100 times.

We partition the dataset in different number of clusters using all the above algorithms
and for every experiment we report the clustering error (2.2) and the misclassification
error defined in section 5.2. For the misclassification error each cluster is associated with
the individual whose images are the majority in that cluster. Images belonging to other
individuals are counted as misclassifications. As the number of clusters increases the
misclassification error naturally drops.

Figure 5.9 shows the clustering error achieved by the algorithms for different number
of clusters. We do not report the clustering error for affinity propagation as it is naturally
much higher relative to the other algorithms, since affinity propagation identifies exem-
plars as the centers of the clusters. As we can see the performance of the algorithms is
very similar for 10 clusters but as the number of clusters increases and the problem gets
harder the differences in performance become clear. Global Kernel k-Means is the best
performer achieving constantly the lowest clustering error. This once again demonstrates
that, due to its exhaustive nature, this method identifies near optimal solutions. Global
Kernel k-Means with CMM is the second best algorithm for 20 or more clusters. This
backs our claim that good exemplars are identified and then fine tuned with Global Kernel
k-Means. Fast Global Kernel k-Means is very close to the best run of Kernel k-Means,
a little worse for 50 or less clusters and better for more. Finally, the average clustering
error of Kernel k-Means is the highest in all cases demonstrating that bad solutions are
identified during the restarts.

In Figure 5.10 the algorithms are compared in terms of misclassification error. Their
behavior is not the same and as smooth as with clustering error, leading to the conclusion
that lower clustering error does not necessarily imply and lower misclassification error.
There are some similarities though as Kernel k-Means gradually becomes the worst per-
former as the clusters increase, except some fluctuations for 50 and 150 clusters, and also
Global Kernel k-Means is among the best algorithms in all cases. Affinity propagation
starts as the worst algorithm and ends as the best. The two variants of Global Kernel
k-Means are inferior to the original algorithm but better from Kernel k-Means for 50 and
70 clusters.

Overall, we can state that Global Kernel k-Means is the best algorithm followed by
the CMM variant, the Fast Global Kernel £-Means algorithm and finally Kernel k-Means.
This observation is primarily based on clustering error performance as that is the objective
optimized by the algorithms. As for affinity propagation its performance appears to be

50



225% O  Fast Global Kernel k—-Means
215+ Global Kernel k—Means with CMM
+  Global Kernel k—-Means

2051 Kernel k-Means (best)

195F © v Kernel k-Means (average)

185

&

175}
165
155 g

145} .

@]

Clustering error

135 +
125

+x0]

115+
105+ 8

95 1 1 1 1 1 1 1 1 1 1 1 1 1 ‘f
10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

Number of clusters

Figure 5.9: A comparison of the clustering error achieved by Global Kernel k-Means and
its variants as well as Kernel k-Means on the Olivetti face database.
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Figure 5.10: A comparison of the misclassification error achieved by Global Kernel k-

Means and its variants as well as Kernel k-Means and affinity propagation on the Olivetti
face database.
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Table 5.4: Test graphs.

Graph Name | Number of Nodes | Number of Edges

add32 4960 9462
data 2851 15093
uk 4824 6837

close to that of Global Kernel k-Means for 70 or more clusters but worse for fewer clusters
(Figure 5.10).

5.5 Graph Partitioning

As already discussed the weighted version of Kernel k-Means can be used to optimize
many graph cut objectives. As Kernel k-Means lies in the heart of the Global Kernel
k-Means algorithm and its two variants, we have seen that weights can be readily applied
to these algorithms so they can also be used for graph partitioning. In our experiments we
test Global Kernel k-Means and its two variants against Kernel k-Means with multiple
restarts on the three graphs listed in Table 5.4 and made available through the graph
partitioning archive [24]. These graphs are undirected and all edge weights are equal to
one so the affinity matrix is symmetric and its entries are either zero or one. Each graph is
partitioned into 32, 64 and 128 clusters and for each number of clusters we maximize the
ratio association objective and we also minimize the normalized cut objective. The kernel
and the weights are defined as discussed in section 4.3. A problem that usually occurs
is that the kernel matrix might not be positive semidefinite and thus the algorithms
may not converge. For this reason we diagonally shift the kernel matrix by a small
amount as mentioned in section 4.3. Note that we perform a diagonal shift that does not
necessarily make the kernel matrix positive semidefinite but is sufficient for the algorithms
to converge. This is done in order to avoid adding a big diagonal shift which consequently
will decrease the performance of the algorithms as shown in [8]. For the Global Kernel
k-Means with CMM algorithm we set 3 = S, s,; = exp(—F(K;; + K;; —2K;;)) and select
twice as many exemplars as the number of clusters (P = 2M). Finally Kernel k-Means
is restarted 50 times.

Figure 5.11 depicts the ratio association values achieved by the algorithms for 32, 64
and 128 clusters on the graphs listed in Table 5.4. For this task we use the unweighted
version of the algorithms as w; = 1. Clearly Global Kernel k-Means is the best algorithm
as it achieves the highest ratio association for all graphs and all number of clusters. For
the add32 and data graphs its two variants are also better than the best run of Kernel
k-Means. Surprisingly, for the data graph Fast Global Kernel k-Means is superior to
Global Kernel k-Means with CMM. For the uk graph and 32 clusters the two variants
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Figure 5.11: Ratio association values achieved by Global Kernel k-Means and its variants
as well as Kernel k-Means.

are inferior to the best run of Kernel k-Means, but as the number of clusters increases
and the problem gets harder, first Global Kernel k-Means with CMM jumps ahead for
64 clusters and then Fast Global Kernel £-Means follows for 128 clusters. For this graph
and 128 clusters the ratio association achieved by the two variants is 38% higher than
that of the best run of Kernel k-Means while for add32 graph and 128 clusters it is 36%
higher. This shows that the speeding up schemes are considerbaly better than Kernel
k-Means in many cases. Also note that the two variants are very close to the original
algorithm in some experiments, such as data graph for 64 and 128 clusters where the
original algorithm achieves only 2% higher ratio association than the best variant and
add32 graph for 128 clusters where it achieves 5% higher ratio association than the best
variant. This demonstrates that there are cases where the two speeding up schemes lower
the computational complexity without degrading the quality of the solution of the original
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Figure 5.12: Normalized cut values achieved by Global Kernel k-Means and its variants
as well as Kernel k-Means.

algorithm. Between the two variants there is no clear winner as Global Kernel k-Means
with CMM is better for the add32 and uk graphs while Fast Global Kernel k-Means is
superior for the data graph.

Results on normalized cut values for 32, 64 and 128 clusters are shown in Figure 5.12.
For this task we use the weighted version of the algorithms described in chapter 4. In these
experiments we do not set § = [y for the Global Kernel k-Means with CMM algorithm
as the empirical value [; is huge, which combined with the fact that the kernel matrix
is not positive semidefinite results in bad exemplars. Specifically, we set 3 = 10734,
B = 10755y and B = 10724, for add32, data and uk graphs respectively. We do not set
B equal to the same fraction of [, for all graphs as our study and experiments indicated
that the fraction of 3, where good exemplars occur differs for each graph. Once again
Global Kernel k-Means is the best performer for all graphs and all number of clusters as

o4



it achieves the lowest normalized cut which in some cases is 2 to 3 times less than that of
the second best algorithm. Global Kernel k-Means with CMM, although not close to the
original algorithm this time, is clearly the second best method as only on the data graph
for 64 clusters it is beaten by the best run of Kernel £-Means. Based on this, we can safely
state that the [ values as defined above result in good exemplars. In general, Fast Global
Kernel k-Means has a similar performance to the best run of Kernel k-Means. There are
cases where Fast Global Kernel k-Means is better, such as add32 graph for 32 clusters
and uk graph for 32 and 128 clusters, and others where Kernel k-Means gets ahead, such
as data graph for 64 clusters and add32 graph for 128 clusters.

Overall, we have seen that Global Kernel k-Means can be effectively applied to graph
partitioning as it clearly outperforms Kernel k-Means with multiple restarts on this task
and also is the best algorithm of those considered in all experiments. The two variants
are very good alternatives to the original algorithm especially when the ratio association
criterion is considered. The non random choices of the original algorithm and its two
speeding up schemes boost the performance considerably, thus making them a very good
choice for graph partitioning. For the normalized cut criterion, although Global Kernel -
Means with CMM is inferior to the original algorithm, we may still consider its application
in place of Global Kernel k-Means, if lower computation time is an important issue, as
it is the second best algorithm. Unfortunately, the same cannot be said for Fast Global
Kernel k-Means as it is very close to Kernel k-Means with multiple random restarts and
outperformed by Global Kernel k-Means with CMM on this task.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

We have proposed the Global Kernel k-Means clustering algorithm, a method that maps
data points from input space to a higher dimensional feature space through the use of
a kernel function and optimizes the clustering error in the feature space by locating
near optimal solutions. The main advantages of this method are its deterministic nature,
which makes it independent of cluster initialization, and the ability to identify nonlinearly
separable clusters in input space. Another important feature of the proposed algorithm
is that in order to solve the M-clustering problem, all intermediate clustering problems
with 1,..., M clusters are solved. This may prove useful in problems where we seek the
true number of clusters.

Moreover, we developed two variants of the algorithm to accelerate its execution.
The Fast Global Kernel k-Means variant considerably reduces the computational cost by
requiring one run of Kernel k-Means for each intermediate problem. The Global Kernel k-
Means with CMM variant, first identifies a number of good exemplars, by fitting a convex
mixture model to the data, and then tries only these exemplars as possible initializations
for the newly added cluster in each of the intermediate problems. This variant has less
computational savings, but it provides solutions closer to those of the original algorithm
as shown by our experiments.

We also extended the above algorithms to handle weighted data points based on the
weighted Kernel k-Means algorithm. The use of weights makes possible the application
of these methods to graph partitioning as their objective function becomes equivalent to
that of many graph cut criteria if the weights and kernel matrix are set appropriately.

The aforementioned methods have been tested on many datasets in order to ensure
their broad applicability and draw reliable conclusions. In general, we could state that
Global Kernel k-Means and its two variants outperform Kernel k-Means with multiple
restarts. Global Kernel k-Means, whenever its application is possible, is the best per-
former. For the two large datasets, MRI images and Pendigits, where the computational
cost makes the application of this algorithm prohibitive, the two variants are very good
alternatives and, in particular, Fast Global Kernel k-Means for MRI segmentation and
Global Kernel k-Means with CMM for handwritten digits. For the graph partitioning
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problem where the weighted versions are used, the Global Kernel £-Means algorithm is
by far the best and the two variants are good alternatives when the ratio association is
optimized. For normalized cut only the Global Kernel k-Means with CMM variant pro-
vides solutions similar to the original algorithm. Overall we conclude that whenever the
dataset size allows the use of the exact Global Kernel k-Means method then it is the best
choice. If the dataset is large or time is a critical factor then the Global Kernel k-Means
with CMM variant could be used instead and if further acceleration is required the Fast
Global Kernel k-Means variant could be employed.

As for future work, a possible direction is the use of parallel processing to accelerate
the Global Kernel k-Means algorithm since the local search performed when solving the
k-clustering problem requires running Kernel £-Means N times and these executions are
independent of each other. Another important issue is the development of theoretical
results concerning the near-optimality of the obtained solutions. Also we plan to use
Global Kernel k-Means in conjunction with criteria and techniques for estimating the
optimal number of clusters. The integration of the Global Kernel k-Means algorithm with
other exemplar-based techniques is another possible direction for future work. Finally,
the application of this algorithm to graph partitioning needs further investigation and a
comparison with spectral methods and other graph clustering techniques is required.
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