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The potentials between static fundamental colour sources corresponding to the ground state 
and a number of excited states of the gluon field are studied through a Monte Carlo simulation of 
SU(2) lattice gauge theory with a techmque involving "blocked" paths of spahal links The results 
are for fl-values of 2 4 and 2 5 and for source separations of up to 1 1 fm We obtam values for the 
potentials corresponding to the lowest mode for seven irreducible representations of the symmetry 
group of the gluon field and also to the first excited mode for two of the representations The 
lowest excited potential corresponds to the E u symmetry of the gluon field The ground state 
potential exhibits non-perturbative scaling at the fl-values studied, but the value of the ratio of 
lattice spacings is in disagreement with the perturbation theory prediction The excited potentials 
scale according to the ground state scaling within the errors String model predictions for the 
potentials are compared with our results, similarities and discrepancies are discussed 

1 Introduction 

The potent ia l  between heavy fundamenta l  colour sources 1s an impor tan t  non-  

per turba t lve  feature of QCD The evaluation of this potent ial  in the ground and 

possible excited states of the gluon field is of relevance to hadron phenomenology  

In  part icular ,  the potentials corresponding to the lowest gluon field excitations are 

believed to determine the spectrum of the low-lying heavy quark hybrid mesons, 

some of which are predicted to have exotic q u a n t u m  numbers  

The g round  state potential  has been accurately determined from lattice gauge 

theory studies, at least in the theory without dynamical  fermlons Excited potentials  

on  the lattice have been studied m the past [1-3] through various techniques and 

quahta t lve  conclusions have been drawn However, the relatively large statistical 

and  systematic errors in these calculations do not  allow for an accurate description 

of the potent ia ls  For  example, it is not  clear which is the lowest lying of the excited 

potent ia ls  

Recently,  the technique of construct ing "fuzzy" or "b locked"  operators [4] has 

proved useful for glueball calculations and for s tnng  tension measurements  from 

Polyakov loop correlations [4, 5] In  this paper  we combine  this method with a 
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variational techmque and the use of multlhlt links [6] in the time direction in order 
to calculate the potentials of the ground state and of a number of excited states for 
the heavy source-antlsource system in the context of SU(2) gauge theory wtthout 
dynamical  fermlons Although a similar study of SU(3) is feasible, results from the 
two gauge theories for stauc fundamental source potentials are beheved to be 
sm~lar and SU(2) ~s easier to treat computaUonally 

We determine the potentials by the usual method of evaluating correlations 
between hnear combmauons  of paths which are constructed from spatial links and 
displaced In the temporal lattice direction The "blocking" techmque enables us to 
extract rehable results from small temporal separations, where the Monte Carlo 
slgnal-to-no~se rauo ~s b~g and the statlsUcal errors are small We evaluate the 
potenUals corresponding to the lowest lying elgenmodes in most of the ~rreducible 
representations of the symmetry group D4h of the gluon field between the sources 
The small statlsucal errors of our results compared with prewous work [3] allow us 
to demonstrate  that the lowest lying excitation corresponds to the E u representauon 
of D4h for spaUal separations of the sources between 0 1 and 1 1 fm Non-perturba- 
Uve scaling ~s confirmed for/3 = 2 4 and/3 = 2 5 for the ground state potenual  and a 
number  of excited potentials 

It  is expected that the heavy quark potenUals should be adequately described by a 
relatlvlsuc string model for relatively large separations of the sources It is thus 
interesting to see how our results compare w~th string model predlcUons In 
parUcular, for the excited potentials we shall consider a Nambu string with fixed 
ends representing the posiUons of the staUc sources and compare its spectrum w~th 
our results 

This paper  is organized as follows In sect 2 we describe the method and give 
details about  the stausucs of our Monte Carlo calculauon In sect 3 we present our 
results, which we compare to string model results in sect 4 We draw our conclu- 
sions in sect 5 

2. Monte Carlo simulations 

We use the Wilson action o n  L 4 lattices with periodic boundary conditions The 
potenUal corresponding to the ground state of a given irreducible representation 
of D4h is given by the relation 

V 0=  - a  - l l n ? ~ 0 =  - a - I  hm ln[W,j( t  + 1 ) / W u ( t ) ] ,  (2 1) 
t ~ C ~  

where Wu(t ) denotes the correlation between operators O, and 0 r transforming as 
the representation ~/' and separated by t latUce units m the temporal direction, and 
~0 as the largest eIgenvalue of the transfer matrix 7 ~ in this representaUon To 
calculate these correlations we use multlhat Ume-llke hnks [6], 1 e we replace the 
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TABLE 1 

The irreducible representatmns of D4h. the corresponding continuum quantum 
numbers K ec for the mammum value of the angular momentum K along the 
quark-antxquark axis and the j ec  quantum numbers of the quark-antlquark 

state wath mammum angular momentum 

j P c  

D4h rep K pc S = 0 S = 1 

Alg 0 ++ 0 + 1 - -  
A2g 0 - -  0 +-  1 ++ 

A l .  0 + 0++ 1 + 

A2u 0 + 0 - -  1 + 

2 + 2-+ i -  
Big 2 + 1++ 
B2g 2 
B~ [ 2 -+ 2++ 1 +- 
B2u ~ 2 + 2 - -  1 -+ 
E. ( 1 + 1 ++ 0+ 

1 + 1- 0 + 
Eg f 1 ++ 1 + 0 ++ 

I i -+ 0 

2 3 
2++ 3++ 
2 +- 3 + 
2-+ 3-+ 
1 + 2+ 

1 + 2 + 
i÷+ 2++ 
1 2 - 

Underhned values represent non-quark model quantum numbers 

l inks In the t empora l  d l rec tmn by  their  thermal  average in the fixed env i ronment  of  

the six su r round ing  U-bends  The  i r reducible  representa t ions  of D4h are hs ted  in 

tab le  1 The  no ta t ion  ~s that  A, E and B cor respond  to m l m m u m  angular  momen-  

t um abou t  the  sou rce -an t l sou rce  axis of 0, 1 and 2 respectively in the con t inuum 

hml t ,  1 (2) refers to symmet ry  (an t l symmetry)  under  in terchange of  ends by  a 

ro t a t i on  by  ~r abou t  a lat t ice axis and g (u) refers to symmet ry  ( annsymmet ry )  under  

in te rchange  of  ends by  inversion in the midpo in t  

F o r  f ini te  t the rat ios ~(  t + 1, t)  = W, j (  t + 1 ) /  W, j (  t ) receive cont r ibu t ions  f rom 

exci ted  s tates  However ,  if the opera to rs  O, and  Oj have a hagh enough over lap  with 

the  g round  state,  h 0 and V 0 can be re l iably  de te rmined  f rom relat ively low values of 

t, where  the M o n t e  Car lo  noise is small  To create such opera tors  f rom our  m m a l  

pa ths ,  we use a "b lock ing"  a lgor i thm We const ruct  hnear  combina t ions  of the 

pa ths  shown in fig 1, sui tably  chosen to t ransform like each of the i r reducible  

r ep resen ta t ions  of D4h F r o m  each of the spatml pa ths  we form new pa ths  by  

rep lac ing  each  spat ia l  hnk by  a mul t ip le  of itself plus a sum of the four nmghbour-  

m g  spat ia l  U - b e n d s  

, { ) U f . ( n ) - + u ~ l ( n ) = A .  c U ~ ( n ) +  Y'~ U . ( n ) U . ( n + ~ , ) U . * ( n + f t )  ( 2 2 )  
±vq:~ 
v4:4 

Here  c is a free pa ramete r  and  A n is a no rmahsa t lon  factor  chosen to project  U~ 
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Fig 1 Paths used to form hnear combinations transforming hke the irreducible representations of D4h 
(a) U-bend paths The first hnk of the path can be m the darectlon of any spatial lattice vector 
perpendxcular to the source-antasource axis (b) These paths can have any number of square "staples" 
with their first hnk parallel to any of the spatial lattice vectors perpendicular to the source-antlsource 

axas and the electnc flux running clockwise or anuclockwlse 

into SU(2) Tins "b locking"  procedure can be iterated to higher levels At each level 

the newly formed paths transform according to the same D4h representation as the 
original paths The blocking process, iterated to a sufficiently ingh level, is an 

efficient me thod  for creating hnear  combinat ions of  paths with spatial extenslon 
which are likely to have a high overlap with the lowest lying state within a given D4h 
representat ion The constant  c m eq (2 2) and the total number  M of iterations of  
the b lockmg algori thm (blocking level) are free parameters winch can be adjusted to 
optimize the path  overlap with the lowest state in a given D4h representation For  
each representation, the ratio rl0 21 = )`(1, 0) / ) , (2 ,1)  is a measure of  the overlap with 

the lowest state (the larger r10,21 the higher the overlap, if an operator  overlaps only 
with the lowest state, the corresponding rio 21 is equal to 1) Hence q0,21 can be used 
to determine the optimal values for c and M The optimal values depend on the 

value of  fl, on  the lattice separation R / a  of the sources and on the D4h representa- 
t ion Since we want to allow for simultaneous measurement  for many  group 

representaUons at a given fl value, we cannot  use the exact optimal values of  c and 

M for each representation and R / a  separately A p rehmmary  low statistics study of 

the representat ions Alg , Eo and Aau at fl = 2 4 and 2 5 showed that with c = 2 5 we 
can fred two values M 1 and M 2 of  M corresponding to values of q0 2i very close to 
the opt imal  value for all three representations and all studied values of R / a  We 
thus create two mdependent  paths PMI and PM2 transfornnng according to the same 
group representat ion and we measure the four correlations 

C,j( t )=(PM,[T'[PMj) ,  t , j = l , 2 ,  t = 0 , 1 , 2 ,  ( 2 3 )  
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between these paths separated by t steps in the temporal direction We analyse these 
correlations by a matrix variational technique to obtain, for each symmetry of the 
gluonlc configuration, estimates for the two highest elgenvalues ~0 and h 1 of the 
transfer matrix and for the corresponding values of the potentials The variational 
techmque amounts to finding a path combmatlon which maxam~zes the overlap with 
the ground state To avoid the poss~blhty of statistical errors influencing this 
selection of an optimal hnear combination of the paths, we use the optimal 
combinat ion obtained for comparing path correlations with temporal separations 0 
and 1, where the statlsUcal errors are smallest We then obtain our estimates for the 
potentials from larger t-separations using this fixed hnear combination 

Having obtained variational estimates k v~r(t + 1, t) for the elgenvalues of the 
transfer matrix from analysing ratios of the form C,j(t + 1)/C,:(t) at successive 
values of t (t = 0,1, 2, ), we then choose as our final estimate the value corre- 

sponding to the lowest value t o for which the difference A = [Xvar(t0 + 1, t o ) -  
kva~(t0, t o -- 1)[ iS less than the statistical error for kv~r(t 0 + 1, to) If the range of 
values of t studied is not broad enough for this to happen, A represents an upper 
systematic error in our estimate Typical values of t o are t o = 2 -4  Other methods of 
extracting a final estimate for the elgenvalues (e g two exponential fits) have lead to 
very similar results for the elgenvalues and the errors attributed to them 

We present results at two fl values (/3 = 2 4 and fl = 2 5) The lattice sizes and 
details of the statistics and measured Wilson loops are presented m table 2 For 
/3 = 2 4 we have three sets of results each for different linear combinations of the 
paths of fig 1 The third set of lattices is the only one for which we have attempted 
measuring the potentials for all D4h representations For the first, second and fourth 
set we only used paths overlapping with representations Alg, A~u and E u We divide 
the results f rom each set of lattices into blocks, average the results of each block and 
do error analysis on the set of averages The blocks are chosen large enough, so that 
the block averages show no autocorrelat~on We find that the results from the three 
sets of lattices a t /3  = 2 4 are compatible In sect 3 we present the results with the 
smallest stat~stlcal errors 

TABLE 2 
Details of our Monte Carlo s lmulauons and measurements  for the potentials 

Size of Number  of Lattices Blockang Range Range 
/3 lattice updates measured c levels of R / a  of t 

2 4 16'* 24000 1200 2 5 12 2 < R / a  <__ 7 0 <_ t < 4 
2 4 16'* 10000 1000 2 5 12, 16 2 < R / a  <_ 8 0 < t <_ 5 
2 4 164 12000 400 2 5 10, 14 2 < R / a  <_ 8 0 <_ t < 5 
2 5 204 12000 600 2 5 29, 34 R / a  = 2m,  0 < t <_ 5 

l < m < 6  
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3. Results 

We first present the results for the ground state of the gluon field between static 
sources This is the lowest state with mlg symmetry At a single fl value, we can fit 
the results for the potential a V ( R / a )  using the relation 

a V ( R / a )  = k R / a  - eG ( R / a )  + C (3 1) 

with k = Ka2 where K represents the string tension Here we have substituted the 
usual Coulomb term - e a / R  by a multiple of the scalar lattice propagator G ( R / a )  
on a (2L)  4 lattice This substitution has been suggested in ref [3] as a natural way 
of taking into account lattice artefacts which lead to asymmetries between on-axis 
and off-axis potentials We find excellent fits to eq (3 1) for both fl values studied 
To test for scaling we fit at the two fl values simultaneously using the same value of 
e and assuming that the coeffioents of the hnear term obey the scaling relation 

k2 4/a2 4 = k25/a~ 5 = K (3 2) 

We find an excellent combined f i t  ( X  2 = 0 3) with the values 

K a ~ , = O  0728(6), 

C 2 4 = 0  524(3), 

a24/a25 = 1 435(7), 

C 2 5 = 0  526(3) 

e = 0  240(4), 

(3 3) 

The good quahty of the fit confirms non-perturbative scahng for the values fl = 2 4 
and fl = 2 5 This is in agreement with the results of Sommer [7] but contrasts to 
what has been found for the scaling behavlour of perturbatlvely improved Creutz 
ratios by Gutbrod [8] However, the value for the ratio of the latnce spacings is not 
consistent with asymptotic scaling From the ratm of the lattice spacings at two 
nelghbouring values fll and f12 of fl an estimate for the beta function can be 
obtained 

g3 f12 - -  /~1 

fig= ~ ln[a ( f l2 ) /a ( f l x )  ] (3 4) 

This formula gives 8g-3flg = - 0  277(4) which does not agree with the value - 0  403 
obtained from the two loop perturbation theory expressmn 

11( 1 2) 
8g-3flg = 3~r2 1 + ~ (3 5) 

The departure from asymptotic scahng has been observed in Monte Carlo renormal- 
isation group studies [9] and Monte Carlo spectrum and potential evaluations 
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Fig 2 The lowest Alg (ground state), E .  and Alu representation potentials for a static source-anti- 
source pmr of separation R Results for ~8 = 2 4 (o)  and/~ = 2 5 ([3) are plotted using the lattice spacing 
ratio and lattice self-energy values from a combined fit to the Alg potential Also shown are the energy of 
the 0 ++ glueball excitation of the ground state potential and the mass of the lowest Tlg gluelump 
(corrected for the dxfference of the self-energies as discussed in the text) The dashed curves represent 

Nambu string model potentials 

[3, 7, 8,10,11] The departure found here agrees with the results m ref [7] for/3 = 2 4 
and 2 5 and ls somewhat more pronounced than that found m refs [3, 9], where, 
however, the resolution is coarser 

Our results for the potentmls corresponding to the ground state and a number of 
excited states of the gluon field are shown in figs 2, 3 and 4 (the physical distance 
scale in these figures ~s set by the value K a/2= 440 MeV deterrmned from the 0, 
f ,  Regge trajectory) More specifically, we present results for the lowest lying 
states with symmetries A l g  , A l u  , A2g , Big , B2u , E u and Eg and for the first excited 
states with symmetries A l g  and E u We note that the effect of using blocked paths ~s 
to increase substantially the overlap of the paths with the ground state of each 

representation Indeed, with unblocked paths ri0 21 is typically 0 50-0 60 for A l g  

and less than 0 1 for the rest of the representations at /3 = 2 4 In contrast, typical 
values of tins ratio with blocked paths are 0 99 for A l g  , 0 81-0 84 for Atu, 
0 80-0  83 for A2g , 0 78-0 81 for Big , 0 71-0 74 for B2u, 0 86-0 90 for Eu and 
0 77-0  82 for Eg For the rest of the representations this ratio is typically less than 
0 50 and the convergence of the estimate from successive t-values for the highest 
elgenvalue of the transfer matrix corresponding to these symmetries ~s relatwely 
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Ftg 3 The potenuals  corresponding to the lowest mode of the gluon field m the Big (D), Eg ( x )  and 
A2g (o )  representations and to the first excited mode m the Atg representation (e) The Big, Eg and A2~ 
results are for/3 = 2 4 whale the Alg results are for fl = 2 4 and 2 5 All potentials shown here correspond 

to the N = 2 Nambu  string model potentxal 

a24V(R) 
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r ~ T  ~ ..~ N = 3 

I I J [ I I i ~ A 

2 4 6 R/a24 

Fig 4 The potentials corresponding to the lowest mode of the gluon field an the Alu (©) and B2u ( ~ )  
representations and to the first excited mode m the E u representation (e) Results for the B2u potential 
are for fl = 2 4 and for the Alu and E u potentials for ,8 = 2 4 and 2 5 The potentials plotted here 

correspond to the N = 3 Nambu  string model potential 
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poor, so that large systematic errors must be at tnbuted to any esnmate of the 
corresponding potentials 

The gluomc conflguranon transforming as the E u representanon as seen from the 
data to be the lowest of the gluomc excltanons for all the values of the source 
separanon studaed It was noted m earher work of the Lwerpool group [3], where the 
stansncal errors were substantmlly larger, that thas state appeared to be approxi- 
mately degenerate with the state of symmetry AIu In our present work, the 
potentmls are statasncally very well determined, as a result of employing the 
blocking techmque and using hagher statxsncs and thas apparent degeneracy ~s 
resolved We find that the potentmls corresponding to the two symmetries are close 
at low R/a and tend to dwerge for larger R/a Given the amproved status of 
glueball mass calculanons [5] we can compare the E u potential wath the 0 ++ 
glueball excatanon of the ground state potentml Fag 2 shows that the values of the 
latter he well above the values of the former We conclude that the Eo potentml hes 
lower than both the potentmls of all O4h representations for which we have results 
and than the masses of the continuum of states lying above the ground state 
potentml plus one 0 ++ glueball mass This conclusaon confirms the relevance of the 
Eu potentml to the low-lying meson hybrid spectrum 

Using the value for the rano of the latnce spacings at the two/3-values /3 = 2 4 
and /3  = 2 5 we can check for scahng in the values of the potennals We have results 
for both/3-values for the lowest lying states w~th symmetry E~ and Alu and for the 
first excited states w~th symmetry Alg and E~ The potentmls corresponding to these 
states are seen to scale according to the ground state scaling w~thm the errors Th~s 
gwes confidence that we are seeing connnuum physacs 

4. Comparison with string model predictions 

In a bosonic string model picture of the gluon field configurataon between a stanc 
quark and antlquark, the ground state potential consists of a term hnear an the 
separanon R of the sources and of corrections to this term onglnatmg from the zero 
point morion of the quantlsed string The leading correcnon as propornonal  to 1/R 
and the constant of proportlonahty has the umversal value - w / 1 2  [12] for a general 
class of bosomc string theoraes A stnng theory as expected to be apphcable to the 
stanc quark-ant lquark  system for relatavely large R, where the width of the flux 
tube as smaller than its length On the other hand, at small R an effecnve Coulomb 
term dominated by one-gluon exchange also contrabutes to the potentml Note that 
m our combined fit for the ground state potentml the coefflcaent of the lattxce 1/R 
term - e  = - 0  240(7) is not compatible wath the umversal value - ~ r / 1 2  -~ - 0  262, 
although the two values are close If we try to force a fat wath e = ~r/12 upon our 
data, we obtaan an unacceptable X 2= 26 If, however, we exclude enough points 
corresponding to the smaller R values, we can obtain a fit to eq (3 1) wath e = w/12 
of similar quahty to the fit (3 3) It turns out that thas can be achieved by excludmg 
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N {n . . . .  n.,_} [A[ ;p~ D4h reps 

hi+= 1 1 -+, 1 + E~ 
n~+=l 1++,1 - Eg 
nl+= 2 2 ++, 2- Big B2g 
nl+=l ,  n 1 =1 0++,0 - A]g A2g 
n~+=l 1 +,1 + E u 
hi+= 3 1-+, 1 + E" 
nl+=2~ n l ~ = l  3 +,3 +- E~ 
n l+=l ,  n2+=1 2 +,2 + Blu t~, 
n I + = 1, n~ :~ = 1 0 +, 0 + Alu A2u 

The primes indicate excated modes (of a particular symmetry) 

ju s t  two points ,  the ones cor responding  to R/a25 = 2 and R/a24 = 2 We thus f ind 

that  the fo rmula  (3 1) with e = ~r/12 works well for relat ively small  s epa ranons  of  

the sources  (RK1/2>_ 0 75) A similar  result  has been ob ta ined  by  Sommer  [7] 

W e  now turn  to the excited potent ia ls  and  invest igate to what  extent  they can be 

a dequa t e ly  descr ibed  by  a relativist ic str ing model  The success of the N a m b u  str ing 

m desc r ib ing  the lowest exc, ted stat ic potent ia l s  has been noted in the context  of a 

s t rong  couphng  SU(3) calcula t ion in two d imens ions  [14] Here  we cons ider  a 

N a m b u  s t r ing with  fixed ends m four d imensions  The cor responding  poten tmls  for 

the  d i f ferent  str ing states are given by  the formula  

VN=(K2R2-~rK/6+ 2~rNK) 1/2, N = 0 , 1 , 2 , 3 ,  (4 1) 

Here  N = Y~mm[n,,,++ nrn ] where nm+ (n.,_) is the number  of  clockwise (ant i-  

c lockwise)  p h o n o n s  m the mth  mode  The str ing states are classified [15] according  

to the q u a n t u m  numbers  ]A I ~p~< where A = Z . , ( n . , + - n  m ) is the angular  momen-  

t um abou t  the str ing axis and  ~p~c=I-Im[(-1)m] "m++n., Compar i son  with the 

c o n t i n u u m  q u a n t u m  numbers  K pc of the gluonlc field conf igura t ion  between 

f u n d a m e n t a l  sources on a hypercublc  lat t ice ( table 1) g~ves the cor respondence  

be tween  the str ing states and  the D4h i r reducible  representaUons as i l lus t ra ted m 

table  3 In par t icu lar ,  the first s tnng  exc~tatlon ( N  = 1) cor responds  to the lowest  

ly ing m o d e  in the E u representa t ion  of  D4h 
In  figs 2, 3 and  4 the potent ia l s  for the re la twls t lc  N a m b u  string cor respond ing  to 

N = 1, 2 and  3 are shown for R/a24 >_ 4 The  value of  K (eq (4 1)) is taken  from 

the fit to the g round  state po ten tml  We note  that  the differences V N - V  o are 

essent ia l ly  i n d e p e n d e n t  of whether  we include the string f luctuat ion term m eq (4 1) 

and  not  very sensitive to small  var ia t ions m the value of  K The Eo poten t ia l  
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determined by our Monte Carlo results closely follows the N = 1 stnng potential for 
R/a 2 4 ~-- 4, corresponding to physical d~stances greater than 0 5 fm There is also a 
very good correspondence between the lowest Big and first excited Aig lattice 
potentials and the N = 2 Nambu string potential for a range of values of R 
However, the lowest Eg and Azg lattice potentials do not show signs of converging 
to the N = 2 string potential value and at the largest value of R studied they agree 
better with the N - 3 than the N = 2 string model potential Finally, the values of 
the latuce gauge theory potentials corresponding to N = 3 in the string model (fig 
4) are reasonably high at large R and it is conceivable that they converge to the 
string model values at higher values of R than those we have studied In particular, 
the Alu potential approaches the N = 3 string model potential at large R but falls 
away at smaller R values approacinng the lowest Eu potential This behawour 
conforms with the prediction [16] that in the limit R---, 0 these two gluonlc 
excitations are degenerate with the same energy as the lowest state of the gluelump 
spectrum, which transforms like the Tig representation of the group O h The lattice 
energy of the Tlg gluelump has been determined as ET~a24 = 1 56(3) Tins figure 
contains the unphyslcal lattice self-energy term of the adjoint source On subtracting 
that and adding the lattice self-energy of the fundamental sources included m the 
values of our potentials (determined by the R-independent term of the fit to the 
ground state potential) we obtain the value E-rla24 = 1 38(3) winch is in good 
agreement with the projecUon of the lowest E~ and AI~ potentmls to R = 0, as 
Illustrated In fig 2 

In summary, the Nambu string model leads to a reasonable description of a 
number of excited static quark potentials for the quark separation R---1 fm, 
although ~t appears to fad for some of the potentmls, notably the ones correspond- 
xng to representations Eg and A2g In particular, the model offers an excellent 
description of the E .  potential (which is the most interesting from the phenomeno- 
logical point of view) for a quark separation greater than 0 5 fm 

We close tins section with a word about the non-relativistic string model [15], 
where the excited potentials are equally spaced above the ground state potenual 
with excitation energies N~r/R, N--1,2, We find that only for the largest 
values of R we have studied (approximately equal to I fm) is the first string 
excitation consistent with the E u potential At these values of R the higher excited 
potentials for the non-relatlWStlC string model generally lie much higher than their 
lattice gauge theory counterparts 

5. Conclusions and discussion 

In tins paper we have studied the ground state and excited potentials between a 
static quark-ant~quark pair in the context of SU(2) lattice gauge theory w~thout 
dynamical fermlons By using "blocked" links m the spatial directions we have been 
able to construct operators with greatly improved overlaps with the ground state of 
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each D4h representation and hence to deterrmne the potentials corresponding to 
most of these representations The E u potential, wtuch has been deterrmned much 
more accurately than in previously pubhshed work, is the lowest lying excited 
potential The corresponding excitation energy is much less than the hghtest glueball 
mass Hence the Eu potential is the most relevant to hybrid meson phenomenology 
We have observed non-perturbatwe scaling in the region t3 = 2 4-2  5 for the ground 
state potentml and for a number of excited potentials w~tl'un the errors Comparison 
of our results to the predictions of a relatwistlc stnng model has shown that the 
latter provides an accurate description of the E u potentml for quark-antIquark 
separations greater than 0 5 fm and a quahtatwely reasonable description of a 
number  of higher lying potentials for separations of the order of 1 fm 

In the adiabatic heavy quark approximation, the spectrum of the lowest hybrid 
states is obtained by solving the Schrodmger equation for the motion of the quarks 
in the lowest lying excited potentml Given the greatly increased preczslon with 
wtuch the E u potentml has been determined, it would be interesting to solve the 
Schrodmger equation for the motion of the quarks in this potential. Note, however, 
that the functional dependence on the source separation of the E u potential remains 
essentmlly as prewously inferred [1-3] The potential is essentmlly flat up to a 
separation of 0 6 fm and eventually rises hnearly with the slope of the ground state 
potentml We therefore expect that the mare features of the spectrum will remain as 
previously deterrmned The lowest hybrid state will be close to the minimum of the 
E u potential, the hybrids are expected to have broad widths, radial and orbital 
excltations will be closely spaced m energy, wave functions will be spread out 
spatially and the clearest experimental signature for the hybrids wdl remain the 
exotic quantum numbers of many hybrid states Any details the solution of the 
Schrodmger equation may add to the spectrum wall probably be of hm~ted interest 
to the expenmentahst, because of the assumptions implicit in th~s calculation the 
colour SU(3) group of QCD is replaced by SU(2), and the contribution of internal 
quark loops is ignored 

An accurate determination of the lowest lying excited potentmls m the context of 
pure SU(3) gauge theory is probably feasible through the "blocking" technique 
Although it is generally expected that SU(2) and SU(3) results for potentials are 
similar, recent studies of the E u and Aiu potentmls m lattice SU(3) gauge theory 
[17] indicate that the latter is the lower lying of the two However, the errors are 
relatwely large and the methods employed tend to underestimate the Aiu and to 
overestimate the E u potentml We intend to carry out the SU(3) calculation along 
the lines of this work in the near future to investigate ttus apparent difference 
between the SU(2) and SU(3) spectra 
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